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A new derivation of the reciprocity theorem is given. The general invariance property of the
Hamiltonian which leads to symmetry of the Green’s function for a quantum mechanical system is
exhibited. It is found that reciprocity does not necessarily imply Hermiticity of the Hamiltonian,
so that the “complex optical model potential,” for example, satisfies the reciprocity relations. The
concept of reciprocity is then generalized to include a somewhat wider class of symmetry properties.
Some properties of antiunitary transformations are discussed.

I. INTRODUCTION

HE term ‘‘reciprocity” usually denotes a

symmetry condition on a Green’s function.'
In electrostatics, for example, the symmetry has
a simple physical interpretation because the Green’s
function is just the potential due to a point charge
under a specific boundary condition. The reciprocity
symmetry ensures that the potential is the same
if we reverse source and field point.

In quantum mechanies, ‘‘reciprocity’” is usually
thought of as connected with a symmetry condition
on scattering amplitudes.” It is readily shown® that
if the Hamiltonian is both Hermitian and time-
reversal-invariant, the system is reciprocal. There
are, however, systems that are neither Hermitian nor
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time-reversal-invariant which nevertheless display
reciprocity. For example, the scattering from a
complex optical model potential is reciproeal. A
more general reciprocity relation which includes
both this example and the usual theorem as special
cases has been discussed by several workers.*™®

In this paper we show that reciprocity symmetry
of the Green’s function leads directly to reciprocity
of the reaction matrix. First, a generalized reciprocity
condition on the Green’s function is obtained from
the invariance properties of the Hamiltonian. Since
the Green’s function is a wavefunction due to a
point source, we see that, when the source is in-
finitely distant from the interaction region, the
wave emerging from the source is plane in the
vicinity of the interaction. In the asymptotic region
(r — =), the scattering amplitude can be identified
as the amplitude of the outgoing wavefunction. Thus
the reciprocity symmetry relation for the Green’s

funection is shown to lead to a reciprocity condition
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on the reaction matrix elements. A physical inter-
pretation is, of course, that the reciprocity symmetry
agsures equality of the scattering amplitude when
source and detector are reversed.

In the Appendix an alternative derivation of the
reciprocity theorem is given which makes use of
formal scattering theory.

I. SYMMETRY OF THE GREEN’S FUNCTION
(SPECIAL CASE-~POTENTIAL SCATTERING)

Intuitively, we might say that a system is recip-
rocal if a source located at A produces the same
signal at B as would be produced at A by that
source located at B. Let us apply this definition
straightforwardly to a nonrelativistic one-body
quantum mechanical system, characterized by the
Hamiltonian

H =7p/2u + V), M

where p”/2u is the kinetic energy operator and V(r),
the potential energy, is a multiplicative operator.
In order to make the argument as simple as possible,
we have taken a spin-independent interaction. Let
us further assume that V(r) = 0 for r > R. (Clearly,
we have made the conventional choice for the
location of the origin of our coordinate system.)
For convenience, we consider only steady-state
conditions, so that we may use the time-independent
form of the Schrédinger equation,

H¥(r) — E¥() = 0. 2

Suppose now that we have a point source at r = r,.
In that case, the Schrédinger equation becomes

H¥(r,, 1) — E¥(r,,1) = 8(r — 1,), ®

where the wavefunction ¥(r,, r) is a function of r
and depends parametrically on the location of the
source ry. Similarly, a source of the same strength
located at rp will give rise to the Schrédinger equation

H‘I,(IB: I') - E‘I/(IB) l') = 5(1' — rB)- (4)

Equation (3) or (4) is the equation satisfied by the
Green’s function corresponding to Eq. (2). We shall
occasionally refer to ¥(r,, r,) as a Green’s function.
If we multiply Eq. (3) by ¥(rs, r) and Eq. (4)
by ¥(r4, r), take the difference of the resulting two
equations, and integrate over all space, we get

f W, )HY(r,, 1) — V(r,, ) Hy(@s, 1) dr

= [U(rp, 1.) — V(rs, 15)]. ®
Thus, if the left-hand side of Eq. (5) vanishes,
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we have

\I’(rB; rA) = ‘I/(I'A, rB)y (6)

which is the reciprocity relation. In other words,
we may say that reciprocity implies symmetry of
the Green’s function with respect to interchange
of the coordinates, which clearly implies that the
wavefunction at r, due to a point source at rp is
equal to the wavefunction at rp due to a source
of the same strength at r .

If the wavefunction obeys homogeneous boundary
conditions on some bounding surface S, then the
left-hand side of Eq. (5) vanishes. To see this,
we write

L= [ (s, DHYG, D) = Y, DY, D] dr

l') vz 1/’(1'4 ) l')

— Y(ra, DV Y5, 1)] dT

32
2h f [\I,(IB ’ I') v\I’(rA ’ f)
1 bounding

— U(rs, 1)V¥(r5, )] dS. )

Since homogeneous boundary conditions mean
that at the bounding surface

o¥ + B(d¥/on) = 0, ®)

where d%/dn is the derivative in the direction of
the outward normal to the surface, it follows
immediately that L in Eq. (7) vanishes, and that
therefore Eq. (6) holds.

I

II. RECIPROCITY OF THE SCATTERING AMPLITUDE
(SPECIAL CASE—POTENTIAL SCATTERING)

Equation (6) expresses the reciprocity relation in
terms of the Green’s function. However, from Eq.
(6) we can easily obtain a corresponding symmetry
property which must be obeyed by the scattering
amplitude. The Green’s function of interest in the
present case must be of the form

\I/(IA) I') = ;X(e“‘lr_r“/lr — I, |) + \I’soacter(rAy I'), (9)

where k£ = (ZME’/hZ)* and ¥,,... IS everywhere
regular. The singular term represents the spherical
wave emanating from the source. Direct integration
of Eq. (3) over an infinitesimal volume containing
the point r = r, shows us that

X = 2u/4nk?. (10)

Asymptotically, for large values of 7, ¥, aps0c(ta, T)
must have the form of an outgoing spherical wave
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emanating from the scattering center (which we

have chosen to be at the origin); that is, for r > R,
\I,acstt.er - T(_rA; f‘)(@ik'/'f), (11)

where # is the unit vector r/r. Thus we have for

large r

ec’lc]r—r Al

|t — 4|

V(ry, 1) = (2u/4xh’)

. ikr
o+ T(~14, ) ‘i; ¢>R). (12
The expressions analogous to Egs. (9)~(12) for the
case of the source at r are self-evident.

Now let us choose, for convenience, our bounding
surface to be a sphere whose radius p is very large
compared with R (the range of the force), r,, and
rg; then we see from Eq. (12) that

G5, =w+oll) -
so that L in Eq. (7) must vanish in the present
case, and the reciprocity relation [Eq. (6)] must hold.

In the usual idealization of the scattering experi-
ment, the source is taken to be an infinite distance
from the scattering center. We can easily obtain
the result for this special case from Eq. (12). If we
choose r, > r > R, Eq. (12) becomes

(13)

ikra
U(r,r) = (2u/4nh?) e_r_ {e'“’“"
A

tkra

]_IT(—rA, f) ‘-’i} (14)

T

+ [(2#/47rh2) 2

This limiting form of the wavefunction ¥(r,, r)
satisfies the same differential equation with the
same boundary conditions as the usual wavefunction
of time-independent scattering theory except for the
over-all factor 2u/4xh*(e*"*/r,). Thus we have for
ra > R,

[2u/4x k(e fra)] " T(—14, #) = f(—F4,#),  (15)

where f is the usual scattering amplitude. We note
that the validity of Eq. (14) required that r,>>r>>R.
The restriction r, > r, applies only to the source
term of Eq. (14), however, and is not required for
Eq. (15). We need require that the source term
be a plane wave just within the range of the force
in order that Eq. (15) hold.

Consider a wavefunction due to another source
located at rz. Asymptotically, it will have the form

Ta

ikir~rpl
Ve, 1) = Cu/4al) T
ikr
+T(—r,,f)‘97, r>R. (16)
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Using the symmetry relation [Eq. (6)] and the
wavefunctions [Egs. (12) and (16)], we have for
Ta, T'p > R

ROLFEN gt
(2u/4wh’) s =il + T(—r14, #5) -
et'ker—rBI eikr‘
= (2u/4wh’) T =5l + T(—15, f4) . 17)
or, by virtue of Eq. (15),
f(]ei, ﬁf) = f(—le/; "E-‘), (18)
where
ki = —k(ra/ra);, &y = k@s/rs).  (19)

The reader will note that the above derivation in
no way depended on the Hamiltonian of Eq. (1)
being real. On the contrary, the treatment is equally
valid for a complex potential. For a Hamiltonian
of the form given by Eq. (1), all we needed to assume
to obtain our result was that V(r) is & multiplicative
operator and that the boundary conditions are such
as to make the surface integral in Eq. (7) vanish.

Since a complex potential implies a non-Hermitian
Hamiltonian, it is evident that Hermiticity is not
necessary in order to obtain reciprocity. This is
completely analogous to the well-known result in
network theory. It is quite possible for an electrical
network to be dissipative but still be reciprocal.
Loosely speaking, for an electrical circuit the crucial
question is not whether there is energy dissipated
in a resistor, but whether there is a rectifier in the
circuit. This is exactly analogous to the quantum
mechanical case treated above. A non-Hermitian
Hamiltonian will not conserve particles, but the
reciprocity theorem may hold despite this.

IOI. RECIPROCITY OF THE GREEN’S FUNCTION

The above discussion suggests that although
Hermiticity and time-reversal invariance of the
Hamiltonian are sufficient, they are not necessary
for reciprocity. We are thus motivated to seek a
more general invariance property of the Hamiltonian
which will also encompass the results obtained above.
Since we seek such a formal result, namely a general
invariance property, more abstract arguments than
the preceding appear to be called for.” Such an
argument is presented below.

Let us consider the matrix eigenvalue equation

H — By =0, (20)

where H is the Hamiltonian matrix and ¢ is a
column vector. We shall make no distinetion between
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position coordinates or the various discrete indices
which may label the states. Let us now consider
the corresponding Green’s function equation

(H—-EY = 2n
To make Eq. (21) more explicit, we may write it as
Howrr = Ebprp Y¥arry = 8,0, 22)

The Einstein summation convention is used in
Eq. (22). The summations are, of eourse, generalized
in that we sum over discrete coordinates and
integrate over continuous ones. Similarly, the gen-
eralized delta function in Eq. (22) is a Kronecker
delta for discrete coordinates and a Dirac delta for
continuous ones.

We take the transpose of both sides of Eq. (21)
and introduce the unitary matrix U, to obtain’

U¥'U'UHT - B)U' = (23)
Thus, if we define ¥ to be
¥ = 03U = UeHU’, 24
and H to be
A = UH'U' = UH™*U", (25)
we can rewrite Eq. (23) as
Y(H — E) = 1. (26)

Now we let both sides of Eq. (26) operate on the
Green’s function ¥, to get

YH — EY = V. @7
Thus, if H has the invariance property
=09, (28)

then we may insert Eq. (21) into Eq. (27) to obtain
the result

¥ =v. (29)

This is the general form of the reciprocity theorem
expressed in terms of the Green’s function.

We see that if the unitary matrix U is taken
to be the identity, then the reciprocity theorem
reduces to the result that symmetry of the Hamil-
tonian, namely

H=H"=H"%, (30)
implies symmetry of the Green’s function,
¥ =¥ =¥ (31)

7 We use the following notation: AT denotes the trans-

pose, At denotes the Hermitian conjugate, and A* denotes

f.he complex conjugate of 4. Only two of the three symbols
above are needed, of course, since AT = A{*.
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++» implies that
= ‘I’z Ty

or explicitly, H... =

¥, (32)

In a representation in which z and z’ are space
coordinates, we recognize Eqs. (30)-(32) as the
result earlier obtained in Eq. (6). If the Hamiltonian
is a symmetric matrix, then the reciprocity relation
holds, as is shown in Egs. (31) and (32), which
says that the wavefunction at z due to a point
source of unit strength at 2’ is identically equal to
the wavefunction at ' due to a point source of unit
strength at z.

IV, SYMMETRY OF THE MATRIX ELEMENTS

Now we take up the general case when U is not
unity and determine conditions on the matrix
elements of H. Suppose that ¥* and ¥* are two
particular state vectors. Then we may define H,,
and ¥, as

aﬁ = (\l’a) H\Ilﬂ ("Pa)*sz (‘!/ﬂ)z ] (33)

and
Vs = (V)Y = PP, (¥)..
We may rewrite Eq. (33) to read®
H.p = (¢))*H*(y*)* = (U™ (UH*UYUp**)
= W)'Ay* = By, (35)

where U is a unitary matrix, A is as defined in
Eq. (25), and

(34)

v = Uy

Thus if the Hamiltonian obeys the symmetry rela-
tion [Eq. (28)], then

(36)

Hup = Hjs. 37)
Similarly, we have
Top = (V)W) = WDV =T,  (38)
which according to Eq. (29) yields
Yop = Via, (39

ifH = #.

Eq. (36) will be recognized as the general definition
of an antiunitary transformation. Familiar examples
of antiunitary transformations are the time-reversal
and charge-conjugation transformations. The anti-
unitary transformation which maps the state ¢°
into ¢* as defined in Eq. (36), will map the Hamil-

® The first equality in Eq. (35) is a consequence of the
fact that y is a column vector, so that (y=)T H(y#) is a scalar
and is hence equal to its transpose.
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tonian H into H, where H is defined as
H = UH*U'. (40)

We may therefore .express the reciprocity theorem
as follows:

Given an antiunitary transformation that maps
a state ¢* into ¢¥® and transforms an operator O
into O, then if the Hamiltonian has the invariance
property H = H*, the Green’s function will possess
the reciprocity symmetry ¥,; = ¥z,.

Of course, if the Hamiltonian is Hermitian, then
reciprocity follows from the invariance of the Hamil-
tonian under the antiunitary transformation H = H.
This is the more familiar result.

It should be noted that the definition of an
antiunitary transformation (unlike a unitary trans-
formation) is not independent of the representation.’
To see this, we note that for a unitary transforma-
tion, we may write

¥ = Us, (41)

where U is unitary and y and ¢ are column vectors.
Under a change of representation generated by the
unitary matrix V, we see that

v = Uy, (42)
where
v =Vy, 43)
¢’ = Vo, (44)
and
U= vuv'. 45)
On the other hand, an antiunitary transformation
v = Ug*, (46)

under a change of representation generated by the
unitary matrix V, becomes

Y = (VUV™)e'* = U’ “n

and hence is representation-dependent. Thus in using

Egs. (36) and (40), it must be borne in mind that

the choice of representation is of some significance.
However, if in one representation

H=H' = UH“*U", (48)
then in the new representation
H' = WH'™*W', (49)
where
W = VUV, (50)

and the previous results, Eqs. (33)-(40), hold with
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the unitary matrix U replaced by the unitary matrix
W of Eq. (50).

V. RECIPROCITY OF THE REACTION MATRIX

In order to obtain the reciprocity condition on
the reaction matrix we first rewrite the results
of Sec. IV for the case where the unit matrix is in
space—spin coordinates with the space coordinate
dependence of the wavefunction shown explicitly.
The Green’s function equation is

H — B, &) = ot — &)1, (217)

where 1 is the unit matrix in spin space. The
reciprocity symmetry condition can be written

H'E,9U' = U'HE, ¢), (28"
v, U = U'vE, ¢). (29")

The unitary matrix UT is restricted here to operate
only on spin components of H and ¥ as is the trans-
pose operation. The symbol £ represents the space
coordinates of the system.

The complete Hamiltonian can be broken up in
a number of ways corresponding to various groupings
of the particles:

H=Hi+Ti+Vi=Hi+T:‘+Vi; (51)

where H; is the Hamiltonian for the internal motion
of two groups of particles whose centers of mass are
separated by the vector r;, T, is the operator for
the relative kinetic energy, and V, is the interaction
between them. We assume that H;, H;, etc. are
Hermitian, although H itself need not be. The wave
equation for the internal motion is

(Hi n Et)¢:’t(£i) =0,

where £; includes all coordinates ¢ except r;, and
¢ is the state of internal motion.

Multiplying the Green’s function [Eq. (21’)] on
the right by the internal function ¢,,(£;) and integrat-
ing over £; gives the result

(H — E)X,, (¢, 1)) = 8@ — 1) (&),

where

(52)

(53)

Xur) = [ e ). 6D
The wavefunction X, plays the same role here as
the Green’s function ¥(r,, r) introduced earlier.
Equation (53) describes the motion of the system
with a point source in channel <.

From Eq. (53) we can obtain an integral equation
for X, by expanding in the complete orthonormal
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set, e'* "¢/, (£,), of eigenfunctions of H; + T.. For
i > r, > R, the integral equation has the asymptotic
form

y ’
Xt 1) — Qui/axh?) 21)_[:10_&

X exp [—ik;f}-1.]1¢.. (&)

= 3 dulg) TR prie g g,

T

(55)

Equation (55) has the form of an incident plane
wave plus scattered waves in all excited internal
states. Because the normalization of the plane wave
is not unity, we interpret

O = B @uo /AR D] (56)

as the scattering amplitude for the process it — 4t’.

In order to study a reaction from the channel
represented by ¢ to a different channel 4, we require
X, to be expanded in terms of eigenstates of
H; + T;: e "¢;,(¢;). The asymptotic form is

tkis'ry

Xn(é, r() = ; 6___~_ ¢i.'(£i)

g

X {zﬂi/47rh2|:f d§’"” exp (—1k;, f;-1}’) 8@} — i)

X ¢:.r(£§')¢u(£$’):l — Fi (-1, 7‘,-)}- (67)
The second term in the braces gives the scattered
wave in the j channel. The first term, which is due
to the source, vanishes for all bound internal states
', if the state ¢ is also bound, since the product
3t — 10)¢i(E!)s(£)’) then decays exponentially
with r/’. Again, because the plane-wave term of
Eq. (565) does not have unit amplitude, we interpret

f.':.ia' = F“-ia'/[(e”“‘”'/r:)(Zu,-/‘lth)J (58)

as the reaction amplitude for the process it — js'.
Arguments similar to those made in Sec. II show
that the amplitudes f****" and f***™" are each in-
dependent of r/ and the quantities F*****" and F***#’
are therefore dependent on 7! through the over-all
constant e****"*" /r..

In order to obtain the reciprocity relation for
the reaction matrix we multiply both sides of the
reciprocity symmetry relation [Eq. (29')] by a pair
of bound-state internal functions—on the left by
¢.:(£:), and on the right by’ ¢,,(¢/)—and integrate
over £, and £/. From the definition of X in Eq. (54),
we obtain the result

¥ The wavefunction ¢;3(¢';) is the reciprocal state defined
in Eq. (36).
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[ asxne, )0
= [ &4l UK. 69)

Putting in the asymptotic forms for X,, and X,
we have for large r;, r} the relation

tkis'ri’ o,
fdf,'-{— 2 : T F (A r§)¢f-r(£$)}
X U'ae) = [ deohe)U"

X {_ tE’ ¢if’(£i) 2 F”'”,(—'If, f:)} (60)

The continuum terms due to the source appearing
in Eq. (57) vanish because of orthogonality of the
¢’s. On the left of Eq. (60) we have the integral

tkig'rs

rs

[erUsnas, = [enat = 0, 6D
and on the right,
fd&cb.?zUT%w = de.-tbfzqu.-z' = . (62)

Using Eq. (61) and Eq. (62), we get from Eq. (60)
tkiari

e

ikilrg’

F*it (=, #)) = S F" (=1}, £,),  (63)
which along with Eq. (58) gives the result
pf (A, ) = wif T (—F, 1) (64)

It can be shown easily using the asymptotic form
[Eq. (55)] that Eq. (64) holds also for scattering.

We now have a generalized reciprocity relation
on the reaction matrix and have shown that it
follows directly from the reciprocity symmetry of
the Green’s function. The conditions under which
it holds are that (1) the Hamiltonian has the
reciprocity symmetry [Eq. (28)], (2) the channel
Hamiltonians are both Hermitian, and (3) the
internal states of the two colliding systems before
and after the collision are bound.
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APPENDIX: DERIVATION OF THE RECIPROCITY
THEOREM BY MEANS OF FORMAL
SCATTERING THEORY

The reciprocity theorem can be derived readily
using the results and methods of formal scattering
theory.
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Let H be the Hamiltonian of the system. We
denote the channel Hamiltonians by H,, H;, ---,
and we denote the channel interaction potentials
by V., V;, -+ . Thus

H=H,~+V"=H,'+Vi="'. (Al)

Next we define the eigenfunctions of the various
Hamiltonians

(E - Hy =0, (A2)
(E — Hy)ér = 0. (A3)

The corresponding outgoing Green’s functions satisfy
the equations

(E-HG=1, (A4)
and

A well-known result of formal scattering theory
is the following expression for the scattering
amplitude’:

T.'i = <¢.| V.‘ + ViGVi |¢:> (A6)

T;; is the amplitude for scattering from state ¢;
to state ¢;. An alternative expression for the scatter-
ing amplitude is

T = (| Vi + V.GV, |o)). (A7)

The system under discussion will be said to be
reciprocal if the scattering amplitude has the
property

T =Tj, (A8)

where the state ¢; is related to the state ¢; by the
antiunitary transformation

¢ = Ud’?, (AQ)
with
U'=U" (A10)

To determine under what circumstances the system
is reciprocal we make use of the following result:

(@i 14] &5y = (@7 |A™*| ¢%)
= (67 [UA™U" 6.  (AlD)

19 G. F. Chew and M. L. Goldberger, Phys. Rev. 87, 778
(1952).
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Comparing this expression with Eqs. (A6) and (A7),
we see that the system will be reciprocal if

UV, + v.qv)*u'

=V,+ V;GV:, or V;+ V:GV.. (A12)
But, by definition we have
UV, + V.av)*u' = 7, + 7,67, (A13)
where
A =va™U". (Al4)
Thus a sufficient condition for reciprocity is
Vi=V, V,=V; G=@G  (Al))

The above conditions on the Green’s function and
the channel interaction potentials are readily trans-
lated into requirements on H, H;, and H; From
Eqs. (A4) and (A14) we have

GE -0 =1, (A16)
so that
GE — ;G = a. (A17)

Comparing Eq. (A17) with Eq. (A4), we conclude
that # = H implies that G = G.

Now, turning to the channel potentials, we may
write

V,'— V;=(H—H.)_(H—H;)
= H, - Hj,

where, in accordance with Eqs. (A3) and (A9),
we define

(A18)

H, = UH*U". (A19)

Thus the requirement that V.=V, is equivalent
to the requirement'' that

H, = Hl. (A20)

We conclude that a system is reciprocal with
respect to an antiunitary transformation ¢ — Ugp*
if the Hamiltonian of the system is invariant under
the transformation H — UH'*Ut and the scattering
connects channel states that are eigenstates of
Hermitian Hamiltonjans, in agreement with the
results of Sec. V.

1 Tt should be noted that the equality of Eqs. (A6) and
(A7) already requires the condition Eq. (A20)
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The group of all multiplicative symmetries defined for a finite number of interacting fields is
studied in detail. Various theorems are proved connecting the existence of multiplicative symmetries
with properties of the Wightman distributions of the fields.

INTRODUCTION

HIS paper represents an attempt at a systematic

study of the group of multiplicative symmetries
corresponding to any quantum field theory with a
finite number of interacting fields. It is assumed
that the theory is formulated in the language of
Wightman axiomatic field theory.

A multiplicative symmetry, Ui, for a given set
of N fields is a unitary operator which commutes
with the momentum—energy operator P* and which,
when applied on any component of any field op-
erator, multiplies it by a complex number of modulus
one:

Uu(ﬁi(x)U;ll = Nei(z), |)‘il =1

(no summation over j).

Here different values of j correspond not only
to different spinor fields but also to different compo-
nents of the same spinor field. (For a more precise
definition of a multiplicative symmetry see Sec. 1,
Definition 1.)

An example of such a unitary operator is the
operator of rotation around any of the spatial axes
by the angle 2x. This operator multiplies all the
integral-spin field operators with +1, and all the
half-integer spin field operators with —1. Another,
more significant instance, is any gauge group of the
first kind—this is just a group of multiplicative
symmetries depending on a continuous parameter.
Now, the superselection rules for electrical charge
and baryon number can be expressed “as the result”
of the existence of gauge groups of the first kind,
while the first-mentioned example leads to the
univalence superselection rule. It is therefore clear
that there must be a close relation between the
possibility of formulating superselection rules in a
given theory of fields and the structure of the group
of multiplicative symmetries corresponding to that
theory.

In Sec. 1 the results are formulated in the form

of theorems followed by proofs; the theorems can
be understood independently of their proofs which
pretend to full mathematical rigor and therefore
are sometimes a little more technical in nature.
The main results are contained in Theorems 1, 2,
8, 9, and 10.

Only some remarks of a general nature concerning
the theorems of Sec. 1 are contained in the first
part of Sec. 2.

In the second part of Sec. 2 the consequences on
the results of Sec. 1 of the behavior of a field theory
under the restricted Lorentz group £! are taken
into account in more detail.

The last part of Sec. 2 represents only an illustra-
tion of the possible use of multiplicative symmetries.
Of course, the subjects for which multiplicative
symmetries can be found useful are not exhausted
in this way. In fact, one of the main reasons for
studying the group of multiplicative symmetries in
such detail was the hope of giving a more precise
formulation to some heuristic considerations which
occur in the literature and in which the existence
of certain multiplicative symmetries is tacitly
assumed. It is hoped to present a fuller account
of these applications on a later occasion.

1. GENERAL THEOREMS ABOUT MULTIPLICATIVE
SYMMETRIES

In this section some general theorems concerning
multiplicative symmetries will be proved. The main
results are formulated in Theorems 8 and 9. For a
mathematically rigorous proof of these theorems,
Wightman axioms for a field theory have to be
accepted as a starting point. Therefore, though
formulations of these axioms can be found in many

places,’'* a statement of these axioms has been

1R. F. Streater and A. S. Wightman, PCT, Spin and
Statistics and All That (W. A. Benjamin Company, Inc., New
York, 1964).

2 A, 8. Wightman, “Quelques Problémes Mathématiques
de la Mecanique Relativiste’”” in Problémes Mathématique
de la Théorie Relativiste de Champs (CNRS, Paris, 1959).

442



MULTIPLICATIVE SYMMETRIES IN FIELD THEORY

given in the appendix in a form which is best suited
to the needs of this paper.

We begin by making a few comments on the
sense in which the term multiplicative symmetry
is used in this paper compared with its usage
elsewhere. Namely, some authors® refer to these
operators as ‘“multiplicative operators,” reserving
the name “multiplicative symmetry operator” for
multiplicative operators commuting with the total
Hamiltonian of the system of fields. But, as will
be seen very soon (Theorem 1), any multiplicative
operator for the ¢nteracting fields, which satisfies
conditions (a) and (b) of Definition 1, commutes
with the momentum-—energy operators and defines
therefore a multiplicative symmetry operator. It has
to be mentioned that in Ref. (3) a multiplicative
operator is defined by its action on the fields in
the interaction picture.*

Definttion 1. A multiplicative symmetry M is a
transformation in Hilbert space 3¢ (see Axiom I;
all axioms referred to in the body of this paper
may be found in the Appendix, which can be
represented by a unitary operator Uy, satisfying
the following three conditions®:

(a)
®) Uwei(NUWY = Ne;(D¥, 5 =1, --+ 1,

f € 8, ¥ & D, \; are complex numbers,

UxD C D (see Axiom II),

(¢) Uyu¥, = ¥, (see Axiom IV and Theorem 1).

The set of all multiplicative symmetries which can
be defined for a given theory of fields in which the
total number of field components is 7, will be
denoted by U(p,, --- ¢,), or, when no ambiguities
arise, by U. It has to be noticed that different
values of j can refer to different components of
the same field with nonzero spin, and therefore
n = Y¥. (2 + 1) (see Axiom II).

The theorem to follow will show that the condi-
tion (c) is not an essential restriction imposed on
U(p,, --- @), but only a convenient agreement
which will enable us to define a one-to-one mapping
between U and a subset @(U) of a real Euclidean
space R" (see Theorem 2).

( 3 GS Feinberg and S. Weinberg, Nuovo Cimento 14, 571
1959).
¢ It is otherwise a well-known result of relativistic quan-
tum field theory, obtained by Haag, that interaction picture,
except in trivial cases, is a mathematically meaningless entity.
8 In all the expressions where j appears twice there is no
summation over j; all the summations over j will be ex-
plicitly indicated {)y a summation sign.
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Theorem 1.° Any unitary operator U which satisfies
conditions (a) and (b) of Definition 1 leaves the
vacuum state invariant, i.e., U¥, = wo¥,(jw,| = 1),
and commutes with the unitary representation
U(a, 1) =exp(iP,a*) of the four-dimensional transla-
tion group (see Axiom III), i.e., [U, Ula, 1)]- =
Therefore (1/we)U € Uley, - ¢a).

Proof: By simple manipulations, using the prop-
erties (a) and (b) of Definition 1 of U, as well as
Axiom III, we show for the translation group {a, 1},
namely from

Ula, De;(UGe, ¥ = ¢;(fo.1)¥, ¥ E D,
flay = flz — a),
that
[(U(e, DU)Y'UU(a, 1), ¢;(N1-¥ = 0,
Y& D, ! € 8.

Because of the irreducibility of ¢;(f) (see Ref. 1,
Chap. 4, Theorem 17.4), we have’

(Ule, DU)'UU(@, 1) = w(@)1, |u(a)]| =
where w(a) is a complex number. Therefore,
Ua, 1) = wl@)U'U(a, 1)U. 6))

It is easy to deduce from (1) and from the group
property U(a’ 4+ a”, 1) = U(d/, 1)U(a”, 1) that
wld + d’) = w(a')w(a"), while Axiom III gives us
lim, ., w(a’) = w(a), i.e., the w(a)’s form a continuous
one-dimensional representation of the translation
group. As is well known, the general form of such
a representation is w(a) = exp (—ip,a"), where
P (0 = 0, 1, 2, 3) are some real numbers [that p,
must be real follows from |w(a)] = 1]. Then [see
Axiom IV and Eq. (1)]

¥, = Ula, )¥, = w(@U'Ula, 1)U¥,,
or
Ula, HUY, = exp (ip,a")U¥,.
As U¥, & D because ¥, € D (see Axiom IV),
P.UY, = p,U¥,.

But p, = 0, » = 0, --- 3 is the only eigenvalue
of P,, and ¥, is the only eigenstate with this eigen-
value (these are consequences of Axioms IIT and IV).
Therefore there is a complex number w, |wy| = 1,

¢ The proof of this theorem follows a line of argument
due to A. S. Wightman and used very often by him in proving
similar theorems about inversions (see Ref. 1, Chap. 3
Theorem 15.1).

7 When an operator relation is valid for all ¥ € 3¢, the
dependence upon ¥ will not be explicitly displayed.

g
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such that U¥, = w,¥, From (1) we finally obfain
that, as a consequence of w(a) = 1, [U, U(a, 1)]- = 0.
QE.D.

Notice that as a consequence of Theorem 1,

(Uy,P1¥ =0, ¥&D, M&U, p=0,---3.
@)

Definition 2. The set of k = {k,, --- k.}, k; =
0, &1, £2, --- ( = 1, --+ n) forms a group Z" in
which the operation of group summation is the usual
summation,

K+ K= kR K R

By @ we will denote the factor group R"/Z",
where R" is the n-dimensional space of ordered
n-tuples of real numbers regarded as a group with
respect to the operation of conventional addition.
The general element of @* will be denoted by
e={a, " },0<a;,<1(G=1---n)and
the operation of group addition is

o + o« = {af + a}'(mod 1), -+ o} + of’(mod 1)}

Note that R", Z", and @" are all Abelian groups for
which it is customary to call the operation of group
multiplication just group summation.

Theorem 2. The set U(e,, * *+ ¢,) of all multiplica-
tive symmetries which can be defined for a given
set of fields ¢, -+ ¢, is an Abelian group with
respect to the operation of operator multiplication.
An isomorphism between 4 and a subgroup @(U)
of @" exists.

The multiplicative symmetry U & U which
belongs (uniquely) to an « & G(U) will be denoted
from now on by U..

Proof: The identity operator in 3¢ is a trivial case of
a multiplicative symmetry with A, = --- = A, = 1.

By definition to each Uy, M & U, belongs a
set of numbers A\, - -+ A.. As a consequence of the
unitarity of Uy, A = -+ = [A\J = 1, so that
we can write \;=exp (2rie,),0 < a; <1 (j=1,---n).
Therefore we can assign uniquely to each M an
element a & @". We will denote by @(U) the set
of all such «’s. It is a consequence of the irreducibility
of the field operators ¢, -+« ¢, and of the require-
ment (¢) in Definition 1, that to each ¢« & Q(U)
belongs one and only one U, & U(p,, - On).
Namely if Up;(NULY = exp (2mia)e;()¥ =
U0 (NOIY(G € 8 j =1, -+ m, ¥ € D), then
(U072, 0;(H]-¥ = 0 and this implies U U7 = 1.

It is an obvious consequence of Definition 1 and
of the aforesaid, that, if ¢/, ¢’ & @(U), then U, U,
and U_.U, are also multiplicative symmetries
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which belong to o 4+ o« = o’ + . Because of
the one-to-one mapping between U and @),
Ugyserr = UpUpr = Uy U, Q.E.D.

One of the main attempts of this paper is to
establish a close connection between the structure
of U [or, equivalently, of @(U)] and the identical
vanishing of a certain class of Wightman distribu-
tions.® To be able to formulate results in a concise
way, we will have to group the set of all Wightman
distributions (for given ¢, - ¢,) into subsets
which will be denoted by (k).

Definition 8. For a given set of fields ¢, -+ ¢,
and for any k € Z", denote by (k) the set of all
Wightman distributions containing the field ¢,(f)
k¥l = k; 4+ ki’ times and its Hermitian adjoint
ei()*k times (kf, k)’ = 0, 1, 2, ---)—in case
that ¢; is a “complex’ field; or alternatively, con-
taining the field ¢; |k, times, in case that ¢, is a
“real” field (j = 1, -+ n; k = {ky, - k.}).

Write, symbolically, (k) = 0 if all the elements
of (k) are identically vanishing distributions, and
(k) # 0 if there is at least one distribution belonging
to (k) which does not vanish identically.

It is useful to know as much as possible about
the distributions belonging to a certain (k). The
following theorem will be somewhat helpful in this
respect,

Theorem 3. If, for a given k € Z*, a Wightman
distribution, containing the “complex” field ¢; k!
times and its complex conjugate k)’ = k! — k; times
(j runs over all complex fields), does not vanish
identically, then all Wightman distributions belong-
ing to (k) and containing ¢; at least &/ times and
o* at least k}’ times do not vanish identically. All
the elements of (0), 0 = {0, --- 0}, do not vanish
identically.

Proof: It is a standard result of the theory of
analytic extensions of Wightman functions, that if
a Wightman distribution vanishes identically then
all the other Wightman distributions, obtained by
any permutation of the field operators in the initial
one, have to vanish identically. The idea of the
proof is that from the identical vanishing of a
certain Wightman distribution one concludes (see
Ref. 1, Chap. 2, Theorem 9.5) that the corresponding
Wightman function is identically equal to zero in

8 Here and in the following, by the name “Wightman
distribution”” we will refer to the vacuum expectation value
of a product of r field operators regarded as a tempered
distribution on the space of functions f(z;. -+ z.) € 8.,
while by a ‘“Wightman function’” we will mean the corre-
sponding analytic function in the complex variables z, =
z, ~ iy p =1, --¢7)
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the extended tube. As all the extended tubes have
real environments in common, the identical vanishing
of all permuted Wightman functions and, therefore,
of all corresponding distributions is inferred.

To see that the existence of a nonvanishing Wight-
man distribution containing a cerfain ‘“complex”
field ¢; &k} times and its adjoint ¢% £}’ times implies
that there is another nonvanishing Wightman dis-
tribution containing ¢; (k{+1) times and ¢* (k{"41)
times, one has only to notice that there isa f € §,
such that (p,(f) *0;(N)o = [le;(NWl|* # 0 [otherwise
the positive-definiteness of 3¢ (Axiom I) would
imply ¢;(H¥, = 0, f € 8, and this in turn (see
Ref. 1, Chap. 4), that ¢;(f) = ¢;()* = 0, f € 8,].
The desired result is then obtained by using the
cluster decomposition theorem in a similar manner
as it will be used in proving the next theorem (see
the proof of Theorem 4). By induction one establishes
the validity of the first part of Theorem 3.

To prove the assertion about (0), one has only
to notice that (1), = (¥,, ¥o) as well as (¢, (x) *0; (1) o
(if ¢, is complex) belong to {0). The rest of the state-
ment follows from the preceding argument. Q.E.D.

Theorem 4. The set Gy, -+ ¢,) (sometimes
denoted simply by G )of all k & Z" such that (k) = 0
if k € G(py, *-* ¢.), 18 a subgroup of Z". For non-
identically vanishing fields, G(¢;, -+ ¢,.) is non-
empty, containing at least the unit element of
Z" 0= {0, - - - 0}, If a certain field ¢, is real, then the
Ks:k=1{0,--:0,k;,0,--- 0}, k; = £2, 4, ---,
also belong to G.

Proof: That 0 € G has been stated in Theorem 3,
It is also easily seen that if k € G then ~k & G.
Namely, if (k) # 0, then there is a certain non-
vanishing Wightman distribution belonging to (k).
Its complex-conjugate value is a distribution from
{—k) and therefore {(—k) = 0.

To show® that k/, k¥ &€ G implies k¥’ + k" € g,
assume, for the sake of simplicity in writing, that

%l(x) = %l(xly xk1'+-'-k,")
= <¢1(xl) L (Dl(xk,') e ¢n(xku+---k..')>0 # Oy
B(y) = BWalys, S Ykyraeeekar)

= <¢’1(y1) ter ¢1(’.’/k,") v ¢n(yh"+-nk»"»0 # 0,

where 8, € k'), B € (k”). A straightforward
application of the cluster decomposition theorem
gives for

cee Zpyry vt

e yk;”;

? This part of the proof of Theorem 4 uses an idea applied
previously by A. 8. Wightman to prove the existence of a
semigroup defined in a very similar way as G (private com-
munications).
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SIS(X, y) = %(xl) R T
X Y, = Yearry *

= (p1(@1) *** Pa(Thirseeerar)
X @11) *+ oYy raeerar o

that lim, .. WX, y + a) = W,(x)W.(y) # 0 when
each component of a tends to infinity in a spacelike
direction. As W & k' 4+ k"), this means that
& + k') = 0.

The last statement of the theorem concerning
real fields is a direct consequence of the definition
of (k), of the fact that {¢;(fei(9)) # 0,1, 9 € 8,
when ¢; is real, and of the cluster decomposition
theorem applied as in the preceding part of the
proof. Q.E.D.

Theorem 5. (a) Each U, € A defines a linear
(mod 1) homomorphism of Z" into @&':

k— ek =kao + - + k.o, (mod 1),

ke 7, ok € @', €)]
which has the property that the subgroup g, of
the group Z", consisting of all k’s mapped into zero,
G, = {k: -k = 0} C Z", contains G(p,, ' - @), Le.,
9(901, e ‘Pn) C G @ < @(‘U)

(b) Conversely, each linear (mod 1)
homomorphism 4 of Z” into @',

k—a=hHnk), k& @
for which the subgroup ¢’ of Z" consisting of all
k € Z" mapped into zero, ¢ = {k:h(k)} = 0,
contains G{¢y, -+ ¢.) (i.e., § C §') defines uniquely

a multiplicative symmetry U, belonging to an
{ay, -+ @,}, where

Qa; =h(k(i))1 kK = {0: ++ 50,k =1,0,--- 0};
j=11"'n' (5)

Proof : (a) It is obvious that (3) defines a homo-
morphism of Z"into @'. To show that G(e,, - - - ¢,) CG,
we have to use only the unitarity of U,. Namely,
if K € Gy, ** - ¢n), then there is a W € (k) such
that B # 0. Then

B = (T, 0;,(21) -+ ¥y)
= (‘I’O’ U«S’i:(xl)U;l e ‘I’O) = )\l{‘ fee )\:‘%

sothat Ay .-+ N =
ak = 0.

Thyrteeotka’y

R TRV |

aE(il,

¢ =

exp [2mi(e-k)] = 1, ie,
q.e.d.
(b) Define on D, (see Axiom V) an op-

erator V, by

Va(P[ﬂol(fl)y e ﬁ’n(fn)]\l’o = G’[xlﬁol(fl); ttt >‘n¢n(fn)]‘l’07

A; = exp (21!’1:(1;), fi € 8, .7 =1,.-. n, (6)
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where o; are given by (56) and ®(e,, - -+ ¢,) is any
polynomial in ¢, - -+ ¢,, each term of ® containing
the fields ¢;, ‘- - ¢, in a certain given order. As it
is possible that there are polynomials ¢ = @® such
that, at least for some combination of f,, - -+ f, € 8,4,
@Y, = O'¥,, it is not immediately clear that V, is
an unambiguously defined operator. As this un-
ambiguousity is automatically established'® if the
relation (V. ¥, V. ® = (¥, ®) is proved for any
¥, ® & D, given by means of polynomials acting
on the vacuum, we will proceed with the proof
of this relation.
Write

r

b4 akr(%; tte %)‘I’o:

=0 r(k) (7)

W

¢ = bkr’(¢1) e ¢n)‘1,0y

kim

(=]

(k")

where ay, (¢, - ¢,) are products of the field
operators ¢,(f1), <+ e1(fr.), *** @alfr.+--z.) taken
in the order of the permutation n(k) of 1, --- k,,
<+« (ky + --- k,) and multiplied by a complex
number (similarly for by, ). Then

(V, V) = D0 > AN - NN - K

k.k' x,x’
X (\I,07 bt‘r'akr‘I,O)' (8)

Now, according to the condition § C ¢, the product
Mf o X = exp [2m8 D07 ay(k; — KD =1
whenever (¥,, b¥.,.a,x¥,) # 0. Therefore the con-
clusion that (8) is equal to (®, ¥) follows. Of course,
for the sake of the simplicity of notation and
exposition, the adjoints of the complex fields have
been left out in (7), so that (7) are not expressions
of the most general type for an element of D;
but it is obvious that the same conclusion follows
under the more general circumstances.

Now we see that V, is a bounded operator on
D, which leaves D, invariant. It is a matter of
routine to show that from (6) the linearity of V,
follows, and to extend V_, in & unique fashion
[remember that D, = 3¢, (Axiom V)], to a unitary
operator U, defined on the whole Hilbert space 3C.
Obviously U, is the multiplicative symmetry whose
existence we have set out to prove. QED,

Before proceeding with the proof of the next
theorem, a question, left open in the course of
proving the second part of Theorem 5, must be
pointed out.

Namely, it is clear that the unitary operator U,
whose existence we have proved, leaves D; (see

10 Take @ = ¥ = (@ — @' )¥,.
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Axiom V) as well as D, invariant, but because of
our scarce knowledge of D, it has not been shown
that U D C D (notice that DD D, D Dy). There-
fore, strictly speaking, it is not yet quite clear
whether U, is a multiplicative symmetry in the
sense of Definition 1. The reason for insisting to
define a multiplicative symmetry by the requirement
UD C D instead of UD, C D, is that it is hoped
that with a better understanding of the relation
of D to D,, the stronger result will be proved.

Theorem 6. The set G(U) is closed in the customary
topology of the n-dimensional Euclidean space'* R";
Le., if we have a sequence «, & @(U) which tends
toward an « € @ (lim,-. @, = a), then « & @(U).
The representation of @(U) given by ¢« — U, is
continuous, ie., [|(U,, — U,)®|| — 0 when e, — «
for any ® € 3C.

Proof: If @, € G(U) then, according to the first
part of Theorem 5, G,, O G. On the other hand,
the second part of the same theorem tells us that
an e € @"belongsto@(W)if g, D G. If @ = lim,_. &,
then e,°k = O for any k & G (because § C G,),
Le, auk, + -+ + a.k, = N(w, k) where, for
given e, and k, N is a certain integer. As, for fixed k,
ank,+ - +a,.k. is a continuous function in e, it
follows that there is an ¢> 0 such that N(e,, k) =N (k)
for all Jle, ~ of| < elllofl = (ad + -+ + )],
Therefore, a,k; -+ + -+ + a,k, = N(k) = 0 (mod 1),
ie., a-k = 0 for k &€ g, so that our assertion ¢ C G,
is proved and the existence of U, established.

To prove that the representation e—U,[e € @(U)]
is continuous is again a matter of routine. First
it is shown that |[((U, — U)®|| — O when
¢ — oo, o/ € @(U)] for ® € D,, and then by
standard arguments, based on the density of D,
in 3¢, the same is inferred for any & &€ 3¢. Q.E.D.

A few words should be said about the role of the
Theorem 5 in proving Theorem 6. Namely, it is
obvious that, because of the continuity properties
of polynomials, the vectors U, ® form a Cauchy
sequence in 3C for any & & D, when o,—eafe, & G(U),
e € @"]. Using again standard arguments (com-
pleteness of 3¢ and density of D, in 3¢), one can
easily establish the existence of a unitary operator
U, such that ||{(U, — U)®|| — 0 for e, — o, ® & 5.
But, except by going through a procedure identical
to the one in proving the second part of the Theorem
5, it is not possible to show that U defines a mul-
tiplicative symmetry in the sense of the Definition 1,
mPrecisely in the topology of the torus R»/Z». Theo-

rem 6 then states tﬁat @(‘U) is a topological subgroup of the
topological group @=».
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simply because there is nothing to guarantee that
such a U leaves either D or D, invariant! And it is
obvious that the property UD C D (or UD, C D,)
is essential in a precise definition of the concept
of multiplicative symmetry, because otherwise the
expression Ue;(f)U™'¥ would not have meaning
for al ¥ & D (or ¥ & D,); and it is important
for the relation Up,(HUT¥ = \;(f)¥ to hold
at least for all ¥ in an everywhere dense subset
of 3¢, and not only for the ¥’s in a proper subspace
of 3¢

Theorem 7. Denote by @;(U) the subset of @'
such that @« € @' if and only if there is at least one
e € @(U) having «, as its j component, (a; = a).
Then @;(U) is either a finite cycliec subgroup of
@' or it is @' itself.

Proof: From the fact that @(u) is a group, it
follows in an evident way that @;(U) has to be
a group too. We will show that because @(u) is
closed, @;(U) has to be also closed in the topology
of @'

Take an « &€ @' which is an accumulation point
of an infinite subset of @;(U), and pick up from
this set an infinite sequence of & — a for » — .
To each a'” € @;(U) corresponds, according to
the definition of @;(U), at least one «” € @(U).
It is obvious that with a careful definition of the
neighborhoods of the zero element, all @" (n =
1, 2, 3, ---) are closed sets. Therefore, according
to the Bolzano—Weierstrass lemma, the ¢ € @(U)
have at least one accumulation point ¢ & @"
which belongs also to @(U) because G(U) is closed
(Theorem 6). We can choose a subsequence e«
of «” such that «* — e« The j component of
« is therefore equal to the given « € @', and as
e € a(U) we conclude a € @;(U).

The assertion of the Theorem 7 can be now
proved'? using the group properties and closure
properties of @,;(U) (see Ref. 12, p. 139). Q.E.D.

We would like to remark, in addition, that the
fact that @;(U) is closed is essential in proving
Theorem 7. (This is otherwise not stressed in
Ref. 12.) Namely, there are obviously subgroups
of @', like the set of all rational numbers in the
interval [0, 1), which are neither of finite order
nor identical to @' itself.

In proceeding with preparations for the proof
of the next theorem it would seem advisable to
apply the general theorems of the Lie group theory.

2 1.. Pontrjagin, Topological Groups (Princeton University
Press, Princeton, New Jersey, 1939).
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But the elementary theory of Lie groups deals
mostly with local properties, while the particularly
simple structure of the Abelian group @(U) enables
us to get global properties by elementary means.
As the method used in proving Theorem 7 yields
results formulated in a manner which makes the
proof of Theorem 8 particularly simple, this is a
further justification of proving Theorem 7 with a
direct procedure, though otherwise this theorem
could be probably demonstrated by applying the
general Lie group theorems to the case of @(u).

For the convenience of the reader we will summar-
ize here the definitions of a few useful concepts
appearing in the theory of Abelian groups.'? If A
is an Abelian group we can define unambiguously
the symbol va (v = 0, 1, £2,--- ;¢ € A) in
the following way: it is the unit (zero) element
when » = 0 (as in case of Abelian groups, the group
multiplication can be called group summation, it is
justified to call the unit element just zero and
denote it by 0); va = a + --- + a (v times) for
v=1,28, - ;va=(—w»)a v = —1, -2, -3, ---,
or writing a™' = —a, va = (—»)(—a). A finite
system of elements a,, --- a, € A is called linearly
independent if v,a, + - - - + 4, = 0 for some integer
values for »,, --- », implies », = .- = », = 0.
The maximal number of linearly independent
elements of A is called the rank of A. A system
of generators of A is a finite or infinite system of
elements a,, a;, -+« & A such that any ¢ € A can
be written as @ = »,a, + -+ + va,(p < + ).

We will now prove two lemmas which will be
used in proving Theorems 7 and 8.

Lemma 1. If ky, --- k, € Z" (p < n) are the
generators of the subgroup G, of Z", then there
exists another system of generators of G, containing
p elements ki, --- k! & G, such that in k/ =
{kly, -+ kl3k, = 0for s > n — p + r;ie., the
matrix defined by the kJ, - - - k! has the form

k{l {2"'kl,n—p+10 EN{
kél kz,vz te kén—z&l ki"n~p+2 --- 0 y (9)

RN ’ ’
p1 Fp2 *° " k:m—v+1 kzm—p+2

where k,,_,,, 2 0(r =1, --- p).

e K

Proof: The proof is a special case of the proof
used to reduce matrices to the canonical form.
It is based on the easily demonstrable statement
that the so-called elementary operations on a
matrix can be performed by multiplying the matrix
(which has p rows and n columns) on the left by



448

p X p and on the right by » X n matrices with
integer elements and whose determinants are 4-1.
We will call a square matrix with integer elements
and determinant equaling -1, an integer-valued
unimodular matrix. It is obvious that by multiplying
two integer-valued unimodular matrices we obtain
again an integer-valued unimodular matrix (they
form in fact a group).

Now we will first point out that if we go from
the system of generators k;, -+ k, & Gy of G, to a
system k!, --- k! € Z", where k! = Z’,’_l a, .k,
and if ||a,,|| is an integer-valued unimodular matrix,
then ki, --- Kk’ is also a system of generators of G,.
This can be easily seen by writing any k € G,
in the form k = 2 _?_, »,k, and noticing that, because
det |le,.|| = =1, the equation 2 ?., a,», = »,
(obtained fromk = > ?_, vk, = > »_, v/k!) isalways
solvable, with integer values for », (s = 1, --- p),
for any integer values for »..

It is easy to see that we can perform on the
matrix

kllk12 e km
k21k22 Tt an (10)
kvlkﬂ e kzm

any of the elementary operations (e.g., multiplying
a row by —1, interchanging two rows, and adding
one row to another) by multiplying (10) from the
left with integer-valued unimodular matrices; these
matrices have all their elements equal to 0, *1.
We assert that by performing these elementary
operations a finite number of times on the rows
of (10) we arrive at a matrix which has all the
elements in the last column, except possibly the
one in the last row, equal to zero—this being the
first step in reducing (10) to (9). Because if all
k., are not equal to zero then there is a smallest
positive one, which we denote by xz; we write
k.. = b,x + ¢,, where b,, and c,. are integers and
0<Le, <z(r=1,---p).Ifalle = 0, then by
adding (subtracting for b, > 0) the row containing
z b, times from the rth row, and interchanging it
at the end with the last row, we obtain the desired
result. Otherwise there is a smallest positive c,,
lets say c,. By subtracting the row with z b, times
from the first row (adding it if b, < 0), we have
¢, as the smallest positive element of the last
column. If ¢; is not already the common divisor
of all the elements of the last column, then by
repeating the procedure a finite number of times,
we will arrive at that case. That means we are
dealing with the previous case when all ¢, = 0.
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Having obtained a matrix which has only zeros
in the last column (except on the last place), we
can repeat the procedure for the (n—1), (n—2), ---
columns consecutively, without affecting each time
the columns which have been already reduced to
the desired form. A finite number of steps will
bring us to the form (9). As this finite number
of steps corresponds to multiplying the matrix (10)
from the left with a product of a finite number of
integer-valued unimodular matrices (this product
being again such a matrix), the lemma is proved.

Q.E.D.

We will need, at least partially, the following
lemma quoted from Ref. 12 (p. 22, Lemma E):

Lemma 2. Let A be an Abelian group having a
system of linearly independent generators, and let
B be a subgroup. Then we can select in A a system
@y, - a, of linearly independent generators such
that the elements »a, --- »4, (¢ < p) form a
system of generators of the group B, where v, =
1,2, 3 - (r =1, --- g and »,,, is divisible by
v, (r =1, ... ¢ — 1). (For proof see Ref. 12, p. 23).

Lemma 8. A system of elements k,, k,, - -+ k, © 2"
is linearly independent in Z" if and only if k,, - - - k,,
taken as vectors in the real Euclidean space R",
are linearly independent.

Proof: If k,, - - - k, & Z" are linearly independent
vectors in R", then, according to the definition, the
only system of real numbers £,, - - - £, which satisfies
ki + - £k =0isg = - = ¢, =0

Now let us prove the converse part of the theorem,
i.e., show that when »,k, + --- 4+ »X%, = 0 for
integer values of »,. - - - v, impliesy; = -+ = p, = 0,
then £k, + -+ + £k, = 0 cannot be satisfied
for any real values of £, --- &, except for ¢ =
cee =g = 0.

First notice that when we go from a linearly
independent (in Z") system k,, --- k, € Z" to
another system of veetors k{, --- k, € Z", k! =
> 7. a.k,, via an integer-valued unimodular matrix
lla.,||, then ki, - - - k! are linearly independent in Z".
Namely, > *., »k/ = 0 implies D 2., a,», = 0,
and as det |la,,]| = =1, this can be true only for
vp= - =y, =0.

Consider first the case p = n. According to
Lemma 1, by an integer-valued unimodular matrix
transformation we can obtain another system of n
linearly independent elements of Z", ki, --- k, € Z",
such that the matrix they define has the form
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k,0 0 ---0
K klsO --- 0 11)
1’»1 :.2 :13 ot k:.

AS det ”k”“ = :I:det “ki"lH = ik;lk‘i’z e ki’uu

the k;, --- , k, can be linearly dependent in R”
only if at least one of the diagonal elements of (11)
is zero. Say k,, = 0; considering

{1 0 oo 0 Q9---0
k;l kéz . 0 v -0 , (12)
k:—u k:—lZ"'k:—la—l 0---0
a ki e ki 0---0

we can again, by means of elementary operations
applied on the rows of (11) [they obviously do not
affect the rows of (11) which don’t appear in (12)],
obtain a system k!’, --- kY in which ki’ = 0.
But, as we went over from k,, --- k, to k{’, --- k!/
by means of an integer-valued unimodular matrix,
the k!’, - -+ k!’ should be linearly independent in Z™.
This is a contradiction, because ki’ =

For the case p < n the theorem can be proved
by a completely similar method, only with a
lengthier argument.

It is easy to see that there cannot be p linearly
independent elements in Z" when p > n. Namely,
by adding to each k, = {k,, -+ k..} a set of
(p — m) zeros, one would obtain a set

k:= {krh”'krn;O,"'O}EZD(T= 1’...p)

of linearly independent elements in Z°. According
to what we proved at the beginning, this would
mean that the ki, --- k/ are linearly independent
vectors of R?, ie., that the rank of the matrix
they determine is p—which is obviously false. Q.E.D.

A word of caution in connection with Lemma 3!
Unlike the case of the vector space R", not every
system of linearly independent elements of Z" is
a generator of Z". A simple example, for the case
n = 1, is the number 2 which generates the subgroup
of Z' consisting of even integers.

Theorem 8. The group @(U) (for definition see
Theorem 2) is the direct product of two of its
subgroups, €(U) and D(U).

If the system of generators of G(g, @n)
contains n — m (0 < m < n) linearly independent
elements, €(U) is a m-parametric Lie group. Its
general element has the form e = ¢f, + -+ 4+ Cpin
(mod 1), where the t,’s are some real-valued param-
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eters, 0 < ¢, < 1l,u=1,---m and each ¢, & R"
(u =1, -+- m) is a vector different from zero.
This group corresponds to a direct product of m
gauge groups of the first kind: U = U{ Q) - - - Q) U,z

D(U) is a subgroup of @" of finite order. It defines
for (n — m) fields a discrete group U’ of multiplica-
tive symmetries.

Proof: According to Lemma 2, G(¢y, --- ¢.) has
a system of generators containing n — m linearly
independent elements k,, --- k,_,, (0 < m < n).
Lemma 1 tells us that we can always choose these

k,, -+ k,_,, so that the matrix they determine has
the form
by v kim0 e 0
k21 s e k2m+l k2m+2 P 0 , (13)
kn—ml PP kn—mm+l kn—mm+2 cae kn—m

where ks, > 0,7 = 1, --- m — n. On the other
hand, Lemma 3 says that k,, --- k,_,, have to be
linearly independent vectors in R"™™, i.e., that the

rank of (13) must be n — m. By a renumbering

of the fields ¢,, * - ¢, we could have always had just
Fymer O v 0
komir  Komaio e 0
kp-mms1 Kn-mmsz =+ Knmn

= Kime1 Kamiz ©* 0 Koo Knem (14)
as one of the determinants of (13) which do not
vanish; i.e., krper > 0, r =1, ---m — n.

Now, a sufficient and necessary condition for an
o« € @" to belong to @(U) is, according to Theorem 5
and the fact that the set k;, --- k,_,, is a system
of generators of G(¢,, - -- ¢,), that ek, = -+ =
a-k,_, = 0. Written in detail,

knoy + o F bimsci0tns = Q1(a),
kzlal + -+ k2m+1am+1 + k2m+2am+2 = Q2(a), (15)

Euemor + o0 F b pimt10ms1 + Enemms2@mez
F oo ke, = q,._m(a),

where ¢,(a), - - - ¢,-.(a) are some integers depending
on e. We can solve (15) immediately, and we obtain,
as an expression for the general element of @(U),

Ayl = kql - Z kk“ aa(mOd 1);
Im+1 a=1 WVim41.
Q= Oy 1y klm+1 - 1;
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m+1
Aty = % _ E Feze a,(mOd l),
k2m+2 s=]1 W2m+2
Q2 = 0: 1, <o« komsz — 1,
o, = kqn_—m_ —_ Z n—ma a,(mOd 1),
n—mn =1 n—mn
Goom=0,1,- - kpn—1. (16)
Here «,, -+ @, can be arbitrarily varied over
the domain @". By taking o = -+ = a, = 0,

we obtain D(U) which is obviously a subgroup
of @ Q.E.D.

In Theorem 5 we have established that §¢ C G,
« € @(U). As the intersection of subgroups of a
certain group is again a subgroup of the same group,
we have that ﬂ.,eam ¢, is a subgroup of Z" and

Gy, -+ @n) C nuea(*u) Ga
Theorem 9. For a set of fields ¢, - -
9(¢1’ e ﬂan) C Zn

(defined in Theorem 4) is identical to the inter-
section of all the subgroups G, belonging to all
multiplicative symmetries U, (for a definition fo G,
see Theorem 5). Concisely written, Gley, *++ @) =

n«ea('u) ga-

Proof: If k € G, then, according to the definition
of G, ek = 0, « € a(W).

We first consider the case m = 0. Then @(u)
does not contain any Lie groups, and § has a
generator of = linearly independent elements
k,, --- k, By choosing these k,, --- k, in a con-
venient way, the « € a(w) fulfill Eq. (16) for
this case:

* ©ny

¢11=7cq_1‘7 ¢ =01, ky — 1,
11
- 2 ky di

a = k—'n - n a;(mo )7

q;=0; 1: e k22_ 17 (17)
o B e med 1)

oy = k km. 1 k —1 b}

qn=0717 'knn_l-

Assume k is of the form k¥ = {k*, 0, --- 0}.
Then taking the o' which is obtained from (17)
by inserting ¢, = 1,9, = - -+ = ¢, = 0, we conclude
from ¢ -k = 0 that k{*/ky; = », (v, is an integer),
i.e., kK =y, -k,. (Remember that k,,=---=k,,=0).

We will prove now the theorem by induction. As-
sume thatit hasbeenshownforallk "™ & (M ecew G e
of the form k™" = {k{ Y ... k2 0, --- 0}

EDUARD PRUGOVECKI

that they belong to g, i.e., that they can be expressed
in terms of ki, -+ k;_; as a linear combination
with integral coefficients. Take any k'’ =
(B, - B BP0, - - - 0} which satisfiesk‘” -a=0
for all « & @(U). Choose an «'” with the following
components: i’ = ... = oY) = 0 (take ¢, =
= i & O); a;i) = l/kn (take g = 1)) and
the rest of the components calculated from (17)
by taking ¢;., = = ¢, = 0. Then from
k?.¢'? = 0 we obtain k" = »;-k;; where »; is
an integer. Therefore the element k'’ — »k; has
its j, 7+1, - - - n components equal to zero (remember
that k;;4y = --+ = k;, = 0), and, according to
the assumption, it can be written as k'’ — yk; =
>t v,k (v, -+ v;_, are integers), ie., k'” =
vk, + - + vk, q.e.d.

In the case that m > 0 we proceed in a similar
fashion. Assume that there is a k'’ € (M. S.
having the form k¥ = {k®, ... k) 0, --- 0}.
Then ok = 0, « € @(U); using (16) we write

this explicitly:
1) - kl-
1+ - Z A [+
s=1 NMim+1

ot ko + k;‘l‘( -
k1m+l

— (1)
- 1
(1)

+ <kfnl) - ]f;cm-*-l k1m>am

Im+1

K
: ku>a1§+

im+1

1)
km+1

k1m+1

Here »(gy, @, -+ a,) can assume only integer
values. Take ¢; = 1 and consider (18) in a neighbor-
hood of &y = -+ = @, = 0. As the left-hand
side of (18) is a continuous function in ay, -« a,
while the rlght-hand side can take on only dlscrete
values, »(1, ay, -+ @,) = », = const for a,, -+ - a,
in a sufficiently small neighborhood of @, = -+ =
a,=0. But then (18) can be fulfilled for all a,,- - - a,,
from such a neighborhood only if

+ ). (18)

@ =g, o, -

kfnl) k’(nl) k(l)
{l) = 1 kll} e k'("l) = k_tl—klfn; km+l = Vi,
1m+1 1m+1 im+1
that is k™ = »k,, which is the same result as for
the case m = 0. The final result can be obtained

again by the method of complete induction, using
the same arguments as for the case m = 0. Q.E.D.

If we are given a set of fields and we determine
somehow the group of multiplicative symmetries au,
ie., we find out @(u), and we would like to find
out Gy, -+ ¢u), we don’t have, fortunately, to
deal with oll the g,’s. This assertion is based on
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the easily demonstrable relation

(ga' nga") C 9¢’+u")

Therefore we can write

Sl *+* ea)( “EQM) Ga N (“EQM So.

o, ¢/’ € c).

Notice that the set ¢, .-+ ™™ € D(U)
correspondingtoq, = 1,¢go = «+- =@, = 0; -+« ;
@ = """ = @um = 0, ¢g._mn = 1, respectively, is a
system of generators of D(WU). [It has been assumed
that k,,.., > 2 forallr = 1, --- n — m; if this
is not the case and there are r, of these %,,..,
which are equal to one, the introduced system of
generators of D(U) will contain only (n — m — 1)
elements.] Therefore,

gu = 9«(!) n s nga(s—m).

«€D(U)

(19)

The continuous group €(U) will not give much
trouble! Writing the general element of €(U) in
the form a = ¢,t; + - -+ 4 c.t,, (mod 1), the condi-
tion that k €& €(U), namely that ek = 0 is
explicitly written (» is integer-valued)

Z (crlkl + b + crnkn)tr

r=1

= y(t“ ces tm)'

By an argument already used in the course
of proving Theorem 9, we conclude that all
k € ).ce G. are determined by the set of equations

r=1,+-m.  (20)

crlkl + cee cmkn = 07

Until now we have dealt with the connection
between multiplicative symmetries and Wightman
distributions. How do these results affect the Hilbert
space 3? To deal with this problem we have to
introduce some notations very similar to the ones
in Definition 3.

Definition 4. ¥or any k € Z", denote by |k)
the set of vectors from D, obtained by applying
to the vacuum state ¥, a product of field operators,
each field having been taken at some arbitrary
point f &€ 8,; this product of field operators has
to contain a complex field ¢; k! times, and its adjoint
ki’ = k! — k; times, and it has to contain a real
field ¢;. k;. times.

It is a restatement of the axiom about the
eyclicity of ¥, (Axiom V) when we say that the
closure of the linear manifold determined by the
set Uke z» |K) is the whole 3C.

Theorem 10. If G(p1, -+ ¢.) does not coincide
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with Z" then the Hilbert space 3C is the direct sum
of nontrivial mutually orthogonal subspaces D,,
where ¢ runs over the factor group of Z" by its
(invariant) subgroup G(e:, -+ ¢.): 3 = @, D,,
g & Z%/g; D, is the linear manifold spanned by the
vectors of the union \Uke, |k). Each D, is left
invariant by U(a, 1): U(a, 1)D, C D, (i.e., the
energy-momentum operator P* takes D M D, into
itself). All the vectors in D, are eigenvectors [with
the same eigenvalue exp (2riek), k € g] of each
multiplicative symmetry U ..

Proof: First notice that, if ¥, € [k)and ¥, € |k’),
then (¥, ¥y-) is a Wightman distribution and that
(¥y, ¥y.) € (k' — k). Therefore if ¥, € |k), k € 2",
then |[¥.||* & (0). As all the elements of (0) do not
identically vanish (see Theorem 3), each |k) must
contain nonzero vectors; and so does then the
linear manifold D, spanned by all the vectors in
Uke, |k), ¢ € Z°/g, which proves that D, is a
nontrivial subspace of 3 (except when ¢ = 2"
in which case Z"/g is trivial).

On the other hand, if k € g, k' € ¢'(g, ¢’ € 2"/S)
and g # ¢’, then k — k' & G(¢,, -+ ¢.) so that
(k — k') = 0; which means that all vectors from
\Uke, |k) are orthogonal to all vectors from
Uk e |k’). Therefore, D, is orthogonal to D,. for
g # ¢'. Obviously 3¢ = @,ezn,4 D,.

We notice that each ¥, € |k) is an eigenvector of
each U, & U having the eigenvalue exp (2nte-k).
All the vectors in Uke, |k) belong to the same
eigenvalue exp (2rfa-k), where k is any element
of g & Z"/G. As all U, are bounded and therefore
continuous operators, all the vectors in D, belong
to this same eigenvalue.

Now, as a consequence of Theorem 9, if g % ¢/,
there is at least one « & @(U) such that the eigen-
value of U, in D, differs from its eigenvalue in D,..
Otherwise k-a = K-ak € g, ¥ € ¢') for all
e € @(u) and that would imply (Theorem 9) that
k — k' & g, i.e, that ¢ = ¢/, which is a contradiction.

As, according to Theorem 1, U(a, 1) commutes with
all U,, the aforesaid implies that U(a, 1)D, C D,.

Q.E.D.

2. IMPLICATIONS OF THE RESULTS OF THE
FIRST SECTION

A. Some General Remarks

Throughout the first section, for the sake of
generality, the real fields have been considered
along with the complex ones. We would like now
to remark that when, for instance, ¢, is a real
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field, G(¢,, - - * ¢.) contains, according to Theorem 4,
the element {2, 0, - - - 0}; as a consequence, @,(U)"
may contain only « = 0, 1. This is an obvious
result, which otherwise follows immediately when
we insert the Hermiticity condition in Definition
1(b), of Sec. 1 to obtain A, = X,.

The application of the exposed theory on the
case of free complex fields does not give any result
which is not obvious beforehand. Because of the
particularly simple structure of 3¢ in this case [3C
being just a direct product of the Hilbert spaces
3¢'? for the complex free fields ¢,, - - - ¢, and each
3¢'" the direct sum of one, two, ete. particle (anti-
particle) subspaces], the group G(e,, --- ¢.) for
complex free fields consists only of the zero element.
Therefore @(U) coincides with @, and Z"/G is
identical with Z". The complex free fields have all
the possible multiplicative symmetries!

One might consider as reasonable to expect that
the identical vanishing of Wightman distributions
can be always ascribed to the existence of multiplica-
tive symmetries. Because of Theorem 9, it would
be sufficient (and, of course, necessary) for this
to be true to establish that all the elements of an
(k) # 0 (i.e, k € Q) do not vanish identically.
Now, Theorem 3 tells us that when k & G then
all elements of (k) of sufficiently high order do not
vanish identically. On the other hand, there is
reason to believe that in some cases this is not
true for elements of the lowest order belonging to
a (k) & 0. To prove this assertion rigorously would
mean to give a theory formulated in the language
of Wightman axioms in which there is at least
one (k) # 0 such that some of the Wightman
distributions of the lowest order belonging to (k)
are vanishing identically. Unfortunately, at present
there are not known theories formulated in a
mathematically precise language, except the free
fields and generalized free fields, which do not offer
an illustration of the desired type. But there can
be found among the present mathematically non-
rigorously formulated field theories such ones which,
when treated by perturbation methods, yield the
desired kind of example. As any future theory
formulated in the mathematically rigorous Janguage
of Wightman axioms is expected and hoped to have
many common (desirable) features with the already
existing field theories, it can be expected that they
will share some of the less significant features.
Therefore we have an indication, even though not
a rigorous proof, that the hope that the systematic
identical vanishing of Wightman distributions can-

13 See Theorem 7 for definition of @;(U).
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not be always accounted for by the existence of
some multiplicative symmetries.

B. Multiplicative Symmetries and the Restricted
Lorentz Group

In Sec. 1, while studying the properties of
G, -+ ™), there was only one axiom left,
whose possible influence on G has been not completely
taken into account; that is Axiom III. Therefore,
in this subsection we intend to formulate two
theorems and make a few comments on the relation
between multiplicative symmetries and the behavior
of field components under the restricted Lorentz
group in a given quantum field theory which obeys
the Wightman axioms. A slight enlargement of our
terminology, contained in Definitions 1 and 2, will
be useful.

Definstion 1. A multiplicative symmetry U &
walp”, -+ ™), given by the relations

Ul OU™ = M), v =1, N,
r=—s,—s +1,---s,

will be called a proper multiplicative symmetry if

A2 =2\, = y=1,.-- N.

All the multiplicative symmetries not satisfying
this condition will be called improper.

We can now formulate a theorem which is easy
to prove using the same technique as for the proof
of Theorem 1 in Sec. 1.

() __ ()
..._)\“_)\’

Theorem 1. A mnecessary and sufficient condition
for a multiplicative symmetry U, to commute with
U, A), A € £1, is that U, is a proper multiplica-
tive symmetry. Therefore, for quantum field theories
in which M*" (u, v = 0, 1, 2, 3) correspond to
observables, the supersymmetry group'® & consists
only of proper multiplicative symmetries.

The question can be now raised whether improper
multiplicative symmetries can exist at all in a field
theory obeying Wightman axioms. An example
which is trivial but sufficient to assure us that the
answer to the question asked is affirmative, is the
case of “complex” free fields, which possess all
possible, proper and improper, multiplicative
syminetries.

Definition 2. A multiplicative symmetry U, &

1 Bee Sec. 1, Theorem 4. As in this section we are inter-
ested in the behavior of G in relation to Lorentz rotations,
the explicit notation of different components of the same
sglnor field is suppressed, i.e., o® = {p_,, (1), -+ @4, , )},
ete.

1B See Part C, this section.
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(e, +++ o) will be called trivial with respect
to the field ¢ if

(7o)

—8p,

(vo) o
+ar, 0)

ie.
(ro) 1

+Ey,

A — L =

It will be called a proper multiplicative symmetry
with respect to the field o' if
r)) )\(l’x) =

87y —8y,

cee o= R0

o PPN

= .. =af}), e

Theorem 2. If the vacuum expectation value of
one of the components of the field ¢ does not
vanish identically, say {(¢{’({f)) # 0, f & 84, then
the vacuum expectation values of the rest of the
components of ¢ are not identically equal to zero,
ie., (ﬂaf’)(f))o #Z0,r=—s,—s+1 38,/ C8
Therefore U(e™, -+« ¢™’) contains only multiplica-
tive symmetries which are trivial with respect to
the field ¢*”.

Proof: The proof is very simple and makes use
only of the irreducibility of S’(4) (see Axiom IIT).

Take a (2s, + 1)-dimensional Hilbert space L’
in which, for an orthonormal basis ¢, (r = —s,,- - -8,),
we define the finite dimensional representation of
£l 8 (A)e, = Dty 882 (A)e,.. Denote by L{”
the subspace spanned by all vectors

5 O §E S

rm—gy

Because of the relation
<¢£,)U€0.A—‘l)>o o= ,'Z Sf:)'(Ax&Dit)(f))o;
derivable from Axiom III, we have that L{” is
left invariant by S’(4), 4 € SL(2, C). As §°(4)
is an irreducible representation of SL(2, C), we
conclude that L is a trivial subspace of L, But
as, aceording to the assumption, there is a f, & 8,
such that (¢ (fo))o # 0, Ly” cannot coincide with
the null vector, i.e., L = L. This relation can-
not be true if for some integer r, —s, < r < 3,, we
have for all f € 8, that (o’ ({f))s = 0. g.e.d.

The last part of the theorem is an obvious con-
sequence of

@ (Mo = (U ¥o, 0" (HU o)

= exp (2rial” el (o,

Tt follows, of course, also from Theorem 5 of Sec. 1.
Q.E.D.

In connection with Theorem 38, it is interesting
to remark that it has become a convention'® to

18 See, o.g., R. Haag and B. Schreer, J. Math. Phys. 3,
248 (1962).

7= 8, 8,
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take (‘piy)(ﬂ% = Ox v = 1; e N; r= =8, 8§,
f € 8. Namely, if we have a field theory which
does not fulfill this requirement, it is always possible
to introduce new fields ¢ (f), defined by

oM = o) — & oy

which conform to the convention. The change from
¢ to ¢’ is regarded as trivial, probably because
in all present field theories, which are formulated
in terms of equations of motion and canonical
commutation relations, it leaves both unaffected.
But, as Theorem 3 shows, a significant change in
the group of multiplicative symmetries might oceur:
the theory of ¢ fields can be richer in multiplica-
tive symmetries than the theory with ¢’ fields.

It would be natural to expect that, by using the
relativistic invariance of a considered field theory,
one would be able to infer, from the fact that some
Wightman distributions vanish identiecally, that a
larger class of these distributions are also identically
equal to zero. In other words, it looks as if the
theorems in Sec. 1 do not exhaust all the possible
restrictions on G(ey, --- ¢.) which are derivable
from the invariance of the theory under £!. It
could be expected that, by using a generalization
of the method employed in proving Theorem 2,
one could prove similar theorems for Wightman
distributions containing two or more field com-
ponents.

The reason why such a method fails is that
Wightman distributions containing two or more
field components undergo, in their spinor indices,
transformations which are direct products of irre-
ducible Lorentz representations; ie., these trans-
formations are in general reducible. To inquire what
is the effect of the condition B,(f) = 0, f € 8,
valid for some Wightman distributions of the pth
order, on the behavior of the other Wightman
distributions of the same order, one has to proceed
in the following way:

Let us say that an irreducible representation
of £! oceurs only once in the direct product
S ® -+ ® 8, of the irreducible representa-
tions S“(A), --- 8“”(A), according to which
the p-order Wightman distributions ®, transform
in thewr spin indices. Then one has to find the
conditions which define the set 8 C 8, of all
f € 8, for which all B(f) of the pth order can be
regarded, in their spin indices, to be vectors in the
subspace of the space in which $”V & --- ® 8§
is acting, which is left invariant by the mentioned
irreducible representation. Applying a reasoning
analogous to the one used in proving Theorem 2,
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one can infer from the relation ,(f) = 0, f € 8,
valid for a certain subeclass Wightman distribution
of the pth order, that the same relation holds for
all the p-order Wightman distributions.

A situation, when the procedure which has just
been described is applicable, is encountered in the
case when the spin of all fields of the considered
theory is not greater than . But already in this
simplest case the conditions defining an $” with
the mentioned properties are of a complicated and
physically uninteresting nature. They may be of
some interest in case of certain given theories
where these conditions may acquire a simpler form.
Therefore the conclusion is that the invariance
of the theory under £! does not supply us with
any additional theorems which are of completely
general nature and for whose proof only the validity
of Wightman axioms is required.

C. Multiplicative Symmetries as Supersymmetries

In the last few years the application of von
Neumann’s achievements in the theory of W*
algebras on the algebra of observables has resulted
in a rigorously formulated theory of the structure
of the algebra determined by all observables a
quantum-mechanical theory.”” As a result of this
approach, one can formulate the following theorem:

The W* algebra of all observables, 9, determines,
uniquely up to permutations in the index A, a
decomposition

sc=f$zcx\/%(7)

of the Hilbert space JC of states, into a direct
integral of Hilbert spaces 3. This decomposition
is such that for each A the W* algebra 9, induced
by 91 in 3C, is irreducible, i.e., its commutant 9]
consists only of multiples of the identity, 91 =
{al}. 9 consists of all operators 4 such that
AT = {AW}, ¥ & 3, ¥, & 30, where A4, is
o-measurable and essentially bounded.

In this theory it is assumed that the center 3
of the algebra 9 coincides with its commutant
N:s = NN RN = I."* Now, in a quantum field
theory, a self-adjoint operator which commutes
with all observables defines a superselection rule.
It is an empirical fact that the spectrum of the

17 See J. M. Jauch, Hely. Phys. Acta 33, 711 (1960); J. M.
Jauch and B. Misra, tbid. 34, 699 (1961); J. M. Jauch, “Con-
tinuous Geometry and Superselection Rules,” CERN 61-14

1961); A. Galindo, A. Morales, and R. Nuiez-Lagos, J.
ath. Phys. 3, 324 (1962).

18 This assumption is equivalent to the assumption that
N contains & maximal Abelian W* algebra. (See the second
and last references of the previous footnote.)
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self-adjoint operator, corresponding to any of the
known superselection rules, is discrete.

On the other hand, it is a mathematical result
that a W* algebra is generated by its unitary
operators. A unitary operator U which belongs to
9 and is not a multiplum of the identity is called
by Jauch a super-symmetry. It is clear that the
super-symmetries, together with the identity, form
a group—the super-symmetry group ©. It is an
assumption adopted by the conventional field theory
that & is a subgroup of the group U of multiplicative
symmetries.”® If we accept this assumption as part
of the framework of the axiomatic approach to
quantum field theory, then, because of Theorem 10,
Sec. 1, the decomposition of 3¢ into a direct integral
3 = %5,V ds, becomes a decomposition in a
direct sum of subspaces of 3. If & = U then
¥ = D,nand 3 = @, D,n, = P 0. In general
we can say:

Theorem 3. If, in a quantum field theory, the
W* algebra generated by the elements of the
supersymmetry group & coincides with the center
3of 91, if 5 = M, and if & is a subgroup of U, & C U,
then

GC=(‘)|‘95C)\,

where each subspace 3C, is left invariant by all
the operators in M. The algebras 91, induced by
9 in 3¢, are irreducible.
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APPENDIX. WIGHTMAN AXIOMS!?

I. Each physical state is described by a ray w
in a separable Hilbert space 3¢: W = {a¥, « any
complex number} where ¥ is a certain vector from
3. In general, because of superselection rules, the
converse does not have to be true: there can be
rays which do not represent any physical states.

II. A quantum-mechanical physical theory will
be called a field theory with N spinor fields, each
field having spin s,, 8, = 0,1,2 --- (» = 1, --- N),

1 Tt is evident that in a theory in which M, corresponds
to observables and which besides possesses improper multi-

plicative symmetries, & does not coincide with U (see Theo-
rem 1, Sec. 2).
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if there is a set of operator valued functionals

. (V)
(0(—11)1()‘)7 ﬂo(—la)x+l(f)) e (0:1)(}‘); IR ﬂo—azv(f))
S’E-Aar;v+l(f)7 e foE:) ’

f € 8, (8, is the space of infinitely differentiable
functions in r variables, which vanish at infinity,
together with all their derivatives, faster than any
polynomial in their arguments), fulfilling the follow-
ing conditions:

1. 'The intersection of the domains of definition
of all these n = > Y, (2s, + 1) operators for
all values of their arguments f & 8, contains a
domain D C 3 having the following two
properties:

(a) D = 50, i.e., D is everywhere dense in JC.

(b) 90:’)()‘)DCD7 fes'h V=1:"'N’
r=—s, —S+1,:-s,.

2. (Cb,qo:y)(f)‘l/), f € 8, V=1""N:
r=—§, -8,

is a distribution in 8, in the sense of Schwartz,
whenever &, ¥ € D.

3. When acting on vectors in D, the field
operators are linear functionals, i.e.,

o (af + DY = ag;” (Y + e ()T,
V=1,"’N, "'+8,,
where a and b are any complex numbers and
f: g e 84-

III. The field theory is a relativistic field theory
if unitary (anti-unitary) operators U(a, A) perform-
ing the transition to a relativistically transformed
state have the following properties:

LASE S

r = —s,,

1. They form a continuous unitary representa-
tion of the inhomogeneous unimodular group
SL(2, C)(A — +A for A € £]),

(U@, A7) — Ula, AN¥||—0

for f{a’, A’} — {a, A}, ¥ E 5.
2. Ule, AD C D, f{a,A} €7
3. Ula, A (U, A)7*

= 5 SR ),
v=1,--- N,
f(u.M(x) = f(A-l(x - a)) € 8,

20 @ denotes the Poincaré group.

fesh

455

where S‘”(4) is an irreducible representation
in a (2s, + 1)-dimensional vector space of the
homogeneous restricted Lorentz group as well
as of the three-dimensional rotation group
(double-valued if s, is half-integral).

IV. (Spectral conditions) As a consequence of the
asumptions of Axiom III, the representation of the
translation group can be always written in the form

UG, 1) = [ e ipa) dutr), w= [ 50,vVaw),

where du(p) is a projection-valued measure required
to fulfill the following conditions:

L du(p) = 0 for p outside the forward light
cone, i.e., supp du(p) C V..

2. (uniqueness of vacuum state) p(0)3C =
{a¥,, a any complex number} where ¥, & 3¢
is a vector, which it is convenient to choose
to be of unit norm, ie., [[¥|| = 1; ¥, will
be called the vacuum state.

3. ‘I’o E D and U(a, A)\I,o = \I,o.

V. (Cyeclicity of the vacuum state) The linear
manifold D, obtained by applying on ¥, all possible
polynomials in the field operators, each field op-
erator being taken at any point f € §,, is dense
in 3¢, i.e., D, = 3C.

As a consequence of the nuclear theorem of
Schwartz, a unique meaning can be given to the
smearing of any product of » field operators (n =
1, 2, 3, ---) with a function from §,,, when this
product is applied on a vector from D. Therefore
we can define D, as the linear manifold obtained
when each term of polynomials in fields applied
on ¥, is smeared with an f € §,, (in case that the
term is the product of n fields). Obviously D; O D,
and D, = 3.

V1. (Local commutativity) For any f, ¢ € 8, such
that f(z)-g(y) = 0if (x — y)® > 0, the relation

[¢:,)(f)’ ¢£:’)(g)]i\P = O’ vV, » = 1, ctt N,

r= —s, 8, =

Y& D

is assumed to hold, where the commutator is taken
if at least one of the fields is a Bose field (integer
spin), and the anticommutator is taken when
both fields are Fermi fields (half-integral spin).

—8,ry " Sy

VII. (Ruelle’s axiom) The “in” and “out’ states

span the whole Hilbert space 3¢ of interacting
fields, i.e.,

"t =g = 5.
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Direct-interaction theories are examined from the viewpoint of relativistic scattering theory and
the associated concept of “asymptotic covariance.” It is pointed out that with any two-particle
Hamiltonian which has no bound states there can be associated a variety of representations of the
Lie algebra of the inhomogeneous Lorentz group (IHLG), although the S matrix is in general not
covariant. It is shown that the requirement of asymptotic covariance ensures both the covariance of
the S matrix and the existence of a unique representation of the IHLG to be associated with the
relativistic two-particle system. The connection between the Lie algebra, the covariant form of the
S matrix, and the uniqueness of K, the generator of pure Lorentz transformations, is thereby clarified.
The extension of these considerations to include bound states is made. The form of H given by Bakam-
jian and Thomas is shown to satisfy asymptotic covariance and, moreover, to be the most general form
of interest from the viewpoint of relativistic scattering theory, thereby including as a special case a
form of H suggested by Sudarshan. It is also proved that relativistic Hamiltonians of this type do not
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admit the usual notion of a coupling constant,

1. INTRODUCTION

HE basic physical considerations for a rel-

ativistic quantum theory are embodied in the
work of Dirac' and of Wigner,” and have recently
been further emphasized by Foldy.’ These considera-
tions lead to the result that the Hilbert space of a
relativistic system is a representation space of the
inhomogeneous Lorentz group, the representation
being by linear mappings. If we concern ourselves
only with the proper inhomogeneous Lorentz group
(IHLG), we can take the representation to be
unitary. The problem then of finding relativistic
theories is, at a minimum, that of finding unitary
representations of the IHLG or, equivalently, a
set of Hermitian operators that satisfy the well-
known commutation relations (Lie bracket relations)
for the IHLG and which can then be identified
as the infinitesimal generators of a unitary rep-
resentation of the IHLG.

We are interested here in relativistic systems with
interaction. The irreducible representations of the
IHLG give only descriptions of elementary systems
or particles. Thus, in relativistic particle dynamics,
one is interested in the reducible and mathematically
equivalent representations, as Dirac* has recently
emphasized. That is, equivalence from the point
of view of representation theory is not equivalence
from the point of view of physics.

* This research was supported in part by the U. S. Air
Force and in part by the National Science Foundation.

{ Based in part on a dissertation submitted by R. Fong
in partial fulfillment of the requirements for a Ph.D. degree
at the University of Maryland, July, 1963.

1P, A. M. Dirac, Rev. Mod. Phys. 21, 392 (1949).

2 E. P. Wigner, Nuovo Cimento 3. 517 (1956).

3 L, L. Foldy, Phys. Rev. 122, 275 (1961).

¢+ P. A. M. Dirac, Rev. Mod. Phys. 34, 592 (1962).

In the case of direct-interaction theories, i.e.,
theories in which the infinitesimal generators, H,
P, J and K, are functions only of the dynamical
variables and which are thus theories in which
there are no external fields and the number of
particles is conserved, Bakamjian and Thomas® and,
more recently, Sudarshan® have given relativistic
theories in the sense that they have displayed
nontrivial sets of operators which satisfy these
commutation relations. However, these results have
not been discussed from the point of view of scatter-
ing theory. We shall thus be concerned with the
relation between the IHLG and relativistic scattering
theory. It is well-known that in relativistic scatter-
ing theory the form of the S matrix is such that,
considering the simple case of the elastic scattering
of two particles,

(BiED'S(l, 44 q1, 4)(E.E,)! = invariant, a.n

where E;, E! (i = 1, 2) are the appropriate particle
energies.”"* We shall thus require that a relativistic
theory should not only provide a representation
of the IHLG but should also give rise to an S matrix
of the form given by Eq. (1.1). Hereafter, an S
matrix will be called covariant if it satisfies Eq. (1.1).
As will be seen, given any reasonable direct-
interaction Hamiltonian H, that does not give rise
to a bound state, one can exhibit a set of infinitesimal

® B. Bakamjian and L. H. Thomas, Phys. Rev. 92, 1300
(1953). See also see Ref. 3.

¢ E. C. G. Sudarshan (unpublished). See also E. C. G.
Sudarshan, in Lectures in Theoretical Physics, Brandeis Sum-
mer Institute 1961 (W. A. Benjamin Company, Inc., New
York, 1962), Vol. 2.

7 W. Heisenberg, Z. Phys. 120, 513 (1943).

¢ C. Mgller, Kgl. Danske Videnskab Selskab, Math.-Fys.
Medd. 23, No. 1 (1945).
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generators for the JHLG in which H is the in-
finitesimal operator of time translations. Buf, to
say the least, not all reasonable Hamiltonians—
reasonable in the sense that one can apply scattering
theory—give rise to a covariant S matrix. Thus
the requirement that one has a representation of the
algebra of the THLG 1is not sufficient to ensure that
the theory yields a covariant S matriz.

To clarify this situation, a concept of “asymptotic
covariance”’ is introduced. In local relativistic
quantum field theory asymptotic covariance is
implicit in the basic axioms. However, this is not
the case for direct-interaction theories. As will be
seen, the explicit requirement of asymptotic covar-
iance, namely that it should be possible to associate
with each Lorentz matrix L a linear mapping (L)
of Hilbert space onto itself with the property that

for the “in” and “out” states ¥**,
(+) (L) o (+) (L)

¥, an — ¥a,.3, and \I';:.)q. _)\I"(i:.)'in (1.2)
where the §, are the Lorentz-transformed three-
momenta, assures both the uniqueness of the
relevant representation of the IHLG and the
covariance of the S matrix.

We now give an outline of the following sections.
The considerations which lead to the problem of
finding a representation of the Lie algebra of the
THLG in relativistic quantum mechanics are briefly
reviewed in Sec. 2. In Sec. 3, relativistic center-of-
momentum (e.m.) variables are introduced, pre-
liminary to a consideration, in Seec. 4, of two-particle
direct-interaction theories. It is shown explicitly
that with any two-particle Hamiltonian H which
has no bound states there can always be associated
a variety of representations of the Lie algebra of
the THLG. The implications of the assumption
of asymptotic covariance are studied in Sec. 5, and
the connection between the Lie algebra, the covariant
form of the S matrix, and the uniqueness of K, the
generator of pure Lorentz transformations, is
clarified. In Sec. 6, the form of H proposed by
Bakamjian and Thomas® is considered from the
viewpoint of scattering theory. In Sec. 7 the problem
of specifying the general class of Hamiltonians
which will yield a covariant S matrix is studied.
In Sec. 8, the extension of the previous considera~
tions to bound states is made. Section 9 contains a
summary of the results and a coneluding discussion.
Some further aspects of the nature of relativistic
“potentials’” are considered in the Appendix.

2. THE PROPER INHOMOGENEOUS LORENTZ
GROUP

In this section, a brief review is given of the
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considerations that lead to the problem of finding
realizations of the Lie algebra of the IHLG in terms
of operators in a Hilbert space.’

The principle of relativistic invariance, as form-
ulated by Haag,® is incorporated in the following
three postulates:

“(a) It should be possible to translate a
complete description of a physical system from
one coordinate system into every equivalent coor-
dinate system.

“(b) The translation of a dynamically possible
description should be again dynamically possible.
Expressed in a somewhat more simple language, a
succession of events which appears possible to one
observer should appear possible also to any other
observer,

“(e) The criteria for the dynamical possibility
of complete descriptions should be identical for
equivalent observers.”

Now, with the assumption that all self-adjoint
operators are observable, i.e., that any two rays in
Hilbert space can be distinguished, postulate (a)
implies that the physical system can be described
by the same set of rays by all observers and that
there exists a well-defined isomorphism between the
individual labelings of any two observers. In other
words, the same Hilbert space can be used by all
observers to describe the physical system and the
isomorphism is seen to be an automorphism W of
the rays in this Hilbert space. (Foldy® has called
this Hilbert space the ‘“public”’ Hilbert space.)
Mathematically, if a physical system is seen by two
observers A and B to be in the normalized states
l¢) and |@), respectively, then

) = W |#).
Postulate (b) tells us that transition probabilities
are invariant, i.e., [(¢, | ¢.)° = [(&: | $)|°, from

which it follows that one need only consider unitary
or antiunitary W. Postulate (¢) now implies that
W can depend only on the relation of the two
reference frames of A and B with respect to each
other, and not on their relation with respect to
some absolute frame of reference in space-time, i.e.,

W= W(ce)’

where £ = {a, L} is the Lorentz transformation
relating the reference frames of A and B. There
is then the consistency requirement that for a third
observer C, the transition from A to B to C should
give the same result as the direct transition from

®R. Haag (unpublished). The postulates appear in the
given form in Ref. 2.
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A to C. This implies that the set of mappings
{W(£)} is a representation of the inhomogeneous
Lorentz group up to a phase factor. If one is eon-
cerned only with the proper inhomogeneous Lorentz
group (IHLG), W(£) may be taken to be unitary
and the phase factor may be more or less eliminated.

Thus, the symmetry of the restricted principle
of relativity is mathematically embodied in the
IHLG. In a relativistic theory one must, therefore,
be able to exhibit a unitary representation W(£)
of the THLG for the system. Equivalently, one
must, at least, exhibit operators H, P, J, and K
that satisfy the well-known commutation relations
(C.R.), ie., the Lie bracket relations, for the IHLG:

[P;, P] =0, [P, H] =0, [J;, H] =0,
[Ji, Ji] = depds, [Jiy Pyl = denlPy,
and
Vi, K;] = te:nKs, [H, K;] = —iP;,
[K:, K;] = —te;pnds, [Ps, K;] = —i6,,H,

where we have put # = ¢ = 1. One can then identify
H, P, J, and K as the infinitesimal generators
of time translations, space translations, space rota-
tions, and pure Lorentz transformations, respectively.

(2.3a)

(2.3b)

3. RELATIVISTIC CENTER-OF-MOMENTUM
VARIABLES

Let p; denote the three-vector momentum vari-
able associated with a particle of mass m; z = 1, 2)
in a momentum-space representation. We define
four-vectors p; by

p: = (P‘-‘) = (p?: pt) = (E-'(P-'): ptypi) p§)7
where
E.'(Pi) = (mf + pf)iy
and generally denote the result of transforming p;
with a Lorentz matrix L = (L*,) by p;:

P = Lp: = (Ea; p:)- (3.1a)
We denote the three-vector part p; by
p: = L(p). (3.1b)

For a pure Lorentz transformation with velocity v,
we write L = L(v) and have, explicitly,
p: = L@)=p: + (v — D@:-¥)¥ —vE.v,

E.‘ = y(E: — p.-'V),
where y = (1 — v¥)°1.

10 B, P. Wigner, Ann. Math. 40, 149 (1939); lectures in
“Group Theoretical Concepts and Methods in Elementary
Particle Physics”’ (Proc. Symp., Istanbul 1962), edited by
F. Giirsey (Gordon and Breach, New York, to be published).

(3.2)
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It will prove convenient to introduce new vari-
ables P and k via

P=p+p, (3.3a)
k = (&p1 — eps)/(e + &), (3.3b)
where
& = 3(E: + w),
and
w; = wik) = (m} + k). (3.4)

k is simply the three-momentum of particle 1 in
the “instantaneous” c.m. system and the form
Eq. (3.3b) for k is obtained, after some manipulation,
by choosing v = u in Eq. (3.2), where

u= u(Pu Pz) = (p + pZ)/(El + E,).
Thus,

k=L.p) =

- Lu(pz): (3'5)

and
(w, (&), k) = L(wp,,
(we(k), —k) = L(u)p,.
The magnitude of k’ is determined directly from
wi(k) + wy(k) = (P, 3.6)
where
P =p, +p. = (E,P) = (B, + E;, p + p)-

The Jacobian of the nonlinear transformation
from the variables p,, p, to the variables P, k may
be shown, after some tedious calculation, to have
the form

W+ W,
W W,

. a(p,, Pz) _ E.E,
Y00 =5, P) < E + B,

Let p®, p;° denote the (abstract) momentum
operators associated with the particles, acting in a
Hilbert space 3¢ = {¥} which is spanned by states
[9:, 92) (“product plane waves”), defined by

3.7

PP, @) = e, ) (E=1,2), (3.8)
and normalized so that
@, 92 | 91, @3) = 8(q, — q1)8(q: — q3), 3.9)

qux dqs (g1, 92)(q,, Q@] = 1.

The operators k°» and P are defined through
Eqgs. (3.3, b) by replacing p; by p?® and P by P,
k by k°r in these equations. Since
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[p%, p2’] = 0,
it follows that
[k, P*] = 0,

8o that 3¢ can be spanned by simultaneous eigen-
states |1, Q) of k°» and P, defined by

k™ |1, Q) =1 II; Q)y

(3.10)
PP, Q)= Q|1 Q),
and normalized so that
LQIV, Q) =a~18Q~Q) )

[aaen, o o =1.
Since
k” [q;, q2) = k(q, €2) |91, @),

P” |q;, @) = (@ + @) |41, 0a),

where k(q;, q.) is given by Eq. (3.8b) with p; — q,,
we may take

Il; Q) =N lqh q2):
where
l = k((In q2)7
Q = + q.,

and N is determined from Eqs. (3.9) and (3.11).
Thus,

NN’dq: — q1)8(q. — q3) = (1 — 1)8(Q — Q'),
which yields
N = 8(g., 92)/9(1, Q),
so that

ll, Q) = J*(qu q2) [qlx q2>' 3.12)

It follows that the wavefunctions ¥(p,, p.) and
¢(k, P) of a state ¥,

Y1, p2) = (1, P2 | 1),
¢k, P) = (k, P [ ),
are related by
(P, P2) = J_*(pl, P2)¢k(@:, P2), i + p2).  (3.14)

Furthermore, if 4 is an operator in 3¢, the matrices
which represent A in the two different bases are
related by

1, P2| A [, p2)
= J7p, p)(k, P| A [, P)J 0!, pp).  (3.15)
Eqs. (3.14) and (3.15) apply in particular to cases

(3.13)

459

where ¢ = ¢, and ¢ = ¢, are representatives of a
state ¥ = ¥, which is an eigenfunction of some
operator A with eigenvalue a. ¢, and ¢, are then
eigenstates of the corresponding matrices

(k, P| 4 |, P’) and (p,, p2| 4 [p{, P})

with the same eigenvalue a.

The factor J}(p,, p,) is not simply a normaliza-
tion constant, since it varies when p; and p; vary.
However, in the particular case where

¥ = lqu q2) = J_,(qu Q2) Il) Q>;
so that
Y — 8 — 0,)P: — ),
¢ — J @, 1)k — D@ — Q),
the factor J~¥(p,, p.) in Eq. (3.14) may be replaced
by J ¥(q,, q.), which is a constant, and the identity
3P — 0)3(p: — Q)
= J 7 (@, 4280k — D3P — Q)

is recovered.
We also note here the well-known identity

E(3.)8@: — 4) = Eig)o(q: — q).  (3.17)
Finally, we define, for later use, operators g°® and
R°r which are cononically conjugate to k°P and Per,

k2, o7 = [P?, BY] = —idy.  (3.18)

Thus, in a representation in which k and P are
independent variables, we have

0® —>id/dk, R®—id/dP.

(3.16)

—1:8:‘1'7

(3.19)

Similarly, if r® is conjugate to p3®, so that with
p, and p, as independent variables

(3.20)

it may be shown that the angular momentum
operator, defined by

1® — 1 9/dp,,

J =17 xpl" + 17 xpy’, (3.21)
may be written in the form®
J = R®xP” + 1", (3.22)
where
I° = ¢ xk*. (3.23)

Thus, the same decomposition of J holds as in the
nonrelativistic case, where the c¢.m. momentum
variables are defined by

k... = (msp, — m,ps)/(m, + m,),

P = p1 + pg. (3.24)
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4. DIRECT-INTERACTION THEORIES AND THE IHLG

For a system of two spinless, noninteracting
particles of mass m, and m,, the relevant representa-
tion of the THLG is simply obtained by adding
the well-known generators of the IHLG for each
of the particles considered separately. Thus, using
a subseript “0” to distinguish operators referring
to the free system, we take

2 2
H, = Z;H.-, P, = }_:;P?”,

4.1)
2 2
Jo= 21 xp?, Ko= 3 3GPH, + Hal),

where
H, = [m: + @)1
To introduce interaction one lets H, — H, where
H=H+7, 4.2)

with V a linear Hermitian operator. One must now
supplement H with operators P, J, and K such that
the C.R. of the IHLG [Egs. (2.3a, b)] are satisfied.
If, as in the “instant form’ of dynamics," one also
demands

P= PO) J = JO: (4'3)
then the C.R. imply that
(v,Pl=0, ([V,]]=0, (4.4)

corresponding to conservation of linear and angular
momenta for the interacting system. Conversely,
if we require that Eqgs. (4.3) and (4.4) hold, then
the parts of the C.R., Eq. (2.3a), which involve
only H, P, and J will be automatically satisfied,
and only those parts [Eq. (2.3b)] which involve
K need further attention.

Now it might be thought that it is in the further
attempt to find a K such that the remaining C.R.
[Eq. (2.3b)] are satisfied that the problem of con-
structing relativistic direct-interaction theories
hinges, and that the requirement that such a K
can be found will yield restrictions on V, since some
of these C.R. involve H and hence V. We wish
to emphasize here that this is not the case, and
that a K can be found for almost any V which
has no bound states. In fact, we have

Theorem 1. If H has complete sets of “in” and
“out” scattering states, then there exists at least
one choice of K such that H, P,, J,, and K satisfy
the C.R. of the THLG.

Proof: The hypothesis on V means that there
exists for each (product) plane-wave eigenstate
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|9y, q2) of H,, an eigenstate ¥.*’  of H which behaves
asymptotically, in coordinate space, as a plane wave
plus relative outgoing or ingoing spherical waves.
Although not needed here, we note for later use
the formal relation

\I,;T-)lh = Iql’ q2>
+(E, +E, - HX ’ié)_lv lfh; q2), (4.5)
where E; = (m?> + ¢! and ¢ — 0,. We now define

9, = fd(h dq, I‘I’c(:.)anQU qz‘- 4.6)

Since the “in” states {¥‘*’} and “out” states { ¥’}
separately form complete sets, the operators Q.

are unitary,
0LQ, = 0.0, = 1. 4.7)

The 2, correspond simply to the unitary transforma-
tion from the set of plane-wave states to the set
of “in” or “out” states, since

‘I’r(:.)q, = lqn qz)- 4.8)

From Eqs. (4.3) and (4.4) it follows that P, and
Jo commute with 2, so that we may write

P, = Q. P07, J, = Q.Jo0:%. 4.9)
From Eq. (4.6), it is seen that
HQ, = Q.H,,
so that
H = Q.H,Q;". (4.10)
We now define operators K, by
K, = 2.K,07'. (4.11)

The set of operators P, Jo, H, and K, are then
similarity transforms by the same operator @, of
the ten operators Py, J,, H,, and K, Hence they
satisfy the C.R. of the THLG. Since Q. is unitary,
K. is Hermitian, along with P,, J, and H. The
same statements hold for the set P,, J,, H, and
K_. This completes the proof. (The extension of
this theorem to include bound states is made in
Sec. 8.)

More generally, if A is a unitary operator which
commutes with Py, J,, and H,, we may define

KA:& = Q:;AKO(QiA)_li (4-12)

and note that Py, J,, H, and K, satisfy the C.R.,
since P,, J,, and H are also similarity transforms
by Q.A. Thus, an enormous variety of operators K
may be adjoined to Py, J,, and almost any reasonable
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H(= H, + V) to yield a set of 10 generators for a
representation of the IHLG.

Both the lack of any restrictions on V and the
ambiguity in the choice of K are connected with
the fact that the requirement that one have a
representation of the Lie algebra of the IHLG is not
sufficient to ensure that the theory is relativistic
from the viewpoint of scattering theory. As we shall
see in the next section, it is this latter requirement
that both restricts the possible forms of ¥ and
reduces the ambiguity in K, in fact determines K
uniquely and in such a way that, in the absence
of bound states,

K=K, =K.
5. ASYMPTOTIC COVARIANCE
Consider a two-particle system with Hamiltonian

H = H, + V. We assume that [Py, V] = [Jo, V] = 0

and that H possesses complete sets of both “in”

and “‘out” scattering states {W¥ '}, { ¥}, where

the ¥ ¥ satisfy Eq. (4.5) and so are normalized
according to
oo | Wl = 8@l — @)8(@} — ). (5.1)

We now introduce the concept of asymptotic
covariance by asking whether, with each Lorentz
matrix L, it is possible to associate a linear mapping
(L) of the Hilbert space onto itself,

v By

2
in such a way that (L) maps any (improper) eigen-~
state ¥,, .. of H, which consists asymptotically of
a plane wave |q,, q.) plus scattered waves, into a
state which consists agymptotically of a plane wave

|y, @2) plus similar scattered waves. Here q; is the
Lorentz transform of q; [see Eq. (3.1b)],

4: = L)) ¢=1,2).
Thus, in particular, we require that

(£} (L) (%)
‘IIQx'll: - \I,qx A

5.2

The physical interpretation of these states in terms
of the time development of the corresponding wave
packets'' leads one to expect that, in relativistic
theory, such a mapping will exist. If the mapping (L)
exists, then one may define an operator W(L),
such that

W(L)‘I’;x*.)q: = NL(qu Q2)‘I’é.*.)ﬁ.: (53)

and choose the factor N, so that W(L) will be
unitary. The normalization of states implied by

1 G. C. Wick, Rev. Mod. Phys. 27, 339 (1955).
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Eq. (6.1), and the identity of Eq. (3.17) then yields

N.(@q:, q2) = [El((-ll)Ez((lz)]*[El(%)Ez(%)]—i- (5.4

The requirement that for each L a W (L) extsts satisfy-
ing Eq. (6.8) will be referred to as the requirement
of asymptotic covariance. If the {W(L)} exist, then
it follows readily from Eq. (5.3) that they constitute
a unitary representation of the homogeneous Lorentz
group (HLG), i.e., they satisfy

W(Ll)W(Lz) = W(L1L2)-

The existence of the {W(L)} is not simply a
matter of definition since the “in” and “out” states
are determined, independently, by the Hamiltonian
H and a boundary condition. To exhibit the question
of the existence of W in the clearest possible way,
we note that, with each Lorentz matrix L, we may
associate unitary operators W,.(L) according to the
definitions

W, (L)\I’;:',)q, = N.(q, %)‘I’éf}lu
W"(L)\II;;—.)QQ = NL (q.l! q2)\1,é1_.)ﬁl'

Since the “in” and “out’ states are complete sets,
Eq. (5.5) determines the operators W.(L) com-
pletely. The operator sets {W.(L)} and {W_(L)}
then separately provide a unitary representation
of the HLG.

On comparing Eq. (5.5), which are definitions,
with Eq. (5.3), which is the mathematical formula-
tion of asymptotic covariance, one arrives at

(5.5

Theorem 2. Asymptotic covariance holds if and
only if

W.(L)y = W_(L). (5.6)
For if Eq. (5.6) is satisfied, we may define W(L) as
W(L) = W(L) = W L),

and if Eq. (5.6) is not satisfied, there is no W(L)
which satisfies Eq. (5.3).

To proceed further, we first define the direct-
product representation {U(L)} of the HLG as-
sociated with the noninteracting two-particle system,
with generators J,, K,, via

UL) |a1; @) = N1(qu, €2) [ds, Ga)-
From Eqgs. (4.8), (5.5), and (5.7), we then get
W.(D)Q: = Q.UL).
Thus, in the assumed absence of bound states,
W.(L) = Q.UI)a.. (5.8)

If L is a pure spatial rotation R, then since

6.7
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[Jo, ©.] = 0, Eq. (5.8) reduces to
W.(R) = UR),

so that Eq. (5.6) is trivially satisfied in this case.
On the other hand, if L is a pure Lorentz trans-
formation, Eq. (5.6) is satisfied if and only if

K, = K., (5.9)

where the K, are the generators of the W (L) and are
related to K, by Eq. (4.11). But Eq. (5.9) implies,
on multiplication on the left by 2. and on the right
by Q., that

[8*, K] = 0, (5.10)
where S°p, defined by
87 = go'a,, (5.11)

is precisely the operator which, when taken between
plane-wave states, yields the S matrix,

Saf, 9% @1, 42) = ai, q2| 8 |4, Q=) (5.12)

Eq. (5.10) or, more directly, the corresponding
relation for the finite transformation,

8® = U(L)S”U(L), (5.13)

implies that the S matrix is covariant. Conversely,
Eq. (1.1) implies that Eq. (5.13) holds, so that
W (L) may be defined as W.(L). Then, we have

Theorem 3. The requirements that:

(i) asymptotic covariance hold,
(i) K, = K,
(iii) the S matrix is covariant,

are all equivalent.

We reserve further discussion of the requirement
of asymptotic covariance to Sec. 9 and proceed to
an examination of a model of direct-interaction
theories which satisfies this requirement.

6. THE BAKAM JIAN-THOMAS MODEL

In this section we examine a class of direct-inter-
action theories from the viewpoint of scattering
theory.

A direct interaction theory satisfying the C.R.
of the THLG was proposed some time ago by
Bakamjian and Thomas,® who stipulated a Hamil-
tonian H of the form

H =[r" + @), (6.1)

where

h = h&™, ¢™) (6.2)
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is a rotationally invariant operator function of ker
and g°® only. The associated K was taken to have
the form

K = }®”H + HR”) — (" xP™)(h + ). (6.3)

Here ¢ and Rer are conjugate to ko and PP [see
Egs. (3.18) and (3.19)], and I is the internal
angular momentum operator [Eq. (3.23)]. The C.R.
are then satisfied with P = P; and Jor = J,.

If one takes k to have the form

h = ho + v(k™, OD)) (6.4)
where

he = [ml + @) + [m} + &,  (6.5)

and assumes that v decreases sufficiently rapidly
at large distances, the scattering problem is well
defined. For then H may be written in the form

H=H,+YV, (6.6)
where

Hy, = Hl|,, 6.7
and the interaction V, given by

V =H—- H,, 6.8)

vanishes rapidly at large distances.'”* Moreover, it
follows from Eqs. (3.4), (3.6), and (6.5), that H,,
defined by Eq. (6.7), coincides with the H, of
Eq. (4.1), ie.,

H,=[h+ @)} =H +H, (69

so that that the interpretation of V as the inter-
action is justified.
We can now state

Theorem 4. If H has the form (6.1), then the as-
sociated S matrix is covariant.

Proof: Let ¢{*’(k) denote the momentum-space
wavefunctions of the “in” and ‘“out” continuum
eigenstates of the operator % [defined by Egs.
(6.4), (6.5)], with asymptotic relative momentum 1.

Thus, ¢;*’ is determined by
(&) = ok — 1) + [w(l) — wk) + i

x [ ol KWW de,  (6.10)

where

wl) = (mi + 1) + mz + )Y, (6.11)

2 For nonlocal V, we mean by ‘“vanishing at large dis-
tances’”” that (x|V]|x) — 0 as [ry* — 11°] — « where x denotes
a proguct of single-particle wave packets centered about
Iy and rgc.
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and
vk, k') = (k p(&™, ¢™)| k'). (6.12)
One then obtains, in the standard manner,
@17 | 617) = 8" — D) — 2rid(w’ — w)tr.1, (6.13)
where w’ = w(l’) and
toa = ol o)
=0+ ofw—h+i D om0 (6.14)

It follows from the rotational invariance of v that
41,1 may be regarded as a function of wand cos § =
-1 only:

£y = t(w, cos 6).

Now let p, and p, denote variables related to
k and P according to Eq. (3.3), and let q, and q,,
eigenvalues of p{® and p;°, be similarly related to 1
and Q. We define functions ¢{*’,, of p, and p, by

@ Do) = [J(a, ¢2)
X J@, p)] 01V ®)6® — Q),  (6.15)

and regard these as the momentum space rep-
resentatives of the (improper) states ¥{*)  in Hilbert
space, according to

w01, P2) = (01, P2 | i) (6.16)
Now the functions #{*’(k)é(P — Q) are eigen-
functions of the matrix (k, P| H [k’, P’) with eigen-
value E,

E = ') + QT

since
(&, P |H| k', P')

= (& |[W*(™, 0™) + P']| K)o — P'),
and Eq. (6.10) implies that ¢;*’ (k) are eigenfunctions
of the matrix (k| h(ke», g°) [k’) with eigenvalue w(l).

It follows from Eq. (3.15) and the remark there-

after that ¢ *. (p:, p.) is an eigenfunction of the

matrix {p,, p:| H |p{, p;) with the same eigenvalue.
Thus, also using Eq. (3.6), we get

HY o = (BiQ) + Ex(@))¥ar..-  (6.17)

Substituting Eq. (6.10) into Eq. (6.15) we find,
using Eq. (3.16), that

Var (@1, P2) = 8Py — 41)8(p: — Q2)
+ Xat)ea (1, P2), (6.18a)
where
Xt @1, P2) = [J(@, 0)J (@1, P17
X 8P — Q)[w(l) — wk) == 4] upi (k).  (6.18b)
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Equations (6.17) and (6.18) justify the interpretation
of ¥{¥), as the usual “in” and “out” scattering

states. Moreover, it follows from Eqgs. (6.10) and
(6.15) that the ¥’ are appropriately normalized,

Toll o [ Talle) = 8@ — 91)8(Q: — o).
The 8 matrix is accordingly determined by
S = 8(ai, ¢ a1, ©) = T

= f ‘P:(: :)‘u . (01, Pﬂ)‘Pér)q,(Pu P2) dp: dp..

Substitution of Eq. (6.15), followed by change of
variables to k, P, yields

S = [J(al, 45)J (@, 4] 7H8(Q" ~
or, using Eq. (6.13),
S = [J(@, a)J (@, 1)1 7H8(Q" — Q)
X [6Q1" — D) — 2mis(w’ — w)t 1]
Use of Eq. (3.16) (with p; — q!) and the identity

I ‘I’(+)

Qch

(6.19)

Q)ei” | 1)

Q' — Q)é(w" — w)
= [’ + w)/(E" + E)]3(Q’ — Q)4(E’' — E)
then yields
S = 3qi — q)da: — q2) — 2md(Q" — Q)Th. 4,
where

= [J(@i, eI (@, @) 7w’ + w)(E + B)™.

T' is to be evaluated on the energy-momentum shell,

Q =Q,orE =E, Q = Q. Using Eq. (3.7), we get
I = (E;E;_ w EE w )'* w +w
E ww, E ww,/ E +E

Since v’ = w= [l'| = || = w! = w,, we get

T = (EEE.E,) Y wws,),

so that
(I']'E,)i‘S'(E’lEz)i [(E,)%‘S(% - (h)(Ex) ]
X (B9 8(q} — @)(E.)'] — 2ri8(Q — Q)F,  (6.20)

where
(6.21)

is an invariant function of the momenta q:, q/.
Since the factors (E)!s(q — q.)(E:)} are also
Lorentz invariant funetions [Eq. (3.17)], the covari-
ance of S is established.

Now we consider the form for K [Eq. (6.3)] given
by Bakamjian and Thomas, and show that it is
the “right” K in the sense of Sec. 5. For simplicity

= (wlwz)tl',l = wlwzt('w, COSG)
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we assume that 2 [Eq. (6.4)] has no bound states.
Since the S matrix has already been shown to be
covariant, it follows from Sec. 5 that the correct
choice for K is to take [see Eq. (4.11)]

K = K, = 2,K,0},

where Q, is defined by Eq. (4.6). K, is defined by
Eq. (4.1). An alternative form for K, is®**

K, = }[R”, Hl. — (1" xP")(ho + Ho)™".  (6.22)

It may be shown' that Q, commutes with Per, Rep,
and Jor, and hence with 10 = Jor — Rop xPep,
so that

K., = 2,K0!
= }R”, Hl. — " xP")( + H)™",  (6.23)
where we have used Eq. (4.10) and the relation
Q0% = h.
The laét equation follows from the operator identities
he = (Hy — P,  h = (H® — P!,

Comparison of Eq. (6.3) and Eq. (6.23) shows that
K = K, as asserted.

We note that, in the computation of S, no assump-
tion concerning the existence of bound states was
made. Having shown that Eq. (6.1) for H yields a
truly covariant theory, we turn to an investigation
of the generality of this form.

7. GENERAL FORM OF A RELATIVISTIC
HAMILTONIAN

Consider a 2-particle Hamiltonian H = H, + V,
where V' commutes with P, and J,, and assume
that the scattering problem is well defined. Then

scattering states ¥{*), exist which satisfy

Popq’;f,)qn = (ql + q2)‘I’;f.)qn (71)

and are eigenfunctions of H with eigenvalue E,(q,) +
E.(q.), i.e., they satisfy Eq. (6.17). It follows from
Eq. (7.1) that the representatives y{*, (p;, p.) of
¥ may be taken to have the form

91,93

t(hi-)ﬂa(ply Pz) = 6(P - Q)[J(Pu Pz)
X J@, 6)]70.& 1 Q), (7.2

without loss of generality. Here P, k, and Q, 1 are
related to p,, p;, and qi, q., respectively, via Eq.
(3.3), as in Sec. 6, and the functions U.(k, 1; Q)
may be taken as rotationally invariant functions
of the variables k, 1 and Q.

13 R. Fong, Ph.D. thesis, University of Maryland, July,
1963. (Available as Tech. Rept. No. 322.)
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On inserting Eq. (7.2) into the Schrédinger equa-
tion and introducing k and P as independent
variables one finds, on imposing the usual boundary
conditions and the normalization of Eq. (5.1), that
the U, must satisfy, on the one hand,

U.k, 1;Q) = sk — 1)
+ [EQ, Q) — Ek, Q) £ 4™

x [ Ve, w; QU LQd,  7.3)
where V(k, k’; Q) is defined by
&, P|V|K,P) = 5P — P)V(k K;P), (7.4)
and E(1, Q) by
B4, Q) = W) + Q1. 7.5)

It follows from Eq. (7.3) that the scalar product

U- U = [ U3, 1; QUL 1; Q) dk

is given by
(U- U,y = 8l — 1) — 2mi8[E(, Q) — E(1, Q)]

X [ VU6 QUL Qdk  (6)

On the other hand, the S matrix is now determined
with the help of Eqgs. (6.19), (7.2), and (7.6) to
be given by

S, @35 0, 92) = 8(q1 — q.)8(q5 — Qo)
— 2mi8(Q" — Q)[E.ELE.E,] ™}

X [wiw,/(w, + w)]F(Y, 1; Q),
where & is defined for all 1, 1, and Q by

51, 1; Q) = —[ET, Q) + E(, Q)]

X f v, r;Qu.d”, 1; Q) .

@.7

(7.8

Using Eq. (7.3) we may write ¥ in the form
s, 1; Q) = —[E(, Q) + E(, Q)]
X [EW, Q) — E(Q, Q)IU.(', 1; Q)
= —[w'(l") — W’ O]V, 1; Q). (7.9)

Since § must be invariant on the energy-momentum
shell @' = @, we obtain the result:

Theorem 6. A necessary and sufficient condition
that the S matrix is covariant is that, with I’ and
1 fixed,

lim (" - 1)U.Q, 1; Q)

1171}

(7.10)

is independent of Q.
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The simplest way of satisfying this condition is
to have U.(k, 1; Q) independent of Q, ie., U, =
U.(k, 1) only. This is precisely the case for the
case for the Bakamjian—Thomas (B-T) form of H,
for comparison of Eqs. (6.15) and (7.2) shows that
the U.(k, 1; Q) coincides with ¢{*’ (k), and, a fortiors,
is independent of Q.

Conversely, we may attempt to find the general
form of V, or equivalently H, consistent with
U. = U.(k, 1) only.

We note that if the ¢{*’ (k) are given and if v
has no bound states, then H may be constructed
from H, by a transformation U, defined by

&, P|UIK,P) =8P — P>’ ). (7.11)
U is unitary, since the matrix
Uk, k') = ¢ (k) (7.12)

is unitary, as a result of the completeness and
orthogonality of the ¢{*’ (k). It then follows, that

H = UH,U. (7.13)

More generally, given any unitary matrix uk, k'),
8 Hamiltonian H which will have a covariant S
matrix may be constructed, via Eq. (7.13) and the
generalized definition

k,P |U|K, P) = 8P — P)ulk, k'),

provided that H actually possesses eigenstates which
may be interpreted as scattering states. This will
be the case only if U(k, k') has the appropriate
singular behavior at k' = k. The simplest way to
ensure such behavior is to generate U as the solution
of an equation analogous to that satisfied by ¢’ (k)
[Eq. (6.10) with 1 — k'],

uk, k') = sk — k') + [w.(k") — w. (k) + 1]’

X fvc(k, k"yuk', k') dk’’, (7.14)
where w,(k) is a monotonic function of k* and
v.(k, k') is a suitably well-behaved potential matrix.
The resulting H is of the B-T type, since

UPODU—I = POD’
so that
H = Ulhy + ®*7PU™ = [B* + @], (7.15)
with
h = hk™, ¢®) = Uh,U". (7.16)

This method of constructing relativistic Hamil-
tonians has already been used by Sudarshan.® The
above considerations show that the class of Hamil-
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tonians obtained in this way is contained in the
B-T class. The latter class is actually larger, since,
as we shall see, the B-T form admits the existence
of bound states, whereas an H of the form of Eq.
(7.13) cannot have bound states, since for unitary
U, H and H, have the same spectrum.'*

We also see that for any pair {w,(k), v.(k, k')}
which generates a unitary Uk, k') via Eq. (7.14),
the associated pair {w(k), v(k, k)}, withv = h — h,
is such that the resulting ¢{%’(k) coincides with
U(k, k). Thus, all unitary matrices U generated
by Eq. (7.14) with w, and v, arbitrary may also
be generated by Eq. (6.10) with » arbitrary.

We conclude this section with the remark that
if a two-body covariant S matrix has a “potential”
origin, i.e., is the S matrix of some direct-interaction
theory, H = H, + V, with H, defined by Eq. (4.1),
then there always exists a B-T type of Hamiltonian
which yields the same S matrix. As proof, we note
that if V(k, k’; P) [see Eq. (7.4)] yields a covariant
S matrix, we may define a function

ik, k') = V(g ¥';0),
and correspondingly an operator #i(k®®, g°p), such that
(k [o&”, o) k') = o(k, K').
Then
H = [(h + 2 + @)
is a B-T Hamiltonian whose S matrix coincides
with the given S matrix (although, in general,
H = H). This follows from Eq. (7.10) and the ob-
servation that ¢{*’ (k) will coincide with U.(k, I; 0).

Thus, we may assert that the B-T type of Hamil-
tonian is, in a sense, the most general form of

14 Tet H' denote an operator of the form [h?2 4 (Por)21/2,
with A’ = o' + v', w = w(kﬂ.r.op), v = v’(kﬂ.r.y Pn.r.oD);
where k, ,° is defined by Eq. (3.24). Such Hamiltonians
have been considered by Foldy.® If the operators p°?, ps°P
have their usual physical interpretation, the choice v = 0
does not correspond to the absence of interaction since the
free Hamiltonian H, [see Eq. (4.1)] is not recovered thereby.
Furthermore, on expressing the nonrelativistic operator
k... in terms of k°P and Pep, it may be seen that for no
choice of v’ is H' of the B-T form. In general, this form of
Hamiltonian can lead to a covariant S matrix only if a re-
interpretation® of the p;® is made. In this paper the p;op
always have their original meaning. From the point of view
of scattering theory the identification of a simultaneous
eigenstate |q;, g:) of p:°p, p.°® as describing noninteracting
particles with kinetic momenta qi, g is _permissible even
in the presence of nonlocal interactions V, when #; =
i[H, 1;°] = v;° + 4V, r;op] £ v,op (with v;» = p;°?/H,).
The reason is that if a product wave packet is constructed
from the |qi, q2), then in the limit of infinite separation of
the individual packets the expectation values of #;°° and v,°p
will coincide, provided that V effectively vanishes at large
distances. If r;°r is replaced by 7;°¢, the Newton-Wigner po-
sition operator, and nonlocality of V is defined by [F:°?, V] # 0,
the same statement holds.
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interest from the viewpoint of covariant scattering
theory.'®

8. BOUND STATES AND DIRECT-INTERACTION
THEORIES

In Sec. 5, it was seen that a necessary and sufficient
condition for a Hamiltonian H to yield a covariant
S matrix is that

2.K,0, = 2 K0!,

whether or not H has bound states. However, the
operator

K, = 0.K,0! 8.1)

may be identified with the K for the system only

in the absence of bound states, for the orthogonality

of the continuum and bound states implies that
Kc‘I,B = 0, (8.2)

if ¥y is a bound state.

The generalization of the previous discussion to
include bound states is straightforward if we assume
that the eigenvalues E,(Q) of H corresponding to
the bound states ¥, o, with

POD\I/a,Q = Q‘I’a_Q,
H\I,a.o = Ea(Q)\I’a.Q:
depend on Q in the form
E.(Q) = (M’ + Q%) (8.4)

where M, is identified as the mass of the state
¥..0- We can then require that, for a fixed o, the
states ¥, o transform under a Lorentz transforma-
tion in the same way as the states of a single particle
of mass M, and spin j., where j, is the internal
orbital angular momentum determined by

Jz‘Pa.O = ja(ja + 1)‘1’«1,0-

Considering only S states for simplicity, we thus
require, for pure Lorentz transformations L,

W(L)‘I’a.Q = Na(Q)\I’a.-Q-)
where the normalization eondition
<‘I,a.0’ I‘I{a.0> = aa'.aa(Q, - Q))

15 Tt should be noted that there exist Hamiltonians which
are not of the B-T form but yield a covariant S matrix. For
example, if

8.3)

8.5)

8.6)

H =1+ [ 0Q T 1. kQ) W d@eal,

where H is a B-T type of Hamiltonian with bound states
¥,.qand T, 4(Q) is arbitrary, then H’ is generally not of the
B-T type, although it has the same covariant S matrix as H.
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and the requirement that W(L) be unitary de-
termines the factor N .(Q):

N.(Q) = [E.(Q)/E(Q]. 8.7

Here Q is determined from Eq. (3.2) with p — Q,
E, — E.(Q).

Now let ® denote the subspace of states spanned
by {¥..o}, and let ® denote the projection operator
onto ®, so that

6= % [ dQ e o)@ecl

Eq. (8.5) will be satisfied if K;, the reduction of
the generator K to the subspace ®,

(8.8)

K, = Ko, 8.9)
is defined by
K, = 3(H:;R + RH,), (8.10)
where H, is the reduction of H to ®, '
H, = He. (8.11)

We now take as the generators for the system
the operators P, J,, K, and H, where K is defined by
K =K, + K. (8.12)

These operators satisfy the C.R. of the IHLG,
whether or not asymptotic covariance is satisfied
for the continuum states. For on defining

P, = QP,2", P, = P,0,
J. = L0, J. =11, H,=0QH,Q', (8.13)
[@=Q, or ],

we see that the continuum operators P,, J., K., H.,
and the bound-state operators P,, J,, K, and H,
satisfy the C.R. of the IHLG separately. For the
continuum operators, this follows simply from the
orthogonality relation Q'@ = 1(2 need nof be
unitary). For the bound-state operators it follows
from the definition of K,, [Eq. (8.10)], and the
relations'®

[, R] = [e, H] = [¢, P
=[® J)=0; ¢ =@

The assertion for the full operators P,, Jo, K, and
H now follows from the definition of K, Eq. (8.12),
and the identities

P, =P, + Py, JO=Jo+Jb1
H=H0+Hb7

8.14)

16 The first relation is a consequence of Eq. (3.18) and the
fact that [P, ] = 0. (See Ref. 13.)
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which are & simple consequence of the relations
[Q; PO] = [Q) JO] = 0:
and the completeness relation

Q' =1 — o. (8.15)

The above results show, incidentally, that
Theorem 1 may be extended to the case where H
has bound states, provided that the bound-state
energies have the form of Eq. (8.4).

Consider now the case where H is of the B-T
form, so that Eq. (6.1) is satisfied, but Eq. (6.10),
with w(l) replaced by M., admits normalizable
solutions ¢,(k). Then H possesses bound states
l,/,,,Q With

<k) p I\I’a.Q> = 6(P - Q)¢a(k)) (816)

and the eigenvalues have the form of Eq. (8.4).
It follows from Egs. (8.1) and (8.10) that K is
given by

K = 9K,0' + @)[(HPR + RHP)].  (8.17)

On comparing Eqs. (6.3) and (8.17) in the basis
{®{.; ¥, o}, in which P and H are diagonal,
the expressions are seen to be identical, so that
Eq. (6.3) for K remains correct when (S-wave)
bound states are present.

The extension to bound states with j, £ 0 is
straightforward.

In concluding this section we note that the
asymptotic covariance requirement is, in operator
form,

W(L)Q* = Q:L-U(L))

so that multiplying by @, on the right, we get,
on using Eqs. (8.14) and (8.15),

w(e) = QU@L + W(e)®,  (8.18a)

or
W(e) = Wy(&) + W), (8.18b)

thereby defining W,(£) and W,(£)."” This de-
composition corresponds to that for the generators
[Egs. (8.12), (8.14)], and explicitly exhibits the
reduction of the representation into a continuum
part W (£), relevant for asymptotic covariance,
and a bound-state part W,(£) which, for the case
where H has the B-T form, is the direct sum of
irreducible representations of mass M, and spin j,.
The continuum part W.(£) may be said to be

17 By replacing L by £ = {a, L} in Eq. (8.18), we have

returned from the HLG, with generators Jo and K, to the
THLG, with the additional generators P, and H.
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equivalent in an extended sense to the direct-
product representation U(g£), associated with the
system of two noninteracting particles. [An extension
of the usual definition of equivalence of representa-
tions is necessary, because the operators

W.(e) = 2.U(£)el

represent the IHLG, even though the transformation
by €. is not a unitary or even a similarity trans-
formation. All that is needed is that @, be a left
inverse of @, as is the case. This peculiarity is
related to the infinite-dimensional nature of the
corresponding representation in terms of matrices.
For finite-dimensional matrices 4, an equation of
the form 4’4 = 1 implies, of itself, that A4’ = 1
so that A" = A~ and A is unitary.] Eq. (8.18a),
when written in the appropriate matrix form, shows
that {W(£)} is unitarily equivalent to the direct
sum of the direct-product representation {U(L£)}
and the irreducible representations of mass M, and
spin 4.
9. SUMMARY AND DISCUSSION

In part A of this section, the results obtained
in Secs. 4 to 8 are summarized. In part B, relativistic
potentials are considered from the viewpoint of
perturbation theory and the notion of a ‘“‘coupling
constant” is examined in this light. (The details are
given in the Appendix.) This is followed by part C
which containg a brief comparison of the role of
asymptotic covariance in direct-interaction theories
and in field theory. Finally, in part D, some remarks
are made on the extension of the results to N
particles and to production processes.

A. Summary

In Sec. 4, it was seen that if a two-particle Hamil-
tonian H is invariant under spatial rotations and
translations and has no bound states, it is always
possible to define a variety of operators K such
that H, P,, J,, and K satisfy the C.R. of the IHLG
(Theorem 1). This is & consequence of the existence
of unitary transformations which change H, to H,
but leave P, and J, unchanged, and which can
thus be used to define such K. It follows that
satisfying the C.R. is not sufficient to guarantee
that the theory is relativistic from the point of view
of scattering theory, since for arbitrary H the
S matrix is, in general, not covariant.

In Sec. 5, the concept of asymptotic covariance
was therefore introduced as an additional require-
ment for a direct-interaction theory to be relativistie.
The operators {W(L)} occurring in the definition
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of asymptotic covariance were shown, in the absence
of bound states, to be unique if they exist at all
(Theorem 2). It was then shown that asymptotic
covariance holds if and only if the S matrix is
covariant and the ambiguity in the definition of K
was clarified (Theorem 3).

In Sec. 6, the form of H introduced by Bakamjian
and Thomas® was shown to yield a covariant S
matrix (Theorem 4) and the expression for K given
by these authors was seen to be “correct” from the
viewpoint of asymptotic covariance.

In Sec. 7, the problem of specifying the general
form of relativistic 2-particle Hamiltonians was
studied and a simple condition, equivalent with
the covariance of the S matrix, was obtained on the
wavefunctions of the system (Theorem 5). The
methods developed were used (i) to provide an
alternative proof of the covariance of the S matrix
for Hamiltonians of the B-T type, (ii) to show that
a class of Hamiltonians considered by Sudarshan® is
contained in the larger B-T class, and (iii) to prove
that any covariant two-body S matrix which has
a potential origin is also the S matrix of some
potential of the B-T type. The last statement
shows that this class of potentials is the most
general of interest from the viewpoint of relativistic
scattering theory.'®

In Sec. 8, the discussion was extended to the case
where H has bound states. It was shown that if the
eigenvalues E,(Q) of H for the bound states ¥, o
had the form (M2 + Q! then again a variety
of K could be defined so that H, P, J, and K
satisfy the C.R. of the IHLG. If asymptotic co-
variance is satisfied and bound states are present,
each operator W(L) may be decomposed into two
parts; a part W,(L), acting only on the continuum
states and uniquely determined by asymptotic co-
variance, and a part W,(L), acting only on the
bound states. If E,(Q) = (M2 + Q*, W,(L)
may be determined uniquely by the requirement
that the bound states of mass M ,,, spin j, transform
under Lorentz transformations like the states of a
particle with the same mass and spin.'® {W(£)} is
then the direct sum of the reducible representation
{W.(£)}, equivalent (in an extended sense) -to the
direct product {U(£)} which describes two non-
interacting particles, and {W,(£)}, which is a direct
sum of irreducible representations of the IHLG.

18 Conversely, if the generators Hy, P:, J» and Ky, are re-
quired to satisfy the C.R. of the IHLG and Eq. (8.5) is to
hold, then E,_(Q) must have the form of Eq. (8.4), since the
C.R. imply that H? — P? commutes with Wi(£).
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B. Further Aspects of Relativistic Potentials

It should be noted that the set {V} of potential
operators of the B-T type is not a linear set, not
being closed under addition. { ¥V} is not even closed
under multiplication by a constant, so that the
usual notion of a variable coupling -constant,
familiar from nonrelativistic quantum mechanics or
quantum field theory, is not applicable. In particular,
given a family of direct-interaction Hamiltonians,
H[\] = H, + AV with V fixed, the S matrix S[A]
is in general covariant for, at most, isolated values
of A (including the value A = 1) if V is of the B-T
type. Another aspect of relativistic potentials V,
ie., which yield a covariant S matrix, is that, in
general, it is not possible for the matrix element
(p}, 4| V Ip1, p2) to depend, except for kinematical
factors and a factor (P’ — P), only on the c.m.
relative momenta k’ and k. (This is to be contrasted
with the case in nonrelativistic quantum mechanies
when Galilean invariance is imposed.) Thus, it may
be shown that if AV has this form and S[)] is analytic
in a neighborhood 9 of A = 0, then S[\] cannot
in general be covariant for N & 9. More precise
versions of these statements and sketches of their
proofs are given in the Appendix.

C. Remarks on Asymptotic Covariance

Asymptotic covariance is usually implicit in other,
perhaps more basic, assumptions. In quantum field
theory it is unnecessary to stipulate separately
equations such as Eqgs. (1.1) or (1.2). The reason
is that in quantum field theory there exist, by
hypothesis, structures [namely the Heisenberg field
operators] which are assumed from the outset to
carry an irreducible representation of the IHLG, e.g.,

Ula, L) A@)U a, L) = A(Lz + a),

for a single scalar field A(z). This, together with
the assumption of the asymptotic condition,
relating A (x) to the “in” and “out” fields A;.(x)
and A,..(z), and the particle interpretation of A;,
and A4, is sufficient to guarantee, among other
things, the covariance of the S matrix. In a Lagrang-
ian field theory, the same result is guaranteed by
related, familiar requirements. However, in the case
of direct-interaction theories, there is no underlying
quantum field available. If it is only required that a
representation of the Lie algebra of the IHLG be
exhibited, with P = P, and J = J,, i.e., the same
as in the absence of interaction, the S matrix need
not be covariant.

In scattering theory, there is a fundamental
concept that an observer can make a comparison
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between the interacting systems and free systems.
The latter are idealized from the actual systems
under consideration and are made to correspond to
direct produects of irreducible representations of the
IHLG. But the IHLG only incorporates the
symmetry of the special theory of relativity and
says nothing about how observers should make this
comparison between the interacting systems and
free systems. It therefore seems necessary to intro-
duce explicitly an additional postulate.'®

D. Extension to N Particles

The extension of Theorem 1 to N particles
(N > 3) is trivial. The construction of N-particle
Hamiltonians which satisfy the obvious generaliza-
tion of the requirement of asymptotic covariance
is also straightforward. It is also possible to con-
struect Hamiltonians which describe any number
of coupled two-body channels, or which describe
production processes, e.g., a system consisting of a
coupled two-body and three-body channel, and
which satisfy asymptotic covariance.’> However, the
task of ensuring the ‘“‘separability of the inter-
action” (see Ref. 3 for a discussion of this concept)
is more difficult. For example, the sum of a two-
particle Hamiltonian of the B-T type and the free
Hamiltonian for a third particle is not expressible
in the three-particle form indicated in Ref. 5. We
hope to discuss these problems in a future paper.

A complete understanding of the multichannel,
N-particle case and a study of the limit N — =
would perhaps shed some light on the problem of
the explicit construction of a nontrivial relativistic
quantum field theory. In conclusion, we believe that
this ‘“‘middle ground” between nonrelativistic
quantum mechanics and quantum field theory
deserves further exploration, and so share the point
of view so well expressed by Foldy.®
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APPENDIX: RELATIVISTIC POTENTIALS, COUPLING
CONSTANTS, AND PERTURBATION THEORY
Let H = H[\] = H, + \V denote a two-particle
Hamiltonian, with coupling constant A\, and let
S[\] denote the corresponding S matrix. Assume

12 Some further heuristic remarks on asymptotic covariance
are made in Ref. 13.
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that S[A] is analytic in A for |[A\| < A, so that ordi-
nary perturbation theory is applicable.
One obtains for the S matrix

S\l = S(ai, 445 1, Q23 V)
= 5(q! — q)o(g} — qo) + Z’; SO\, (1)

with
8P = (=2m)s(E' — EXql, ¢ |V|ay, q2),

8% = (~2m)a@ — B) [ dat day

5 (b @ [V, 4:)ai’, a5’ [V] g, o)
(E — E" + 1e !
where B = E,(q’) + E.(q)), ete. Now assume
that S[A] is covariant for —),, < A < A,,. It follows,
from the uniqueness of analytic continuation, that
S[A] is covariant for all A, real or complex, such that
A] < A,. This in turn implies that each coefficient
8™ must be separately covariant, and S in
particular.
Use of Eqgs. (3.7), (3.15), and (7.4) yields

SV = (—210)8(Q" — QEEEEFY, (2
where :
F¥ = [EX, QEQ, QIV{T, 1; Q){u)e®}?,
with
p(D) = wiDw.(1)/w(),

must be invariant on the energy shell. [See Egs.
(6.11) and (7.5) for w(l) and E(1, Q).] The simplest
possibility is to set

V', 1; Q) = [EW, QEQ, QI (', 1),  (3a)

with 7 independent of Q, as indicated, but otherwise
an arbitrary rotational scalar. Eq. (32) looks more
natural in the p,, p, representation, where it cor-
responds to the ansatz

(1, p: V] ps, po)
= P’ — PEE) K, OEE) ",  (3b)
which is the form referred to in Sec. 9: a product

20 Tn the language of second quantization, Eq. (3b) corre-
sponds to an interaction Hamiltonian

H o [ 60068 @60 @e7 () d,

if » = const., where ¢:‘*) and ¢;() are the positive and
negative frequency parts of the field operator ¢:(x) associated
with the particle of mass m;. If n > const., the corresponding
H, can be similarly expressed as a multiple integral involving
also the Fourier transform of 5 as a form factor.



470

of kinematical factors and a function dependent
only on c.m. momenta. However, this form leads
to a noncovariant S, as we now show explicitly.

One obtains for F®, related to S in the same
way as F® is related to S, the result

@ _ e qrngen-1 1 V@77, 1)
F = fdl (H'(l )E ) (E—E”—l—ie) ’
where £ = E(1, Q) and E” = E(1”, Q).

Now S® will be covariant if and only if F® is
independent of Q on the energy shell, [I'| = [1].
On separating F® into dispersive and absorptive
parts, F{? and F?, by use of the relation

(x + 707" = @(1/x) — 1wd(z),

it may be seen that F? is indeed independent
of Q, even off the energy shell, as a consequence
of the identity

8E — E") = 2B" () — w’(1"")).

On the other hand, F{? always depends on Q,
regardless of the choice of 5. To prove this, it is
only necessary to consider forward scattering, 1’ = 1.
Then

1()2) — (Pfdl"(E — E//)—I(Eu)—lu—l(lu)

X o@D @)

The right-hand side of Eq. (4) may be regarded
as a function of Q* and I, and its derivative with
respect to Q” is readily computed to be

—fdrm“WOQEEmY‘MWGDﬁ

which is never zero if 9 £ 0. This completes the
proof.

The method of proof shows, incidentally, that if
V has the form of Eq. (3), then S[A] can be covariant
for at most a finite numbper of points in any interval
in the interior of the open interval (—\,, A.).
Further study indicates that in fact only the trivial
choice A = 0 is possible.

It is also instructive to consider potentials of the
B-T type from the viewpoint of perturbation theory.
If

V = [& + @ — [+ @)
[see Egs. (6.1) and (6.9)], and V is replaced by AV,
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the first-order S matrix is NS, with S given by
Eq. (2), where F is now given by

FO = (B'EXV Vol Dlnu®]},
Vo =¥ + Q) — [i; + QT
On setting |I'| = |1|, a short computation yields
dF? /dQ* = [w3OKV (B — Ho)(EHo)'| 1),
where Ho = (h* + Q7). On defining
Ix1.0) = (B — Ho) |I),

and on the insertion of a complete set {ps"’} of
eigenstates of h, one obtains, for I’ = 1

dF(l)

oo — b [ @, B, Q)

X e | 87,

which is always positive if v = 0.

Thus F* is not an invariant, so that S is not
covariant. It follows that (i) S[\] is in general not
covariant for A # 1, and (ii) the partial sums

¥ 8™ are not covariant for any N, although

their limit is the covariant S[1].

Note added in proof. It should be noted that
although an N-particle system may satisfy asymp-
totic covariance, the momentum operators p7
(¢ =1,2 --+ N) do not transform like Lorentz
vectors under the group {W(L)} associated with
the interacting system. In fact, the equation

WpPW = L) @

can only hold if there is no interaction [so that
W(L) = U(L)]. For, (A) implies that p?® commutes
with W(L)U*(L) and hence with KX — K,. Since
P = P, = ) p?, it follows that

O = [P,', Ki - Ko,'] = —"iH + iHo = _iV,

so that V = 0.

This result may be regarded as a quantum analog
of a theorem of Currie [D. G. Currie, J. Math. Phys.
4, 1470 (1963)], which states that in classical
relativistic Hamiltonian particle mechanics the
coordinates of the points which compose the world
line of a particle can transform according to the
Lorentz transformation law only if there is no
interaction.
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Continuing the investigation started in part I, we derive the equations of motion in the Fock
representation and a nonrelativistic field theory for bosons interacting as hard spheres.

1. INTRODUCTION

E continue in the present paper the derivation
and discussion of an exact nonrelativistic field
theory valid for particles with impenetrable cores.
This investigation was started by one of us in part I
of this paper,' and the motivation for this investiga-
tion was given there. The field operators, represented
as matrices in the Fock representation, were found
to satisfy—instead of the standard commutation
rules—another set of equations, explicitly stated
for spherical cores in Eqs. (A1)-(A5) of I. The
operators so defined still admit an interpretation
as destruction and creation operators, and the
density operator has the usual form. The integral
of the density operator over any domain was shown
to have the desired property that its eigenvalues
are those nonnegative integers which do not exceed
the largest number of hard spheres whose centers
can be placed simultaneously in the domain.
Section 2 is a direct continuation of part I; the
equations of motion for the new operators are
derived in the Fock representation. (We consider
hard-sphere interaction only; additional integrable
interaction potentials would give rise to the conven-
tional interaction term in the equations of motion).
We obtain the equation of motion in two forms,

* Program supported by the National Science Foundation
and the U. 8. Office of Naval Research.

1 The major part of this work was carried out while these
authors were at the Physics Department, Northwestern
University, as research associates under s National Science
Foundation grant.

.1 This work was completed while the author was National
Science Foundation Senior Post Doctoral Fellow, at the
Instituut voor Theoretische Fysica, Universiteit van Amster-
dam, Amsterdam, the Netherlands.

1A, J. F. Siegert, Phys. Rev. 116, 1057 (1959) (hereafter
referred to as I).

which are equivalent as matrix equations in the
special representation under certain regularity condi-
tions. The first form is rederived in Sec. 5 and shown
to be valid as an operator equation. The second
form is an exact generalization of the equation of
motion with pseudopotential, in the sense that the
differential operator which replaces the potential
becomes the pseudopotential asymptotically for
small hard-sphere diameter. It should be emphasized,
however, that this is not by itself a justification
of the use of the pseudopotential, since the field
operators also depend on the hard-sphere diameter
through the new commutation rules. There are,
in fact, some modifications of our equations of
motion which are trivially equivalent for field
operators with the new commutation rules, but
would not be equivalent if the new commutation
rules were ‘“‘approximated”’ by the standard com-
mutation rules.

It has not yet been possible to show the precise
conditions under which the second equation of
motion becomes valid also as an operator equation
in the general formalism. We have shown, instead,
in Sec. 3, that its range of validity is sufficient for
applications to quantum statistical mechanics.

The Hamiltonian for the system is found to have
the same form as the free-particle Hamiltonian
written in terms of the new operators. This is of
course to be expected, since the hard-sphere inter-
action is represented, as a constraint on the con-
figuration space, in the new commutation relations.
The interaction term in the equations of motion
arises accordingly in forming the commutator of
the destruction or creation operator with the free-
particle Hamiltonian, due to the new commutation
rules.
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Sections 4 and 5 are intended to show that the
scheme obtained in I and Sec. 2 is a legitimate
field theory, and various properties of the new
algebra are exhibited. It is also shown that the
entire formalism can be constructed on a purely
operator basis; this can be done by shifting the
constraints characteristic of the hard-sphere problem
from the states of the system to a set of operators
which are used to describe it. The essential advantage
in doing so lies in the fact that no unphysical state
is ever introduced in the course of the analysis.

An attempt to extend the existing results for the

hard-sphere Bose gas by investigating approxima~

tions to the general formalism presented here is
being carried out by Professor L. Liu, and Professor
K. W. Wong at Northwestern University.

2, EQUATIONS OF MOTION IN THE FOCK
REPRESENTATION

Let x; be a position vector in a three-dimensional
cube Q. Let ¢, be the point (x,, x5, --- , X,) in the
configuration space €%, and let ¢, ¢2/, -+ , ete.
be the configuration points with component vectors
xi, x/’, , respectively. The volume element
II:.. d°z; will be written as dg,. The restricted
configuration space Qj is defined as the set of all
points g, of ©" whose component vectors satisfy
the inequalities |x; — x| > a > 0 for all pairs (j, k).

Let ®(q,; va) = ®(xy, X5, * - - X, v,) be symmetric
functions in x;, X,, - - - X,; and let the set of functions
®(q,; »,), numbered by »,, be complex orthonormal,
. and complete in the space of the symmetric functions
in Q3. Let ®(g,; v.) be zero for any ¢, not in Qz
and satisfy periodicity conditions, for each of the
component vectors, on the boundary of Q.

The functions ®(g.; »,) can then be expanded in
terms of the functions &(g,; ».), when m < n,
and ¢, = (Qm, Xm+y, -** X,) if ¢, is In Q™, since
the assumed completeness justifies the expansion in
Q7 and both functions vanish for ¢,, not in Qp.

The field operators are defined in a matrix rep-
resentation which exhibits them as transformation
matrices:

u W@l e = N [ @4 gy, xim)
aN -2 .

X B(Gy-1; Vy-1) AGx-1. 2.1)

(All operator equations in Secs. 2 and 3 of this

paper are to be understood as a short notation for
equations relating matrix elements.)

This definition is equivalent to that of I, Eq. (3), if
(@5 W@ gha) = X (g3 o)

VN ¥N~1

X o ¥ @) va—1)®* (gh-1; va-1), 2.2)

BOSON FIELD OPERATORS. II.

since

Z D(g¥; va)®*(gn-1, X; vx)
N

- {B(Q%; v-1,%) for g¥ in QF, @.3)

0 otherwise,

where 8(g%; gy) is the symmetrized & function
defined by Eq. (2.18) below, and, therefore,

(¥ 1¥'@| gh-s)
= N} fﬂw 5(q’%: Qvs, D)(qw-1; qh-s) dg-r

= NYa(¢%%; ¢h-1, X) for ¢ff in QF, (2.4)

and
(@8 |4'®)| ¢h-s) =0 if ¥ isnotin QF, (2.5)

in agreement with Eq. (3) of I. The equations
derived in I, therefore, remain valid if the definition
Eq. (2.1) is used instead of Eq. (3) of L.

In order to derive the equations of motion we
choose specially for the functions ®(gy; vy) the
solutions of the Schridinger equation for hard
spheres:

N-1
- Z v?q’(%v—l; Vn—1)

i=1

= E(VN—I)(D(qN—l;VN—l) for qN—l in Q);_l, (2.6)
N-1

- <Z Vit Vz)q’(‘bv—n X; vy)
i=1

= E@n)®(qy-1, X;vy) for qy_, m QF', (2.7

where Q5" is that subset of Q3" for which (gy_;, X)
is in QY. Periodicity conditions are imposed as stated
above and boundary conditions are ®(qy; vy) = 0
for gy in 8 = @V — QF and ®(qw; v4) — O when
qy approaches the boundary of 05,

Rigorous statements of the properties of the
Schridinger functions for hard spheres do not seem
to be available in the literature. We have assumed
here that the solutions ®(gy; vy) exist and form a
complete orthonormal set in the restricted region
Q¥ and that the eigenvalues E(vy) are discrete.
We have also assumed that these functions have
the regularity properties required to obtain, for
instance, V*®(qy_,, X; vy) in Q3* by differentiating
the expansion of ®(gy_1, X;vy) in terms of ®(qy_;;vy-1)
term by term.

With both Egs. (2.6) and (2.7) valid in @Y7',
we can then multiply Eq. (2.6) by

&*(gn-1, X; vx)
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and Eq. (2.7) by
B(qw-1; vw-1),

subtract and integrate over Q3." to obtain

[EGy-1) — Ebw)]

X B*(gn-1, X; v)P(gn-1; ¥¥-1) dqn-1

QB‘N—I

N-1 .
= - Z fn . [®*(gw-1, X; VN)vid’(QN—l; Vy-1)
R N1

=1

— ®(gy-1; VN-x)V?‘I’*(QN—n X; vy)] dgy-

+ fn N-1 Q(qN—l; VN_I)[vztb*(qN—l; X, VN)] qu—l'
' 2.8)

The domain of integration on the left-hand side
can be extended to QF ', and the integral becomes
N_*<VN ¥ @)] vy-s)-

The first term on the right-hand side becomes
(by symmetry)

—(N —1) f gy &'
QE,N_‘
X [q)*(qN—D x,y X; VN)V’Z(I’(QN—Z) X'; ”N—l)

— ®(qy-2, X’; VN_I)V’ZCD*(qN_z, X/, X;vy)]
-N-1

qu—Z % do’z'
Qg V-1

X [D*(gy-z, X', X;v8)V ' B(gy-2, X5 vy—1)
— ¥(qy-2y X5 vy_1) V' ®*(qy-2, X', X;04)],

X —x'

2.9)

where #* do.. denotes the integral over the surface
of the sphere of radius ¢ + 0 with center x. (Since
the integrand vanishes on all spheres |x; — x| < q,
i=12, .-+ N — 2if V'® and V’'®* is bounded,
it is not necessary to restrict the integration over
dgy-. further.) Furthermore, ®*(gy_,, X/, x; vy) =0
for |’ — x| — @, so that only the second term
remains, and one has for the first term on the
right-hand side of Eq. (2.8)

x—x

N -1

dqn-2 f do,
QE'N—n

X ®(gn-s, X'; VN—-l)V,‘i’*(QN—z, x/, i; vy)

=0 -1 fme.N-- dgy-s f-x do: ==

a

X ®(qw-2) X3 ow-)N V' T Gow [9'®)] o)

PN=1
X ®*(gy_s, X; ¥i-1),

since from Eq. (2.1) follows

2.10)
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X o V@] o) 8@ o)

= N}q)*(qbf—ly x';vn), 2.11)
and With dn-1 = (QN—Z; x):
E (on l'/’f(x')l vi-1)®*(qv_2, X; vh_1)
= N*(I)*(QN—Zy X, x';wy). (2.12)

Since ®*(gy_s, X; vk_,) vanishes, when ¢y_, is not
in Q3% the integral over dgy_, can be extended
over 2V, and becomes the mixed density matrix®

N -1 fnﬂ_. dqw-2P*(qn-2; X; ¥ir-1)B(g-2, X'; ¥3-1)

= Gl W @YE) wr). (@213)
Combining Egs. (2.9)-(2.13) we thus have for the
first term on the right-hand side of Eq. (2.8)

N—1
- Z fﬂ . dqy-[2*(gn-1, X; VN)v?q)(qIV—l; N-1)
RN

i=1

—~ B(qw-1; 7w-1) Vi®*(gn-1, X;9w)] = N ﬁ do.

. -
2.14)

In order to evaluate the last term on the right-
hand side of Eq. (2.8), we use Eq. (2.11) to obtain

[

o Qg N-

=N ,;. (VN IVZV(X)I Vir—1)

[x_—;é vf¢f(xf)]¢*<x> W)

. ®(qw-1; VN—I)vzq)*(QN—I) X; vx) dgn—s

X ) Aqn-12*(qv—1; v-1)P(qy-1;vw-1).  (2.15)

g N-

The integral is identified as the matrix element
of the projection operator P(x) = 0™~ with

ne) = [ ay@ue)

by changing to the coordinate representation. With

% Using Eq. (2.11) and its Hermitian conjugate we have

(N - 1) an_‘ dQN—zq’*(‘IN—zy X}Vz'v—l)q’(QN—z, x';l'zv-x)

= day-z D (hod] ¥'®) [ph-o)®*(gw-2; vn-2)

gN -2 YN—a'

X Do B(gyoz; vH )] W) lyne)

PN—s"’

= '2' (Vz'v—ll 'Pf(x’) |va-2)(va—2| ¢(x') l”N—l)-
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(n-1 |P (x)l Vi-1)

- fn N dgn-1%*(qn-1; ¥u-1)B(gu-1; ¥v-1)  (2.16)
we have
(g1 1P®)| gi-1)
Z E Q(qN—lyvN—l)f qu—l
' N—1 IIN—
X *(gw-1; vir-1)2(gn-1; "N—l)q’ (@h-15 vw-1)
= fn N-1 dgw-1 8(g¥-1; q”‘l) 8(qn-1; q:’v-1)
_ 8gir; gh-) I ghe in Qg7 @.17)
' 0 if gy, nmotin Q.

The § functions used here are symmetrized 6 func-
tions, i.e.,

N

Wy > IT o,
P iml

where P, is the number obtained from ¢ by the

permutation P. The three-dimensional § functions
are defined by

8ax; qv) = — Xp,), ‘(2.18)

f ox’ — x) dz’

{1 if x in S (including the surface, if S is a closed
region),® 0 otherwise.

Comparing Eq. (2.17) with the coordinate rep-
resentation of the density operator [I, Eq. (5)]

N-~1
(gh- |¥' @@ gh-r) = Z 3(x — X)8(gi-1; gh-r)

for gy, in Q%7 (2.20)

one sees that in the coordinate representation where
both P(z) and

ne) = [ dwviane) @2

are diagonal, P(x) =
if n(s,) ¥ 0, so that

P(x) = 0"

1if n(s;) = 0,and P(x) = 0

2.22)

Alternative expressions for P(x) have been derived
in I [Eq. (A5) and Eqgs. (30), (31)]. Since the eigen-
values of n(s,) are nonnegative integers and cannot
exceed a fixed number m,* we can, for instance,

3 This definition is chosen to avoid the value % when x

is on the boundary of S.
4 The actual value of m is irrelevant here.
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write P(x) in the form
= 1(n(s.)
P@ =1+ 3 (-0/("%).

This is a polynomial in n(s.), and Eq. (2.22') can
be used as the definition of P(x) in any representa-
tion. We note also that P(x) is the same projec-
tion operator which appears in the expression for
y(@)YI(x') for [x — x| < a, since the coordinate
representation for y(x)¢f(z’) in this region is given
by Eq. (11) of I as

(g1 W@V @) i)
_ {6(x — x")8(gi-1; gh-1) if gh-, in QR (2.23)
0 otherwise,

so that

(2.22")

YY) = 8x — x')P(x)
when [x — ¥’ | L a.
Substituting Eqs. (2.1), (2.14), (2.15), and (2.16)
into Eq. (2.8), one obtains

[EGx-1) — EGx)]ox [¢'®)] vv-1)
= G (V' @)PE)| vx-1) + {ow

x[x

X=X gy |Vew)

(2.24)

f do,.

VN_1>- (2.25)

Since yt(x’) and ¢¥'(x) commute, the last term can
be written in the form
VN- >

(on v § an [ 22X

We now define ¥'(x, t)_by
{ow |1P*(X, )| va-1) = (o |¢T(X)| YN-1)

X exp ([EGx) — EGx-)11).  (2.26)

Equation (2.25) and its Hermitian conjugate can
then be written as equations of motion:

vy [

o 'p*(x) t) = (vz'pt(x: t))'P(X, t) - \l’?(x; t)

x ’
X % do’z’['x

1 é_ x[,(x, t) = —P(X, t)(V2'lfT(X, t))

Eviye, t>]¢(x', b, @)

+9§ do.p'(x!, ) X=X

where P(x, t) is defined by
P(x, t) = 0"“=",

EVY, )9, 1), 2.277)

(2.28)
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with

n(s., t) = f

|x’~x|<a

ey &, DY, ). (2.29)

The equations of motion can be written in a
more convenient form in any representation in
which V@& )¥(E,) -+ ¢{x ¥ (x)) is bounded for
any set of points x;, - - - x,, X.

In I we had shown that the projection operator
P(x) can be written in the form

1+ ﬁ ——(_l})
X f ‘ : f ,I_Il 'Pf(xi) kI_Il ¥(x,) d’zs,

where s, is the sphere |x, — x| < a, and m is the
largest eigenvalue of n(s,). We, therefore, have

POV = Vi + 3 S

Px) =

(2.30)

% f = f II V(&) Hw(xk) P2,V Y(x). (2.31)

To evaluate the first term in the sum we use a
test function f(x) and evaluate

f -/‘1 ori<e &z’ Pzf@)y @) PE) V()

- [V e | dur@vtee

- [veww ar [ @

Ix’—x|<a

X (V- (@V¥E) ~ ViE)- V@)
- [ vene | § dne XX

2.32)

Vi(x)

- dz Vf(X)-V'l/(X)]-

Ix’=x|<a

(2.33)

Since [ d’z’ #™ do, is an integral over the hypersur-
face ¥ — x| = a in the six-dimensional (x, x)
space, it can be replaced by [ d’z #* do,. and we have

[iwas [ dov@we) v

= [ 1) % 96 do. @) X=X 7y x)p@)

- [ &= viw- dax'w(x')w(x'w(x).

(2.34)
The second term vanishes since V¥ (x')¢(x) vanishes
for [x¥' — x| < @, and is by assumption finite for
|’ — x| = a. :

Ix’—x|<a
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In order to show that the terms with I > 2 in
Eq. (2.31) vanish, it will be sufficient to show that
the term I = 2 vanishes, since the argument is
the same for all the other terms. Using again a
test function f(x), we have

[ 10 @ [[ @z, ot )0 w9 )0 79
= [[ @2 ' e)v wv e

X &’z f(x)V*¥(x)

[x~x;|<a
|x—xs]| <a

= [[ @2 Pap' @iy @IV EIVE

{ f do.f(x) = XI — V'P(x)Kb(xx)‘p(xz)
+ 99 do.fx) 22— E 7 y(x)p(x,) ¥(x,)
ix—%; | <a

Ix—x11{<a
[x—xs|<a

- d’zV1(x)- th/(X)rl/(xl)'P(Xz)} ,  (2.35)

where $7;_;, <. denotes the surface integral over
that part of the sphere (x — x;| = a for which
x — x;| < a. Since V¢ (x,)¢(X.)¢(x) vanishes for
|x — x| < a and for [x — x,| < a, the integrands
of the two surface integrals vanish in the region
of integration, except on the line [x—x,|=|x—x,|=a,
where the integrands are bounded. The surface
integrals, therefore, vanish for x, > x, For
X, = X they also vanish since y(x,)¢(x,) = 0 for
|x — X,| < a. The last term in Eq. (2.35) vanishes,
since V¥ (x,)¥(x;)¢(x) vanishes for [x — x,| < a
and for |x — x,| < a, and is by assumption bounded.

For representations for which Vy¢/(x,)- - ¢ (xx)¢(x)
is bounded, the equations of motion therefore re-
duce to

.0 , b 2 *
i 50 _9ye )+ § dnv'@,
¥ —x
X —_a— (V - V)‘p(x’; t)'p(x) t) (2°36)
and its Hermitian conjugate.
We note that
X =X .o, , ¥ —x
LRV - I 09, 0 = g B

X (V" = V)i, )’ )¥(x, 1),
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for ¥ — x| < aif & — x)/a(V' — V)f(X, x) is
bounded and f(x/, x) ¢ 0. Equation (2.36) can,
therefore, be written in various forms; we have for
instance, with f(x', x) = |’ — x|,

02y, 0 =~ 0 + § ', 0

x' —x
a2

X 2.37)

(V' - V)[lx’ - X! IIJ(X', t)‘l’(x: t)]

Equation (2.37) provides the exact formulation of
the equation of motion with pseudopotential since

(@ = x)/a)(V" = V) = 20/0r), (2.38)

with r = |’ — x|, and the partial differentiation
d/0r defined with x* 4 x fixed. With this notation,
Eq. (2.37) becomes

129w = -V )+ 26 dev', )

X 5[V, DY, D)
(2.39)

= =V 0+ 2 [ dy'e,

X o = a = 0) = (o, 99, D),

where §{r — a — 0) is the one-dimensional § func-
tion.® The operator
(2/a)o(r — a — 0)(9/ar)
is, therefore, the exact counterpart of the pseudo-
potential. The standard form of the pseudopotential
Sral8()(a/ar))r

is obtained for sufficiently small a, since

(4xd®) 1 8(¢r — a — 0) — &), (2.40)
where 8(r) is the three-dimensional & function and
r=x —x

Equation (2.8), from which we derived the equa-
tions of motion, can be written in the canonical form

i@y'/at) = [y', H] (2.41)

by a rearrangement of the terms, and one finds that

H=— f F2'E®, OV, ) (2.42)
a
as one would expect, since the interaction, considered
as a constraint, has been expressed in the new
commutation rules.
We can now define a pseudopotential Hamiltonian

¢ The notation [ &(r + a + 0)f(r)dr stands for lim f(r).

rsa+0
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H,,, so that the equations of motion (Eq. 2.39)
are obtained from

W@v/00) = (¥, Hl, (2.43)

when the new commutation rules are approximated
by the standard commutation rules. One shows by
straightforward computation that

H, = _f tﬂf*(X’)V'z‘[/(x') d3‘xl + _}iff &z’ &z’
X V@ E") 8 — a = 0) = [HE)¥E”)]. @.4)

3. APPLICATIONS TO QUANTUM STATISTICAL
MECHANICS

The derivation of the commutation rules and
equations of motion in I, and in the preceding
section, shows their validity only as matrix equations
in a particular representation. In Sees. 4 and 5,
we will show that the commutation rules and the
first form of the equations of motion [Egs. (2.27)
and (2.27')], understood as operator equations, con-
stitute a formalism which has the properties required
of a nonrelativistic field theory. It has not been
possible to prove the validity of the second form
of the equations of motion [Eq. (2.36)] in this full
generality. Since the interest in this second and
simpler form of the equations of motion is moti-
vated by possible applications in quantum statisti-
cal mechanics, we will show in this section that it
yields—together with the modified commutation
rules—correct equations for the density matrix.

For this purpose we introduce the operators
¢(x, 8) and their Matsubara conjugates

o*(x, B) = ¢'(x, —8), 3.1)

where 8 is a reciprocal temperature variable. We
define these operators by the modified commutation
rules and equations of motion previously obtained
as matrix equations for ¢(x, ¢) and ¢'(x, ), replacing
{ by —i8:

le(x’, B), ¢(x, B)] = [¢*&’, B), *(x, ] = 0, (3.2)
le(’, B), ¢*(x, 8)]
0 for [ — x| > aq,
= 18x" — DPE® + o*(x, Pelx, 8)  (3.3)
for ¥ — x| <a,

where P(x, 8) is the projection operator defined
as in Eqas. (2.28), (2.29), with ¥ *(x, )¢(x, t) replaced
by ¢*(x, Ble(x, 8). We assume the equation of
motion in the integral form of Eq. (2.36),
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o(x, 8) = fn o(x1, 0) dalel(xla X; B)

8 X1 [A—
— f dt f d*z, f do’o*(x’, 1) X —x
o a a

X (V' — Ve, ez, G:(x1, X;8 — 1),
where G,(x,, X; 8) is defined by
(9/38 — V*)Gi(x,, x;8) = 0, 3.5)
G\(x,, x;0) = §(x, — X), 3.5"
and Born—von Karman boundary conditions on the
surface of a cube of volume Q.

We also assume the existence of a unique vacuum
state |0) with

34

o(x, ) [0) = 0. 3.6)

We will show that
PN(Q?V; Bo; qn, B

= (N)70] II o(x:, B) II o*(x!, o) 00  (3.7)

is the symmetrized Green’s function G5 (g3, qv;8—8,)
of the Bloch equation for N hard spheres of diameter a.
For this purpose we derive first a sequence of
differentio-integral equations for the functions
(g9, gn; B) [Eq. (3.12)], then show that the
functions T'y(gy, 0; qw, 8) satisfy the same sequence.
The Bloch equation for the Green’s function
g(x°, x; 8) for one particle in a nonnegative potential
v(x),
3/38 9(x’, x; B) = V’g(x’, x; B)
— 9, x; Bp(®),  (3.8)

can be considered as the equation for Brownian
motion of a particle in an absorbing medium. If g8
is interpreted as time and »(x)dB as the probability
of absorption at x in the time interval (8, 8 + d8),
then ¢(x°, x; B)d’r is the probability that the
particle, having started at x° at time zero, is in the
volume element d*z at x at the time B.
In the case of the hard-sphere potential

x| > a,
x| < a,

»(x) = {0 for
o for

absorption occurs instantaneously with certainty if
the particle is at a point x on the surface of the
gphere. The function g(x° x, 8) is then the solution
of the equation, valid for |x°| > aq,

9x’, x; 8) = g, X; B) — f: dt 550 do’

3.9

X [z—, Vg’ x'; t)]go(X’, x;8— 0, (3.10)
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where ¢,(x°, x; B) ‘is the transition probability
density in the absence of absorption and #° do’ is
the surface integral over the sphere of radius a -+ 0,
with center at the origin. This integral equation
can be derived by a simple counting argument.
We imagine that the particle, instead of being
absorbed, receives a marker, which does not affect
its motion. The conditional probability g(x°, x; 8) d*z
of finding an unmarked particle in d’z at x at time
8 is then obtained by subtracting, from the prob-
ability g,(x°, x; 8) of finding the particle in d°z
at x at time B with or without marker, the prob-
ability that the particle hit the sphere in some surface
element do’ at x for the first time in a time interval
(¢ t+ d)(0 < t < B) and then continued its motion
(regardless of additional markers) during the re-
maining time 8 — t, so as to be in d°z at x at time 8.
The probability that an unmarked particle which
started from x° at time zero hits the surface element
do’ of the sphere at the point x* in (¢, £ + di) is
obtained from the diffusion current density as

[(1/a)x’ - V' g(x", x'; t) do’ dv’,

and the probability that this particle, having started
at X’ at time ¢, is in d°z at x at time 8 is

go(x’, X; B — ) d°x.
We thus obtain

8 0
g(xo, x; ) &’z = go(xO: x; B8) d's — f dt % do’
o

X [E—'V’g(xo, x’; t)ilgo(x’, x; 8 — ) d’z, (3.10")

in agreement with Eq. (3.10).

By a similar argument one derives a differentio-in-
tegral equation for the Green’s function Gy(gy, gx; 8)
for N hard spheres of diameter a in terms of
Gv-1(gn-1, qv-1; B)Gi(Xy, Xy; B). We interpret
Gx(ay, qn; B) as the conditional probability density
that N particles in Brownian motion, which started
from the configuration gy at time zero, are in the
neighborhood dgy of the configuration gy at time g,
all without markers. The conditional probability—
that particles 1, 2 --- N — 1 are in dgy_; at qy_,
at time ¢, and that the N'th particle hits the surface
element do., of the sphere of radius a with center
x; in the time interval (¢, ¢ + dt)—is then given by

1
P &y — X, )(Vw — vi)GN(q?\h qw; B) do.,, dt dgy_,.

Since this expression vanishes when |xy — x| < a
for I > j, one obtains, by the argument used before,
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the equation

Grlgn, an; B) = Gy-1(gh-1, qv-1; B)GL(XY, Xx; B)

- pB N-1 ox’'y
~[af a2 $ do,
0 Qp N -1

j=1
x [B52 74 - voou(ah, 30

X Gy-i(qh-1, Ov-1; B — HG(xh, xv; 8 — 1) (3.11)

for
gy € Q.

This equation can also be derived by a limiting
process from a differentio-integral equation for the
Green’s function with finite differentiable potentials
(see Appendix I).

The corresponding differentio-integral equation
for the Green’s function G5 symmetric in ¢y and

g can be obtained by application of the symmetriz-
ing operator to Gy as function of ¢y, and one obtains

Gy, av; B)
1 & 0 0
N > G'N—l(iQNi qv-1; B)G:(x;, Xx; B)

i=1

B N-1 x’y
- f dit f dq2,\'—1 Z é do'z’zv
[ Qg¥N -2 i=1

r 4
% [E_a_&v. (Vi — V)GNgx, av; t)]

X GN—I(QI’V—U QN—-I;ﬁ - t)Gl(xN) xJ'V;B - t): (3'12)

where

0

o ___ 0 (1] 0 0
iy = (X1, X3, *** Xy, Xie1y **° Xx).

In the second term one can replace Gy_, by Gy_,
without error.

In order to derive the same sequence of dif-
ferentio-integral equations for the functions
T'x(gy, Bo; qn, B), we consider the expression

N-1 B8 x’¢
r=x [afes| dgad d.,
0 oN=-1

§=1

N-1

x O TI otxs, & T e*(e, 9 10
x (] a7, 1 oet,

X ﬁ S"*(x?y 0) |0>Gn(x1’h Xy; 8 — 1), (3.13)

=1
where

3y = [xi — x4)/a)(V; — Vi). (319
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With the assumption of a unique vacuum state,
the product of the vacuum expectation values in
Eq. (8.14) can be replaced by the vacuum expecta-
tion value of the product of the two operators,
since their matrix elements between the vacuum
state and any nonvacuum state vanish.
We write the resulting expression in the form
N-1

8 x4 N-1
J=3 [o dt fﬂN_ dghs §  dous, 0] I o(x:, £)

=1 ¢

N-1 N-1
X p o*(x{, 1) III o(x!, D3] o}, Delz, ) (3.15)
=1 o=

rHEf

N
X I ¢*@, 0) [0)Gi(xk, xv; B — 1)

a=]1

N-1

8 X' N-1
=2 [atd do 0l T otxs, Blo*xt, 0

i=1

N-1 N-1
x [ dghes TI e*6et, 0 T1 olxt, 097,000, 0

k=i g

X o(xh, 1) I_I1 o*(x2, 0) |0)Gy(xk, Xn, B — ©)

Let us now study the operator that appears in J,

N-1 N-1
Ki?= f dgh-2 ;[;Il o*(xi, t) I_I1 v(x7, 1),

kot § r#g

(3.16)

where

N-1

11 d*: .

i=1
5

dgy-, =

Relabeling the variables:
N-2 N--2
K = [ dges TL o, 0 T otel, 0
=1 i=1

N-3
= [ dges T oty 0 [ doie
N~-3

kel

X o* &2, De(Eh-2, 1) Hl (x5, 1)
N-3

N-3
= [ dgis TLoet, 0 T otat, 0
X [9 — (VW — 3)] = K*[9t, — (N — 3)], 3.17)
where we have introduced the number operator
o, = [ dag(x, tholx, ),

and have used its commutation properties with
¢(x!, t). From (3.17) one has, by induction,

K™ = [o(ot ~ 1) ---]3t, — (W = 3)].  (3.18)
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Notice that the interaction we consider does not
change the number of particles, so that for all
pairs ¢, ¢’ one has ,,, = N, = N. We now make
use of (3.18) in Eq. (3.15) and remark that the
state vector on which KV ? acts is an eigenstate
of 9¢, to the eigenvalue N — 2. It is therefore an
eigenstate of KV ? to the eigenvalue (N — 2)L
Summing up, we have now

J—(N-—2)'Zf dtfda’gg do..,
X (0] H<p(x;,6)¢*(x t)

t)ﬁo(xN ’ t)

X I_I1 o*(x;, 0) [0)G(x, xx; 8 — ).

X djne(x},

3.19)

With the assumption that @ is connected to

itself, we have
f &l 9§ do.,.
Q

[ . d*z!

After making this substitution, we use Eq. (3.4)
to obtain from Eq. (3.19)

=N -2)! E ] HsO(xx, 8)

i=1

(3.20)

do’, -+ =

X { f o(x’, 0) dz'G.(x’, Xv; B)

~ otn, ) T, 0) [0)

=N — 1! {(01 ﬁ@(x,, B) fﬂ o(x’, 0) d’z’
X G(x’, x; ) Ii p*(x2, 0) |0)

N—-1 N-1

- (Ol III1 ‘P(xl} ﬁ) III ¢*(X27 0) l0>}' (321)
In order to simplify the first term, we note first
that the contributions to the integral come only
from the region &’ where |x' — x| < a for at least
one of the points x°. When x’ is not in this region,
o(x', 0) commutes with [[Y., ¢*(x% 0) and can
be pulled to the right to act on the vacuum state.

The region €' can be further reduced, since by
virtue of Eq. (3.3)

o(x, 0)p*(x3, 0) = P(x;, 0)8(x’ — x3)
I — x| <a,  (3.22)

where P(x;, 0) is defined by Eq. (2.22) or (2.22'),
and Eq. (2.21) [with ¢TE)W(E') replaced by
o*(X', 0)p(x’, 0)]. If the point {x{, --- , x5} is in

for
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%, the points are obviously distinet, and we can
replace @' without error by the union of spheres s,
with centers at x}, and with a radius ¢ < @ chosen
small enough so that the spheres do not overlap.
We then have

N
fn o, 0) d’z'G\(x’, Xy} B) I,.Il o*(xi, 0) [0)
N

X ]:_Il o*(x:, 0) [0) = ;P(xg, 0)

s4k

N
X Il o*(xi, 0) [0)Gi(x, xy; B)

%k

(3.23)

if {x}, --- , xy} is in Q@ With this condition, the
projection operator P(x;, 0) can be omitted, since
it then commutes with all ¢*(x}, 0) for K 5 s,
and can be pulled through to act on the vacuum,
and be replaced by unity. In order to combine
Eqgs. (3.14), (3.21), and (3.23), and to compare
the result with Eq. (3.12), we use the notation
of Eq. (3.7):

PN(QIOW tO’ QN: t)
1 N N
= N1 <0l H(D(X,-, £) Hﬂ’*(x!-); to) l0>y
N- r=1 =1
and obtain from Egs. (3.14), (3.21), and (3.23)

J=NI®HN -1 Nf f: di fnn-, Ay 9§x" do,ry

i=1

(3.24)

X Tyoi(Qh-a, £ qv-1, B)G (X, Xu; B — t)

=N — ! {:2, N — D! I'y_1(Gaw, 0; gy-1, B)

X Gl(x2y Xn; B) - N‘ PN(q(I)V; 0; aw, B)}; (325)
or

1 N
T'x(gw, 0; aw, B) = o ; Tw-1Ggw, 0; gv-1, B)

8
X Gi(x%, xv; ) — f dt fw_l dgly-

155 do..,(3],Tw(a%, 0; gk, 0)]

X Tyer(@h-1s t; qn-1, BIGL (X, Xy; 8 — 1)

for gy & QY.
From Eq. (3.24) follows also that T'y(g?, to; gw, £)

(3.26)
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depends only on ¢ — {,, that

I‘N(q(I)V’ to; g, to) = 8(qw; Q?\r)

fOI' qN; qgf E Qg: (327)

and that

(X, to; X, ©) = Gi(x°, x5t — £). (3.28)

In Eq. (3.26) the domain of integration for ¢4_, can
be reduced to 2%7', and one sees that the functions
Tx(gx, to; qn, t) satisfy the same recursive system
of differentio-integral equations [Eq. (3.12)] as the
functions G5 (g3, qv; ¢t — &) for N > 1. The inter-
pretation of Eq. (3.12) in terms of Brownian motion
theory shows that the solution of Eq. (3.12) must
be unique, and we can therefore conclude that

Tulg¥, to; av, ©) = Galgw, gvit — &) (3.29)

for all positive integers N.

4. FORMULATION IN CONFIGURATION SPACE AND
USUAL SECOND QUANTIZATION

Let us summarize the situation as it appears in
the first-quantization formalism; we want in
particular to underline a few results which will be
employed in the second quantization.

Let ®(gy; v~) be a Schridinger wavefunction
which deseribes (in configuration space) a collection
of N noninteracting hard spheres of diameter “a”,
in the state »y. We use the notation ¢y = {x,, - - - xy}.
We shall not specify, for the time being, which
statistics are appropriate to our hard spheres, and
do not insist therefore on symmetry properties of
®(gy; vn). We look for the set of square-integrable
funections which

(a) are twice differentiable in R with respect to
each variable, and are, there, solutions of the
Schrodinger equation

(% 90w ) = Bowniav; ),

@“.1)

2 2
2

=St
the domain R is defined by®

R: {qn: [x; — x;| > a, allpairs ¢, j};

(b) satisfy the auxiliary condition

S(gy;vw) = 0 4.2)

in the complement of R (indicated in what
follows with R*);

¢ This domain was called Qg% in the previous paragraphs.
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(c) are continuous at the boundary of R*(3R)
and possess there derivatives in all directions.

We shall assume, without further analysis, that
the set ®(qy; v») provides an orthonormal basis in
the space of square-integrable functions satisfying
(4.2).

It is now convenient to reduce the given problem
to one in which a Schrodinger equation, valid over
the entire E*" (the product of the Euclidean three-
dimensional spaces of the N variables), takes the
place of Eq. (4.1) and of the auxiliary condition
(4.2). For this purpose, we introduce the char-
acteristic function C of the domain R

if
Clgy) = %1 if gv ER,
0 otherwise,

C’ = C. 4.3)

Let us also remark that Clgy) = iz C(xs, xu).
We shall use the same symbols C, R regardless of
the number of variables on which they depend.

Notice now that, for those functions ®(gy) for
which (4.2) is satisfied, we have

'(q) = Clgn)2(gn) = Blgw)- (4.4)
We shall indicate with R’ the manifold of all square-
integrable functions which satisfy conditions (b)
and (c¢) as stated above.
Using (4.3) it can be shown that, if the function
®(gn; vy) € R’ satisfies (4.1) in R, it also satisfies
in E*¥ the equation

pars {— S Vi Y 3 V.0 510 1)

i=1 k=1
k#1

X C(qN)V;}q)(QN; VN) = E(VN)(I)(QN; VN)’ (4-5)
where

[V.Cx;, x)].

X

= ___:-a_ﬁ 5(|X.- — X —a— e), €> 0, (46)

and
C™'(x:, %,)C(gw)
= JI c@&x,) ;Ik C(xi, x:) hIkI_ C(x;, x,).

i#=i#h#Ek

Conversely, if (4.5) is satisfied everywhere in E*",
then ®(gy; v~) € R’ and is a solution of (4.1) in R.

We shall not give a detailed proof of this here,
and limit ourselves to make it plausible with the
following heuristic argument.

The second term on the right-hand side of (5)
expresses the fact that, going through a point
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P € 4R, along a direction n, pointing towards R*,
the function ®(qy; »v) experiences a discontinuity
in the derivative precisely equal to its derivative
at P in the direction —n. Therefore the derivative
at P in the direction n is zero.

In R*, only the first term on the left-hand side
of (4.5) contributes; the derivative remains therefore
zero throughout R*, i.e., ®(qw; vy) is constant in R*.
But then, in R*, the left-hand side of (4.5) is zero
and we conclude ®(gy; vy) = 0in R*.7

&(gx; vy) is continuous at the boundary of R;
this follows from the fact that we have assumed
that the derivatives of ®(gwn; vy) exist on 9R in
all directions; Eq. (4.5) would not make sense
otherwise.

That ®(qn; vy) satisfies (4.1) at every point of R
follows immediately from (4.5), noting that R is
an open set.

Equation (4.5) which, as we have remarked, is
valid on the entire E*, will from now on substitute
(4.1) and the auxiliary condition (4.2).

At this stage of the game, one would introduce
the standard formalism of second quantization and
thereby define “creation” and ‘annihilation” oper-
ators on a certain Hilbert space 9; these operators
are required to satisfy the usual (canonical) com-
mutation relations. All the results of the first-
quantization scheme can then be reproduced,
provided one exercises proper care in the choice
of the Hamiltonian.

To be sure, one has also to require suitable
transformation properties under those groups which
left the original Schrédinger theory invariant. The
auxiliary condition (4.2) is foreign to these manipula-
tions; it is then introduced at the end as a constraint
that a vector in § must satisfy in order to correspond
to a physically admissible state.

Let us emphasize that, in the standard scheme,
the condition (4.2) is irrelevant to the algebra
of operators, which is determined by the “free field”
commutation relations. If we now construct a
Hilbert space , operating with these operators
on the vacuum, we shall find that some of the
vectors in © are ‘“‘unphysical,”’ since they should
be associated with states in which two (or more)
hard spheres overlap. It may be therefore interesting
to give a scheme in which only physical states
are used. This formulation may, 'in fact, prove
particularly convenient if one wants to work in
momentum space, where the criterion for selecting

7 Note that E(vy) > 0 in hard-sphere system without
interaction.
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physical states has a somewhat complicated appear-
ance. It may also turn out to be useful in the
investigation of the meaning of commonly accepted
approximations.

Before we go on to this formulation, let us recall
a few formal features of the usual second-quantiza-
tion scheme. One introduces creation operators
¢'(x)* and annihilation operators ¥,(x), which
provide an irreducible representation of the com-
mutation relations

[W(®), %)) = 8&x — y) 4.7

on a Hilbert space $ to which belongs by assumption
the “vacuum” state |0), characterized by ¥,(x) [0)=0,
all 2’s.

We shall treat from now on the case of hard
spheres satisfying Bose-Einstein statistics; what will
be said remains valid, with obvious modifications,
for hard spheres satisfying Fermi~Dirac statistics.

Any vector |v) in $ can be written in the form

=3 [ oin) lod Par, @)
N=0 i
where®
lgw) = W) Hax)) -+ olxw) 0).
We shall define
Py(gn) = |an)gvl, 4.9)
and introduce the projection operator P:
P=3 [¢aCaiPe), @10
N=0

with C(gy) defined as in (4.3). One can then easily
check that condition (4.2) is equivalent to

) € O where Pr = PO. 4.11)

Equation (4.11) is the condition that a vector in
$ has to satisfy in order to be associated with a
physically admissible configuration, i.e., to be char-
acterized—in the z representation—by a wave-
function ‘

®(qy; vv) = {q | v~) which satisfies (4.2). As
Hamiltonian, we choose

H= [ V6@ Ve s @12)

This choice is justified noting that, from (4.7), (4.8),
(4.12), the following equality is obtained:

8 The subscript is here used only to differentiate these
gperastors from the y(x) used in Sec. 2 and 3, and later in
ec. 5.
® We make free use of improper vectors; one can imagine -
enclosing 1:,he gystem in a box, and letting the volume of the
box go to infinity in the end.
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H I”N) = NZ-ofdsqN
X lim {— 3 Vi+ 2 3 [V.C, )],

0 i

X C7'(x:, x)C(qn)} 2(gn; va) law) (4.13)

if ®(gw; vw) € R, ie., Clan)®(qn; vw) = B(gw; vw),
and &(gy; vy) is continuous on R and has there
derivatives in all directions. The Schrédinger equa-
tion (4.1) together with the auxiliary condition (4.2)
is therefore equivalent to

H |vy) = EQ@y) |va), (4.14)

with H given by (4.12) and |vy) € H». We also
notice that

(H, P] [pw) = 0 (4.14')

if |vy) is an eigenstate of H belonging to $,. We
shall assume, as mentioned above, that the eigen-
states of H belonging to $5, are discrete and that
they provide an orthonormal basis in $».

We shall find useful, in what follows, to describe
the dynamics of the hard-sphere system using,
instead of H, the operator

H' = PHP. (4.15)
Evidently, if [») € 9» and H [v) € 9D»p, then
H [v) = H’ |v). Also, from (4.15) it follows that
the eigenstates of H which belong to $, are also
eigenstates of H'. We have already assumed that
the eigenstates of H belonging to §p provide there
a complete basis. Therefore the eigenstates of H’
are also eigenstates of H belonging to $, and the
two Hamiltonians are “equivalent’”’ on $p.

In fact, let |uy) be an eigenstate of H':

H' |iy) = e(un) Jux)- (4.16)

Let |vy) be the eigenstates of H in $p and let
lux) # a |vy), @ a number, for all »,'s. Since the
lvy) form a complete set,

lew) = NE Cy low);

H’ IMN> = NZ, CNlE(VN') IVN'). (4.16/)
In fact,

(VN’| H' lﬂN) = E(VN'XVN’ | sz> = E(VN’)CN’-
From (4.16) and (4.16’) one derives

> [EGx) — euw)]Cy ) = 0.

N’

@.17)

However, by asumption,

E(VN) #= e(F'N)
for all p’s (the case of denumerable degeneracy can
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be treated in a similar way). Equation (4.17) implies
then Cy. = 0, all N”’s, and therefore |uy) = 0.
Using (4.15) we shall write the equation of motion
for the state [») as

1(3/0%) ) = H' |v)

provided the right-hand side is defined. To pass
to the Heisenberg representation, we set

bha =€ ), Wz, ) = ¢ Y@

Since [H’, P] = 0, the condition for a state vector
in the Heisenberg representation to represent the
“history”’ of a physical system is

P )y = p)x.
The equation of motion for any operator 0(x, f) is
i(a/9)0(x, t) = [0z, 1), H']. (4.18)
5. FORMULATION IN TERMS OF A NEW ALGEBRA

We shall now reformulate the alternative approach
to second quantization for a gas of hard spheres,
already introduced in I and in Sec. 2, working now
consistently within an operator formalism. The
advantages of this approach have been mentioned
before; the main disadvantage, from the point of
view of this section, is the appearance of a ‘‘free-
field” algebra, far more complicated than the one
usually accepted. Changing the commutation rela-
tions may seem a somewhat drastic step, but an
attempt to deal with the hard-sphere problem using
standard commutation relations led [E. Lieb, Proc.
Natl. Acad. Sci. U.S. 47, 1000 (1960)] to a formalism
in which the Hamiltonian does not exist (as an
operator).

Let us introduce in $ the following operators:

¥(x) = Pyo(x)P, (6.1)
V'@ = Ph®P, (5.1)
with P defined in (4.9), (4.10). These operators
will turn out to have precisely the same matrix
elements as the matrix operators introduced in I;
this will justify a posteriori the use of the same

symbol. Using the definition of P one can easily
check that the following identities hold:

Pyo@P = ¢o(x)P, (5.2)
Pyy(x)P = Pyy(x). (5.2

Equation (5.2') shows that the y¢'(x)’s form in
©» a cyclic representation’® of some algebra (to be

10 A get {A;} of operators on a Hilbert space 3C is called
cyclic with respect to a vector ®, € JCif the vectors P(4.)®,
span the entire Hilbert space, when P(A;) varies over all
the polynomials in the 4,’s.
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exhibited later) with the vacuum as cyclic vector.
In other words, the states

) @) - ¢'Ea) [0)

form a ecomplete basis in ».

The proof goes as follows: we know that any state
|[v) can be approximated arbitrarily by states of
the form

fd‘IN‘I"N(Xn T XN)‘I/;(XI) T lb;(xn) IO):

ie.,

M
I”) - Z f dgn®un(Xy, - -+ Xx)
N=0

X Ya(®) ++ - Yolxa) |o>“ <e
if M is large enough. But, for any vector |p) and

any projection operator P, ||P |p)]] < || [0}l
Therefore,

)lP by — ; f dgn®y(x; * - - Xn)

X Pyo(xs) -+ volxn) |0)|] < e

for M large enough. The interchange of the operator ’

P with the operation Yy [ is justified since P is
a bounded operator. If |v) € $p, P [v) = |v).
Using (5.2) and the identities P* = P and P |0) =
|0), one obtains

|”) - ; f dgn®n(x, -+ Xx)

X ') - ¢ () 10>H <e

if [») € $p, which proves our assertion.

For various purposes {(e.g., to introduce a particle
interpretation), it is useful to know that the rep-
resentation is also irreducible, i.e., that no proper
subspace of §p is left invariant by all ¥(x), ¥f(x).
To prove this, suppose £ were such subspace. Then

YR C 9, YOS B (6.3)
ie.,
Py(x)PS: C $F, Pyo@PO S 95 (5.4

But P = . since 7 C Pr. Equation (5.4)
reads therefore

W@®Pr S O Ph®Pr S D (54)
Let |[x) € ©2; the second relation of (5.4’) implies
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then
Yo(®) Ixs = @ i) + B ),

where
) € 6, |x) € 95,

) = ©% — 94, and § is the set of all vectors
which can be obtained from a vector in $2 through
a finite number of applications of _1//;(2:), and their
closure. Notice that (5.4’) implies $; C 9. Then
92 U 91 is a subspace of O invariant under all
the ¥o(x)’s and ¢ (x)’s. Since the representation
they provide is, by assumption, irreducible, we
conclude $; \J Hr equals either $ or 0. In the
latter case, 2 = 0. In the former, since $; C H7
one has ) = H». Q.E.D.

We shall now derive the explicit form of the
algebra, a representation of which is provided by
the operators ¢ (%), ¢¥'(x). Using (5.2), (5.2'), and
the standard commutation relations for ¥o(x), ¥o(x),
one gets

V@), v =0 = W'®, ¢'®], (5.5
YEYE) = P, D@ o), (5.6)
Py = T [ 0,3, 00Pu(as) das,
W), ¢'®] = Y@PYT) — Pyoly)vo(x)P
= Péx — y) + P@@ — Dyo®P.  (5.7)

If we could write the last term in (5.7) as an explicit
function of ¢(x) and ¢*(x), we would have succeeded
in exhibiting the algebra of the ¥(x)’s. It is of course
rather simple to express P in terms of ¢(x) and
Yt(x); the problem of writing in a similar form
expressions like y,(x)(1 — P)gb;(x) is, however,
more involved. Some more manipulations are there-
fore required (and are given below), before the new
free-field algebra may be exhibited.

Before we introduce new definitions, however, let
us deseribe the dynamics of a collection of non-
interacting hard spheres in terms of ¢(x), ¢'(x).
We have already seen that a Hamiltonian which
is equivalent, within the physical states, to (4.1)
and (4.2) is

H =P f Vi®) - Vo®P dz. (5.8

With our definition of ¥(x), (5.8) can be written as

[ vPua)-V@wP) ¢

= f V'@ V) &z = H,. (5.8
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Notice that H, is written completely as a function
of the elements of our algebra. In passing from
(5.8) to (5.9), use has been made of the identities

V($@P) = (Vo(x))-P. (5.10)
To justify this, consider the expression

[ @26l (V)P o),

where o(x) is some “smooth’ function of x and

o), b€ 9.
We have) lf IX) E @P;

[ @2 6l V@P) oo
= — [ d% (ol %s@P k) V-0

[

— [ @ (ol 1@ b Vo)

f &z (p] V- () [x)+0(x)

= [ @6l Vi@ P o). 61D
If [x) € 3 — X,
(6l VW@P) [x) = 0
= {p| (V- ¢o@)P [x). (5.12)
Q.E.D.

Let us now introduce one more projection operator,

so defined: »
P = 3, [ 4006, aPuled,  613)

with P, C defined in (4.9), (4.3). The meaning
of P(x) is easily found: P(x) selects those states
that represent a system in an allowed configuration
(s — x;| > @, all ©’s and j’s) such that one more
hard sphere of diameter ¢ can be added at the
point x (and at a fixed time, that we choose equal
to zero) still yielding an allowed configuration.
From (5.13) it follows that

P-P(x) = P®)-P = Px). (5.14)

One moment’s thought (or a straightforward com-
putation) makes the following identities clear:

¥(@) = PY@P = P@o(x),  (5.15)
V'@ = Py@P = y@PE, (5.15)
W@PF) = C&, PPH%®),"  (5.16)
mhat
P(x,y) = Cx, y)PX)P(y),
P@¥%T) = CF, D¥PX).  (5.16)
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Using these identities, one then has
W), ¥'®)] = & — y)PR)
— [l - C&x, VW' GE.  (6.17)
Proof:
[¥®), ¥'®)] = PE[¥E), %§)1PF)
— ¥ @)¥E) + PE @) %@P®)
= P®ix — y) — ' G
+ C@&, ) y)PEP)¥0(x)
= P®)ix — ) — ¢' 0¥ + C&, 1)¥' §)¥x),
where use has been made of the identities
P(x)P(y) = P(y)P(x),
P(x) = P(x).

Let us remark that, although a new projection
operator has been introduced, we did not change
the definition of ¥(x). In particular, the dynamics
is still given by the Hamiltonian (5.8).

We shall now express P(x) as a function of ¥ (x)
and ¢'(x). One has, formally,'

P(x) = 0f1z-xiza ¥ 1@V n s

(5.18)

(5.19)

where the symbol 0%, A being an operator, is defined
by the following rule: choose a representation in
which A is diagonal. If 4 has only nonnegative
eigenvalues (as is in our case), then 0* is defined by

OA |a> —_ {|a> if a = 07
0 if a>0;

Ala) =ala). (5.20)

Expression (5.17) has thereby been written com-
pletely in terms of ¥(x) and ¢! (x).

We can now forget its derivation as well as the
expression of ¥(x), 7 (x) as a function of ¥,(x) and
use (5.17) with (5.5) as the definition of the “free-
field algebra” (referred to in what follows as S
algebra), appropriate to the hard-sphere problem.
A gas of free hard spheres is then described using
an irreducible representation of the S algebra; the
“vacuum” may be selected as cyclic vector to
construct ©p, the Hilbert space on which the
elements of the representation operate. All vectors
in $, represent physically permissible states, and
no auxiliary condition like (4.2) is introduced.

The evolution in time of the system is exhibited
by a unitary transformation U(¢), the infinitesimal
generator of which is H,, introduced above in
Eq. (5.9).

12 The formal proof of (5.19) is given in the Appendix.
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One has, for every operator 4,
1(0A/at) = [A, H,]. (5.21)

In particular, choosing A = ¢(x, ) and using in
(5.21) the explicit form of H, and (5.17), one obtains

(&Y peyvty, 1) + lim

do,
at o1 7

|y—x[=ate

X T=2 ', - V0, 0¥, ). 5:22)
For completeness, we want now to give explicitly,
as a function of the ¥’s, a representation on P»
of the group of rotations and translations in three
dimensions. We shall restrict ourselves to the latter
group, the former being treated in precisely the
same fashion. On the Hilbert space $ of the usual
second quantization, a representation is provided
by the unitary operator

U(a) = exp (i11-a),

n=i [ W@VeEds.  (6.23)

One has

Yo(x + a) = U@)y®U' @),
and also

Px + a) = U@P®U (),

as one can easily see, e.g., from Eq. (IL3) (cf:
Appendix IT). Therefore,

Y + a) = U@y&)U'@). (5.24)
We remark now that
[P, U@)] =0 (5.25)
for all a. In fact,
V@PU'® = 3 @arCla)U@Pxa)U'@
- 3 [ Fac + OPa + 0, 620)

where we have used
Clgvn+a)=Cx:+a,x.+a,
and
U@Px(g)U'(a) = Ula) lgw)av] U'(a)
= |gv + a)gy + a| = Px(gy + a).
From (5.25) it follows
[P, ] = 0.

xy + &) = Clgn)

(5.27)
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This could have been proved also directly, by
noting that

N

Z 2 Clx,

& ax{ .« e xN) = O’

as C isa function only of the differences x; — x;.
Consider now the operator
Up(a) = PU(a)P. (5.28)
It satisfies
Ur@Ur(@) = P = Ur@Us@).  (5.29)
If restricted to ©p, it is, therefore, unitary. Also,

¥(x + a) = U@y@U'@a) = U@Pyx)PU'(a)

= Ur(@P®PUs(@) = Up@¥@Uix). (5.30)
Let
U,(@) = exp (il1,a), (5.31)
where
I, = PIIP = iP f U@V o (®) d°x. (5.32)
Using (5.10), (5.2), and (5.2), one obtains
O, =1 f v XV Y(x) dx. (5.33)

Equations (5.30), (5.31), and (5.33) exhibit, as a
function of the ¢’s, a unitary representation on $p
of the group of translations in three dimensions.
For infinitesimal values of the parameter a, Egs.
(5.30) and (5.31) give

1[9y(x)/9x] = [T, Y(x)]. (5.34)
Introducing the Fourier transform of y(x),
1® = [ ™y ds,
Eq. (5.34) can be rewritten as
(ML, $8)] = ~kJ(), .35

[, ¥'(k)] = ky'(k).

Eq. (5.27) shows that the “total momentum”’ of a
state is still a meaningful quantity, and Eq. (5.35)
indicates that, e.g., ¢7(k) does indeed “‘increase”
the total momentum of a state by the amount k.
It should be kept in mind, however, that the
momentum of a single particle is not an observable
in §p. In fact, let |k, 1) be the state of one particle
with momentum k, and let |p, N) € $Y be a
state describing N particles with total momentum
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equal to p. Then

Ik, 1) ® Ip, N) & 877, (5.36)

ie., the state |k, 1) @ |p, N} cannot occur as a
physical state for a system of N 4 1 particles.

Therefore, the operator Jf(k) is not a creation
operator for a particle with momentum k.

APPENDIX I

It must be possible to obtain Eq. (3.11) by a
limiting process from an equation valid for finite
potentials. There is, however, a slight difference
between the case of a finite potential, however
large, and the case of hard-sphere interaction.

For the case of a finite potential, one has
Lim Gulgy, qv; B) = gy — gv),  (L1)

while in the case of impenetrable cores, one has

Gy(gy, gv; B8 = 0, (1.2)

unless ¢5 and gy are in Qf, and, therefore,

lim Gy(gy, qv; B)
80
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= {B(qN - qgv) if an, Q?V E Qllgy (13)

0 otherwise.

This difference means physically that for any finite
potential the entire configuration space is accessible,
while the idealization of impenetrable cores excludes
part of the configuration space even in the limit
of infinite temperature. This requires some pre-
cautions in performing the limiting process.

Let Gw(qy, qv; B and Gi(gw, qv; B) be Green’s
functions of the Bloch equation for N particles with
interaction potentials V(gy) and V’(qy), respec-
tively. (We will omit the subscript & in the following
calculation.)

Consider the integral

(1—a)B
I = f dt f G(QO, q;; t)v(q/)e—(ﬂ—t)o(a')
af

X, ;8- 0dg', (14

where o is a real positive number smaller than
unity which we will let approach zero at the end;
and v(q) = V(g) — V'(9).

This integral can be transformed as follows:

{(1~a)8
I= f dtqu’G(Qo. ¢; t)[g—t e“”‘”"‘“"]G’(q’, %G8 — 1)
ap

-8 9 , —(B=09 a1l ot
=fﬂ dtfa—Z[G(qo,q;t)e G'(¢,q;8 — B

(1-a)B , i ’ —(B—t)v(a")
_ fﬂ dtqu 5,000, ', e G'(¢ a8 = 1)

—{(8—-1t)s(q’ J 1l At
+ Glgo, ¢ 0677 6@ (q, g5 8 — t)].

(1.5

With the use of the Bloch equation, the second term can be written as

{(1-a)f , N
—fﬂ dt f dgle” B0 ’{[2} A4 V(q’)]G(qo, ;06 (¢, ¢;8 — ¥)

- (g, ¢'; t)[): Vi~ V’(q’)]G(q’, g;8 — t)}-

i=1

The terms with ¥V and V’ add up to I again and we have

0=
B

(1~a)p 3 , (1-a)8 ,
f dt_a_t f dq’G(qo, ql; t)e—(ﬂ—t)v(a ’G’(q’, q; B - t) — [ di f dq/e—(ﬂ—t)-(q)
a g Jaff

@

N N
X [Z VPG (g, ¢'; DG (¢, ;8 — 1) — Glgo, ¢'; 1) ; V(¢ ¢; 8 — t):l

i=1

= f [G(go, ¢'; (1 — B "G'(¢’, g;aB) — Glgo, ¢';0B)e” " @ (¢, ¢; (1 — a)B)]

(1-a)p
- fﬁ dtqu’e“”""‘"" 2. ViIViG(g, ¢ 0IF(¢", 4;8 — 8) — Glgo, 5 OVIF' (¢, ¢; 8 — D).
(1.6)
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The last term can be written as
(1-a)f
~[ a4 [ ¢ T it e(vie) 6 - 6 vien)
af . k]
. (1-al)f ,
+ [ a [ ar Ve - ¢ viel.
af i
The first integral vanishes when Born—von Karman conditions are imposed on G, @, and », and we have

0= f dq'1G(gs, ¢'; (1 — )B)e """ "G (¢’ ¢; af) — Glgo, ¢'; aB)e” "G, ¢; (1 — @)B)]

(1-a)f .4
+ fﬁ dt f dg’ X, Vie ® @ (¢, ¢;8 — OV G(go, ¢'; 1) — Hgo, 5 OVIG (¢, ¢;8 — D). (1.7

i=1

N-1

Now we specialize to the case o(g) = Z w(x; — %),
1 & "
Vig =3 i_k_: u@®; — X, and write to conform with the previous notation
V() = 1 N-l’ uE, — %), G2, ¢; 1) = Gulgn, av; B),
254 G'(goy @5 &) = Gr-1(gh-1, Gu-1; GL(XN, X 0).
where the prime indicates j # k, and If we keep u finite and let « approach zero, we obtain

N-1 )
Gy(gw, gv; B) = Gu_s(gh-1, gv-1; BIG(X¥, Xx; B) exp [—6 ; u(x; — X?«)]

B N N-1
- fo di f dgx Z_; Vi exp [—(B ) ;u(ld - xz’v)]{[ViGN(q%, ak; 8]

X Gy_1(Qh-1, qv-1; B — DGk, Xn; B — 1) — Gulgy, g4; D)
X ViGy-1(gh-1, qv-1; 8 — DIG(Z%, Xx; 8 — t)} (1.8)

In deriving the corresponding equation for the hard-sphere case, we have to start with Eq. (I.7)
and perform the limit

u@;, — %) = o for |x; — x| < @, (1.9)
u@, —x)—0 for [x;, — x| >a

first, with « and 8 > 0 fixed. We then obtain

N-1
0= f dq&[GN(q‘z’v, gh; (1 — a)B) I_I1 0x; — XN)Gw-1(Qh-1, gn; aB)G(XN, Xx; aff)
N-1
— Gulgw, gi; aB) IEI1 0x; — x4)Gr-(gr-1, qv; (1 — )B)G(Zk, xN; (1 — a)ﬂ)]

(1-a)f N N-1
+ [ ae [ dgy 3 v IT 6t = <)V 1Ga(ahs 083 Gsghors a8 — D

X Gy(xh, xv; B — ) — Gulgw, qv; OV UGCun-i{gh-1, qv-1; B — D)G1(xk, xv; (B — )],  (1.10)
where

0 for |x; — xy| S-a;

0(x,~ bl xN) = { (I.ll)

1 for |x; — xx| > a.
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Since the discontinuity of §(x) occurs at [x| = a + 0,
we have

Vi0(x; — xx)
= (% — x| —a - I (119)
Vno(x; — xx)
= §(|x; — xy| — a—O)&%ﬁ,
and
¥ N

1 0(x; — Xy)'V; = Ni [tli[i 0(x; — xn)]

i=1

PIRS

i=1 i
138

X (i, ~ x¢l — @ — 0) B2V, — V). (L13)

Since, in the limit (1.9), the function Gy(qy, ¢¥; £)
vanishes if |x; — x§| < a, the factor ] [ 2] 0(x] — x4)
in the first term of the integrand in the first integral
of Eq. (I.10) can be omitted. Under the assumption
that, in the limit (I1.9), Gu(gy, gn; t) — 0 if, for
any j # N, |x; — Xy| — a, the second term in the
second integral in Eq. (I.10) can be omitted. Also,
if [x; — xy| < @, for any [ 5 j, then

[(x; — xx)/al(V; — VN)GN(ng an; t) = 0,

go that the factor [zl 6(x; — xy) in Eq. (1.10)
can be omitted. Taking the limit « — 0, we then
obtain

N-1
Gylgy, gv; B = 1] 0@} — 23)Gy-1(gh-1, qv-1; B)

i=1

8
X Gy(xy, Xy; 8) — f di f day
0

N-1
X > 8(|x; — x| —a — 0)

=1

X [x—'{—i—& (V] — Vi)Guldy, dh; t)]

X Gr-1lgh-1, qv-1; 8 — DG &Y, xv; 8 — 1), (1,14)
for 8 > 0. For g} & QF, this agrees with Eq. (3.11),
APPEﬁDIX I

We want to prove here that
P(x) = Of,y_,,s‘,d-w*(y)wy).

We have

P = > Py,

N=0

(I1.1)

BOSON FIELD OPERATORS. II.

with

Pl G-3)]
X [ II (1 - u@%lo@ﬁ)]

M>N

X 377 [ Clauite) - v

X Yo(Xy) « -+ Yol®w) d3QN, (I1.2)

and

P@) = gPNRN(x) = é MZO:;PNRM(x)

~ PR®) = 3 Py®), (L3)

where

v =1 (- 5)]
x {11 [1 - Le@pw )

M>N

X 3 ﬁl dgr T1 O, x)0xIo(x), (114)

Pvo = [ 1 (1- )]
{11 [1 - Le@nwas])

1

X5 [ 00 TL O 20V @OV, (L9

Let us now introduce in R} the following de-
composition:

R is (the set of all functions belonging
to R} and) such that C(x, x,)f = 0,
all 7’s;
Ry is such that C(x, x,)f = é.f;
Rl is such that C(x, x,)f = (6. + 8:)f;
k<j

’
RN;,“...),N~‘
k1< 2 <kN-2

is such that C(x, x,)f = <Nz_i 3ek.)f ;

m=1
RI,V;!."'N

We shall denote by {m}y any sequence of numbers
k, --- k, taken among the first N cardinals and
such that k; < k; iff 1 < j(5,§ = 1 --- N). The
sequence that does not contain any element is
indicated with 0.

is such that C'(x, x,)f = f, all 7’s.
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With these notations, R} is the direct sum of all
R} .imx, Which are pairwise orthogonal. In fact,
if f(gw) is a function in R}, its component in R},

(m)N
is given by
PN:(m)Nf(qN) = 'G(I—Il C(xl X;)
X .Q{H) 1 — Cx, x)lf(qw).  (I1.6)
i<N

Py.tmin, 88 defined in (I1.6), is evidently linear
and one has

E PN;lm)N

{miNn

= ‘I;Il {C(x; xi)
+ 1 -0k x)} =1, (IL.7)
PyimnPrjmny =0 if {m}y 5# {m'}N (I1.8)

Gf {m}y # {m'}y, Py.imx Pwiim)» contains at
least one factor C(x, x;):[1 — C(x, x;)] = 0),

(IL.8)

We now divide $p,5'° into subspaces HI73" accord-
ing to the rule

by € &¥N © (g | v) = ®(qw; vy) € Ryiimiy- (I1.9)
It follows from (II.8) that ¥ N HyWY = 0
if {m}y # {m'}y, and that

Srv = @ OFW.

{(m)§

Wenow notice that both Py (x) and 0/ s-nsa ¥tV

2
PN;(m]N = PN;('")N’

(1I1.10)

B3Cp,x 18 composed of those vectors |») € 3Cp such
that ®(gn; ») = (¢ | ») is a function of N variables; one can
easily prove that 3Cp,xy M ¥p,x = 0/ for N = N/, and that
Xp = Dy Xp.n.
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m)

leave each $}7% invariant or map it to zero; in fact,

Py(x) I”)
by if By € 4,
0 if )€ By, (I1.11)
{m}N = {]_ N}N;
and
[ evveven
= W - PUmi ) if p) € fw, (L1

where P({m}y) is the number of elements in the
sequence {m}. From (I1.12) we have, according to
the definition given in the text,

Of,y_xls,,aww(y)w(y) b) = QU-FammI Ly

if P({m}y) =N,

= {M (I1.13)
0 otherwise.
But
P({m}y) = N onlyif {m}y={1--- N}x.
Therefore,
olir-sise @1 O¥® _p oy on @, (IL14)
One can also verify that
Py@) ) =0 if p)E Sruy, M#N. (IL15)

From (I1.3), (II.14), (I1.15), and (I1.10), we then
conclude

O.fly-xlsa"'w*‘y’“” = Pix) on . (I1.16)
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Causality is represented by a partial ordering on Minkowski space, and the group of all auto-
morphisms that preserve this partial ordering is shown to be generated by the inhomogeneous Lorentz

group and dilatations.

ET M denote Minkowski space, the real 4-

dimensional space-time continuum of special
relativity, and let @ denote the characteristic
quadratic form on M,

Q@) = 25 — 2} — 23 — 13,
z = (o, X1, Tz xa) € M.

There is a partial ordering on M given by z < y
if an event at z can influence an event at y; more
precisely, <y if y—z is a time vector, Q(y—z)>0,
oriented towards the future, o < yo. Letf : M — M
be a function that is a one-to-one mapping (we
make no assumptions that { is lnear or conttnuous).
We call f a causal automorphism if both f and '
preserve the partial ordering; in other words,

r<yefr<fy, all z,yE M.

The causal automorphisms form a group, which
we call the causality group.

Let G be the group generated by (i) the ortho-
chronous Lorentz group (linear maps of M that
leave @ invariant, and preserve time orientation,
but possibly reverse space orientation), (i) transla-
tions of M,%and (iii) dilatations of M (multiplication
by a scalar).

Theorem. The causality group = G.

Remark 1. The significance of the theorem is that
if we interpret the principle of causality mathe-
matically as the set M together with the partial
ordering, then the inhomogeneous Lorentz group
appears naturally (withdilatations and spacereversal)
as the symmetry group of M. Therefore the basic
invariants of physies, which are the representations
of the inhomogeneous Lorentz group, follow nat-
ually from the single principle of causality.

Remark 2. It is easy to see that @ is contained
in the causality group, since the generators of G
preserve the partial ordering. The converse is not
obvious at first sight, because there seems no

reason why a causal automorphism should be linear
or even continuous. In fact, the result depends
essentially upon space being more than 1l-dimen-
sional. If space were 1-dimensional then the causality
group would be much larger than @, and the general
causal automorphism would map the space and
time axes into curved lines, as is shown by the
example below. Thus the typical 2-dimensional
picture of Minkowski space to be found in most
textbooks is misleading.

Remark 3. The condition for f to be a causal
automorphism is a global condition, but is equivalent
(by an elementary compactness argument using
the transitivity of <) to the following local eondi-
tion: given ¢ &€ M, then there is a neighborhood
N of z such that

y<zefy<jf, all y,zEN.

Intuitively this means we need only think of the
principle of causality acting in our laboratories for
a few seconds, rather than between distant galaxies
forever, and still we are able to deduce the Lorentz

group.

Remark 4. There is another relation on M given
by £< - y if light can go from z to y; more precisely
z <-yif y — z is a light vector, Q(y — z) = 0,
oriented towards the future, o, < y,. The relation
x <- y is not a partial ordering because it is not
transitive,

r<y<-z=hzr<-z

We shall show in Lemma 1 that, in the definition
of causal automorphism, it does not matter whether
we use < or <- (or both). Intuitively this means
that the Lorentz group can be deduced equally
well either from causality between heavy particles,
or from causality between photons, or from both.
Remark 3 also holds for < -, although the argument
is slightly more complicated due to the lack of
transitivity.
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Remark 5. In Remarks 2 and 3, when referring
to the “‘continuity” of f or the ‘neighborhood”
of z, we have implicitly assumed a topology on M,
although for the proof of the theorem we assume
no topology. It is customary to think of M as having
the topology of real 4-dimensional Euclidean space,
but there are reasons why this is wrong. In particular:

(i) Euclidean topology is locally homogeneous
whereas M is not; every point has its associated light
cone separating space vectors from time vectors.

(ii) The group of all homeomorphisms of Eu-
clidean space is vast, and of no physical significance.

In a subsequent paper' we suggest alternative
topologies for M, which are not homogeneous, and
have the property that any homeomorphism maps
light cones to light cones. Therefore any home-
omorphism preserves or reverses the relation <-,
and so the group of all homeomorphisms of M with
such a topology will be the double cover of G.
Consequently, the topology is physically significant
because it implies the Lorentz group.

The existence of such topologies on Minkowski
space suggest the possibility of similar topologies
on the inhomogeneous Lorentz group, finer than
the Lie-group topology. Any representation with the
Lie-group topology would a fortior: be a representa-
tion with a finer topology, but not necessarily
conversely. This raises the question: are there some
new representations of the inhomogeneous Lorentz
group?

Ezxample.

Let K denote 2-dimensional Minkowski space
with characteristic quadratic form

Q(x) = x5 — =3, z = (2o, 7,) € K.
Choose new coordinates
Yo = Ty — Ty, h = 2o + 2.

Let fo, f, : B — R be two arbitrary nonlinear orienta-
tion-preserving homeomorphisms of the real line
onto itself. Define f : K — K by

1@o, 1) = (foo, frtn)-

Then f is a causal automorphism, but f & @ because
f is nonlinear. In general, the images of the space
and time axes will not be straight lines,

Lemma 1.*Let f : M — M be a function that is
a one-to-one mapping. Then f, {* preserve the partial
ordering < tf and only if they preserve the relation < -.

1E. C. Zeeman, “The topology of Minkowski space’
(to be published).
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Proof. If x < y implies f 'z < f 'y, then z < y
implies fx <« fy. Therefore if f, f* preserve <,
then f preserves < and <. Now

2 <y {x Ly
y<z=z <z

Therefore if f preserves < and <, then f preserves
<. Therefore if f, f* preserve <, then f, !
preserve <. Conversely,

r <y {x Ly

x <-z<-y, forsome =z.

Therefore if f preserves <« and < -, then f preserves
<,andsoif f, f " preserve <-, thenf, f ' preserve<.

Notation.
If + € M, let C, denote the light cone through z,

C.={y;z<-y or z=y or y<-z}.

If £ <. y, we call the line through z and y a light
ray and denote it by R, ,. We deduce

R.,=CNC,.

Lemma 2. A causal automorphism maps light rays
to light rays. '

Proof: Let f be a causal automorphism. By
Lemma 1, f and f~' preserve < -, and so fC, = C..
Therefore if z <. y,

fR:.u = f(Cz N Cu) = C!z N Cfu = Rf:.fﬂ'

Lemma 3. A causal automorphism maps parallel
light rays to parallel light rays.

Proof: Let a,, a, be parallel light rays, and let
P be the plane through them. There are two cases
according to whether or not P is a tangent to all
the light cones with vertex in P.

Case (1). Suppose P is not a tangent (this is the
usual case). Then P contains two families {a}, {b}
of light rays, where {a} consists of all lines parallel
to a, (and a,), and {b} consists of all lines parallel
to another direction. If + & P, then the light cone
with vertex # meets P in the two light rays through
z, one from each family.

Let f be a causal automorphism. The images
{fa}, {fb} are families of lines with the property
that each fa meets each b, but no two of any one
family meet. There are two possibilities; (i) fa, and
fa, are coplanar, or (ii) they are not. We shall
show that (ii) leads to a contradiction. For if fa,, fa,
are not coplanar they lie in a 3-dimensional sub-
space S, say, of M. Then each fb C S, because
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it meets fa, and fa., and therefore each fa C 8.
Therefore the two families are generators of a
nondegenerate quadrie surface in S. If this quadrie
surface is a hyperboloid (meeting S. in a conie,
where S. denotes the plane at infinity), then each
fa is parallel to some fb (the unique fo through
fa M 8.), contradicting that fa meets fb (in a finite
point). Alternatively, if the quadric is a paraboloid
(meeting S. in two lines), then the directions of
{fa} are parallel to all the lines in a plane (which
meets S. in one of the lines). But all light rays
are parallel to the rays in a single light cone (which
meets M. in a sphere), and so any plane contains
at most two lines parallel to light rays (through
the points in M. where the sphere meets the line
in 8. C M..), and 8o again we have a contradiction.

Therefore fa,, fa, must be coplanar, and, since
they do not meet, must be parallel.

Case (2). Suppose P is a tangent to all light
cones with vertex in P (this is the exceptional case).
The argument of Case (1) breaks down because
P has the property that it contains only one family
of light rays, namely all the lines parallel to a,
and @,. The planes through a, with this property
span a 3-dimensional subspace 4,, say, of M (the

" tangent prime to the light cones through a,).
Similarly the planes through a, with the property
span A,. Choose a; parallel to a, and a,, and not
in A, \U A,. Then by Case (1), a, and a, are both
parallel to as, and hence parallel to each other.
The proof of Lemma 3 is complete.

Remark. So far, everything we have done applies
to the 2-dimensional example above. As yet we
have not proved that f maps each light ray linearly,
nor have we proved that f maps straight lines other
than light rays into straight lines. We prove this
in the next lemma, using the fact that the dimension
of space is greater than 1.

Lemma 4. A causal automorphism maps each light
ray linearly.

Proof: Suppose a, a, are parallel light rays, as
in Case (1) of Lemma 3. The family {b} of parallel
light rays meeting ¢ and a, determine a linear
map ¢, : @ — a,, and if f is a causal automorphism
the image family {fb} determine a linear map
e, : fa — fa, such that the diagram

E. C. ZEEMAN

is commutative. If a, is also parallel to a,, we can
define similar maps g., e, for the pair a,, a,, and
maps gs, e; for the pair @, @, provided neither
of the pairs is exceptional as in Case (2) of Lemma 3.
Composing the three diagrams gives a commutative
diagram

/

a—fa

lgf le

a—fa

where g = g.g.g, is a translation of a, and e = ezeze,
is a translation of fa (g, e are translations because
they are compositions of parallel displacements).

If Minkowski space were 2-dimensional, then any
such translations would have to be the identity.
But in higher dimensions—and this is where the
difference is essential—we claim that any given
translation ¢ of a can be obtained in this manner.
It suffices to construct an arbitrary translation on
one particular light ray, for then the result will
be true for all light rays since G is transitive on the
set of all light rays.

Let =(0, 0, 0, 0), y=(0, —¢,0, ¢),2=(0, 0, 0, 2¢)
and z* = (0, 0, ¢, t). Let a, a,, a, be the light rays
through z, y, 2, respectively, parallel to the direction
[0, 0,1, 1].

Then

z—Yy—z—ox*,
o1 [:£] gs

Therefore gr = z* and the given translation g
can be obtained by suitable choice of the parameter :.

Let r, s be coordinates chosen on a, fa such that
f(0) = 0. Suppose that when ¢ is the translation
r— 7 < ¢, then e (which is uniquely determined by g)
is the translation s — s 4+ u, where u = u(¢). Then

fr + 8 = fg0r) = ef(r) = () + u(®),
for all r, ¢. Putting » = 0, we have
(&) = u(),
and so
fr + 1) = fr) + (o).

Therefore by induction f(nt) = nf(t), for positive
and negative integers n. If m is also an integer,
then nf[(m/n)t] = f(mf) = mf(¢), and do

o) = rf(9)

for r rational. But the last equation is also true
for r real, because f preserves < -, and so is order-
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preserving on each light ray. Hence f is linear on
the light ray, and Lemma 4 is proved.

'Lemma 5. A causal automorphism maps parallel
equal tntervals on light rays to parallel equal intervals.

Proof: Parallel light rays must be mapped with
the same linear expansion because the family of
parallel light rays meeting them both also remains
parallel. (In the exceptional case use a third ray,
as in the proof of Lemma 3.) Therefore equal
intervals are mapped with the same linear expansion
onto equal intervals.

Proof of the Theorem: We are given a causal
automorphism f : M — M. We can assume the
f keeps the origin fixed, by first composing f with a
translation if necessary. Choose four linearly in-
dependent vectors vy, v,, vs, v, directed along four
light rays through the origin: these form a base
for the vector-space structure of M, and so an
arbitrary vector x € M can be written

xr = Z x,'v,', X;
let g : M — M be the linear map given by
gz = z:(fv.).

We shall show that f is linear by proving that f = ¢.
For each 7, 1 < ¢ < 4, let M; denote the ¢-dimen-
sional vector subspace spanned by »;, 1 < j < 7.
We shall show that f = g on M, by induction on 2.

scalar.
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The induction starts with ¢ = 1 by Lemma 4, and
finishes with # = 4. Assume the induction for 7 — 1.
Givenz € M,, write x = y + z2,, wherey &€ M,_,.
Then the interval from y to z is parallel and equal
in length to the vector z,v;. By Lemma, 5 the interval
from fy to fz is parallel and equal in length to
f(zw,). Therefore

fr=1fy + :f(x.-v;)
= gy + g(z;), by.induction and by Lemma 4,

gz, because ¢ is linear.

This completes the inductive step, and the proof
that f is linear.

Since f preserves < -, the light cone, @(x) = 0,
through the origin is kept fixed. Therefore, multiply-
ing f by.a scalar if necessary, we deduce that f
leaves @ invariant. In other words, in modulo
multiplication by a translation and a dilatation,
{ is a time-orientation-preserving element of the
Lorentz group. Therefore f € @, and the proof
of the theorem is complete.
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The generators of the group or group algebra are used in an analog of the Lie-Cartan method,
which can be applied to finite or infinite groups. This gives a mean for reduction of an arbitrary
group representation, using only the matrix representatives of the generators. It is a set of algorithms
using pivotal condensation and can easily be coded as a digital computer program. Connections with
Lie~Cartan theory are suggested, the reduction of the symmetric group discussed, and methods
for the reduction of representations of the n X n unitary, orthogonal, and proper orthogonal groups

suggested.

I. INTRODUCTION

HE process derived is the formalization of a

procedure which was deduced semi-intuitively
from an analysis of the place of group theory in
quantum mechanics.

The method used for proof is the most pedestrian
of a number of alternative techniques which all
seem likely to work. It has been chosen because it
defines the numerical procedure without requiring
the user to have a very sophisticated understanding
of group representation theory and group algebras.
None of the more concise alternatives does this
nearly so well, and although the proof given is more
tedious than it needs to be because it is nonspecial-
ized, this nonspecialization makes it easier to
program for a computer or to write as input for a
“Brooker-Irons” type of compiler''* such as
COGENT? which is being written for use at Argonne.
Since the proof and method in the form given do not
suggest the way that they were first obtained, it is
worthwhile to outline some of the considerations
which led to the discovery.

Because the quantum mechanical states which
span an irreducible representation of the symmetry
group for the Hamiltonian have the same energy,
one way to reduce a representation would- be to
construct a Hamiltonian known to have no aceci-
dental degeneracy and transform its matrix rep-
resentative to diagonal form.

* Based on work performed under the auspices of the U. S.
Atomic Energy Commission.

L E, T. Irons, Working Paper No. 47, Commun. Research
Division, Institute for Defense Analyses, Princeton, New
Jersey; also Commun. Assoc, Computing Mach. 4, 51 (1961).

2 R. A. Brooker and D. Morris, Computer J. 3, 168 (1960);
3, 220 (1961); J. Assoc. Computing Mach. 9, 1 (1962).

3 J. Reynolds, Appl. Math. Div., Argonne National Labo-
ratory, Argonne, Illinois (private communication).

The difficulty in this suggestion is the need to
guarantee no accidental degeneracy. This can only be
done in particular cases and is difficult to generalize.
The solution is to consider not a particular Hamil-
tonian, but the set of all operators which commute
with every group element. The set of all possible
Hamiltonians is a subset of these and if all possible
Hamiltonians are degenerate then accidental degen-
eracy is not an appropriate term. Since if two
operators A and B commute with every group
element, so do AB and BA; the set of all operators
which commute with the group is an algebra.* It is
called the commutator algebra of the group.'Lemma
2 establishes that the reduction of a representation
of the commutator algebra into its irreducible
components also reduces the group representation.

If it were necessary to construct the matrix
representative of every group element and check
that it commuted with a matrix A to prove that
A represented some element of the commutator
algebra, then this approach would be no better
than the usual one using the operators e =
(na/g) 2o US(P)P, since it would implicitly
require representatives of every group element. This
necessity in the usual method is one reason for
its lack of popularity in applications of the Pauli
Principle to SCF calculations for example.

But it is almost obvious that it is necessary and
sufficient that A commute with the group generators®
for it to commute with the group, and Lemma 1

+ Readers who would like further information on algebras
are referred to a concise treatment in H. Weyl, Group Theory
and Quantum Mechanics (Methuen and Company, Ltd.,
London, 1931; Dover Publications, Inc., New York), pp.
165-170 and 302-309.

§ W. Lederman, Introduction to the Theory of Finite Groups
(Oliver and Boyd, London, England, 1953; Interscience Pyb-
lishers, Inc., New York, 1953), Sec. 14, Eq. (2.37).
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provides a formal proof of this. It is very easy to
construct the commutator algebra @ of the cyclic
group generated by a single element P. All that is
necessary is for @ not to mix eigenvectors of P
belonging to different eigenvalues. With P in
diagonal form, Lemma 2 proves this. The result
implies that S, the space to be reduced, can be
reduced into irreducible invariant subspaces S,
labelled by the eigenvalues A of P, and that these
afford irreducible representations of @ through sub-
matrices 4, of matrices A, which leave the spaces
S, invariant. Suppose now that another group
element @ is introduced, by being given as a
matrix in the basis with P diagonal. If the order®
of the matrix of @ is known, its eigenvalues are
also known, and a matrix H can be found by pivotal
condensation’'® which makes H 'QH diagonal. This
allows S to be reduced into 8 = 3., S, with respect
to (wrt) the commutator algebra & of @ also, and
H gives a (not necessarily unique) relation between
the two bases—one which reduces @, and the other
which reduces ®. The elements common to @ and
® form a subalgebra € which leaves both S, and
S, invariant. Lemma 3, which is a generalization
of Schur’s Lemma, indicates how H might be used
to reduce the S, and S, wrt ©; Lemma 4 specifies
the process of reduction, first in a theoretical way,
and then by a detailed algorithm for the process.
Having reduced the commutator algebra of P and
@, the next step is to add R, a third element to
the group, repeat the analysis, and continue doing
this until all the group generators have been included.

The process works because of a number of inter-
related facts, but the following remarks underlie
all of them.

Reduction of a previously irreducible space when
a group or algebra is restricted by deletion of some
of its elements is a procedure that is fairly easy to
analyze, because spaces that were irreducible remain
invariant and afford (implicitly) reducible rep-
resentations of the new group.

Adding a new group element does not leave
invariant spaces invariant, and therefore the analysis
of the new representation has to be started by
finding the way that the old irreducible subspaces
of the group are coupled by the new element.

¢ See Ref. 5, Sec. 8, Definition 5; the possible latent roots
are powers of the hth roots of unity.

7 A. C. Aitken, Determinants and Mairices, (Oliver and
Boyd, London, England; Interscience Publishers, Inc., New
York, 1951), Sec. 29.

8 H. W. Turnbull and A. C. Aitken, An Infroduction to
the Theory of Canonical Matrices, (Blackie & Son, London,
1932; Dover Publications, Inc., New York), Chap. III;
Chap. V, Sec. 4, p. 49, Theorem II; Chap. VI.
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The natural way to look for these is to remark
that vectors which are not coupled by the group
are coupled by its commutator algebra, and inclusion
of another group element deletes elements of the
commutator algebra. This fact is used implicitly
in a method for reduction of the symmetric group® ™"
whose origins are about thirty years old,'*'** and
also in Weyl’s work*'** on group structure.

There is one other aspeet of the problem which
shows the importance of Lemma 3. The use of
projection operators depends on the orthogonality
relations which in turn depend on Schur’s Lemma.
When two representations are equivalent, there
exists a nonsingular matrix H such that HU(S)H =
U'(S), where U and U’ are equivalent representa-
tions of 8. This implies HU(S) = U’(S)H, and
taking Kronecker products, [U’(S™")] X [HU(S)] =
[U(87Y)] X [U(S)H]. Summing over the group and
using the orthogonality relations gives a set of
simultaneous linear equations for the elements of H.
This is the reality behind the projection-operator
formalism, and it shows that Schur’s Lemma must
be used in the reduction of an arbitrary representa-
tion, and is why use of Lemmas 3, which is another
way of expressing the above result, is a vital part
of the reduction.

The essence of this work is to recognize the above
implications, and prove six lemmas which are
suggested by them. All six are straightforward
except for Lemma 5, and the last two thirds of
Lemma 3. Readers who are not familiar with
numerical methods for matrix analysis are advised
to omit these portions of the paper on a first reading
since the rest is independent of them, except insofar
as they define the numerical method and prove the
validity of results which the reader may be ready
to take for granted until he comprehends the main
line of argument.

After this preamble it is appropriate to state
and prove the Lemmas.

II. FORMAL PROOF

Lemma 1

If P,, P, --+ P, are the matrix representatives
of the f generators of a group @ in a space S, then

9 J. R. Gabriel, Proc. Camb. Phil. Soc. 57, 330 (1961).

10 E. M. Corson, Perturbation Methods in Quantum Me-
chanics (Blackie & Son, Ltd., London, 1951).
( 91;5'{. Yamanouchi, Proc. Phys. Math. Soc. Japan 17, 274
1 .

12 R. Serber, Phys. Rev. 45, 461 (1934).

12 J, H. Van Vleck, Phys. Rev. 45, 405 (1934).

4 H. Weyl, The Classical Groups (Princeton, University
Press, Princeton, New Jersey, 1939; Oxford University Press,
Oxford, England, 1946).
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a matrix A commutes with every matrix representing
an element of G in S if and only if it commutes
with each of the f matrices P,, P,, --- P,.

Proof: The condition is necessary since the P,
t =1 ..+ f are group elements.

It is sufficient because if AP = PA, P7'A = AP™!
and A commutes with P~'. Therefore A commutes
with every product of P’s and their reciprocals, and
the products are the elements of G.

If v is the group algebra of G, the condition is
also necessary and sufficient for A to commute with
every element of v, since an element of v is a poly-
nomial in elements of G.

If the P; are generators of v, but not of G, A
still commutes with every element of v since elements
of v are quotients of polynomials in the P; by
nonsingular polynomials in the P,.

Corollary. If @,, @,, -+ @, are the commutator
algebras of P,, P,, --- P,, the commutator algebra
of v contains just those elements common to
Qy, Gy, - - Q.

Lemma 2

Let @ be the set of all matrices A which commute
with all the matrix representatives of a group @
in a space S. Suppose S is divided into subspaces
S(p, r), r fixed, p = 1, 2 --- Puax(r) which afford
the same representation of @ i.e., each of the sub-
matrices A(p, 1), p = 1, 2, -+ Pnac(r) which rep-
resent @ in S(p, r) are the same. Spaces with dif-
ferent r values afford inequivalent representations.

Then if the matrices P; of G are partitioned
according to the spaces S(p, r), the submatrix
P(pr, gs) = 01if r 5 s, and is a multiple of the
unit submatrix A, (r, P;)1if r = s.

Proof: Since all the nonzero submatrices of A
lie on the diagonal, AP; = P,A implies

A(p; T)P-‘(P, r;q, S) = Pi(p: rq, S)A(qy 8),
and Schur’s Lemma shows
Pp,r;q,s) =0 if rs#s

=N\Jd i r=s,

since A (p, r) is irreducible.

Corollary. Suppose the base vectors of S(p, r)
are called z(p, r, m) where two vectors with the
same m and r but different p values belong to the
same row of the matrix A(r) which represents @ in
each of the spaces S(p, r) = p = 1,2, - - Dmax(r).

The lemma shows that the vectors z(p, r, m), r, m
fixed p = 1 -+ Pou(r) span a space X, (m, r)
which affords a representation T, of Q. If d(r) is
the dimension of S(p, r), > (m, r) occurs d(r) times.

JOHN GABRIEL

Because @ includes all the matrices which commute
with the representation of @, and no matrix of @
couples S(p, r) to S(p’ r), the spaces Y, (m, r)
each afford an irreducible representation of @,
since if some A,,-(r, P;) were zero for all 7, then
matrices A would exist coupling S(p, r) and S(p'r).

(This last result has to be worded a little differently
if 8 is not fully reducible, but the modification
is obvious.)

Notation. Lemma 2 can be put most concisely as
follows. Define e(p, 7; ¢, s) as having ones down
the diagonal of the (p, r; q, s) submatrix and zeros
elsewhere; then e(p, r; q, s) eg, s; t, u) = e(p, 7; ¢, u).
Define e(p, r) = e(p, r; p, r); € has eigenvalues 0
or 1 since €(p, r) = &(p, r), and those eigenvectors
belonging to the eigenvalue 1 span S(p, r). Since
the S(p, ) span S, D _,.. e(p, r) = 1, the unit matrix,
and if P; is an element of the group e(p, r)P;e(g, s) =
3. hpo(Pi, Me(p, 1; q, 8). The e(p, r) define the
reduction of S and A belongs to the commutator
algebra of the group if «(p, r)Ae(gs) = 8,.0..4(pr).
These €'s are called primitive idempotents in the
reduction of S.*

Lemma 3

If @ and ® are two sets of matrices and a matrix
H exists such that @H = H@, i.e., given an element
A of @, an element B of & can always be found
such that AH = HB and vice versa. Then:

1. If H is neither zero, nor square and nonsingular,
@ and ® are reducible but not necessarily fully
reducible.

2. An explicit algorithm exists for reduction of
@ and ® by pivotal condensation of H.

3. If A and B are fully reducible, then A is
reduced into two submatrices A,; and A4,,, and B
into By, and B,,. If H is of rank r, A, and B,,
are equivalent and both r X r.

4. The congruence transformations derived from

‘ pivotal condensation of H, to reduce A and B

through Ay = UAU™ and By = XBX™' also
reduce the basis space.

Proof: If H is as described and of rank r, rearrange
the base vectors for @ and ® to put a nonsingular
r X r submatrix in the leading position of H.

Partition H accordingly,
HlZJ .
Ho,

H — [‘le
21
H,, is square and nonsingular. Suppose H has n

rows and m columns; because it is of rank r, only
r columns are linearly independent. Since the basis
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has been rearranged to put a nonsingular r X r
submatrix in the leading position, the first r columns
are linearly independent, and each of the last m — r
is a linear combination of the first ». Consider
the post multiplication
Bll HZI][]- F} — Bll H2l + HIIF}_
12 sz * 1 12 sz + le

This adds a possibly different linear combination
(determined by F) of the first r columns to each
of the last m — r. Choosing F = —H71H,,, which
can be done since H,, is nonsingular, makes H,, +
H,,F = 0. It also makes H,, + H,.F = 0 because
adding a linear combination of the first » columns
to one of the last m — r which annihilates the top r
elements must also annihilate the rest, because all
the elements of this column can be annihilated by
adding the correct linear combination of the first r,
and since the rows of H,, are linearly independent,
no other F matrix except F = —H,1H,, would
annihilate the top r elements of this column.

The change of basis induced in the carrier space
of B by the reciprocal of this matrix does not reduce
the space because the two subspaces which result
overlap; i.e., an arbitrary vector of the carrier
space does not uniquely determine two vectors,
one in each space whose sum is the arbitrary vector.'®
This can be seen from the example on the cubic
group which is given after Lemma 4, where the
change of basis in the +1 eigenspace of C,, from
[, @+1°)/ V2] to [+ +2°)/ V2, @+7)/ V2]
patently does not give the right spherical harmonics,
although it condenses the necessary column of H.

The proper transformation is to [(z*-+y°+2°)/ V2,
(z® 4+ y* — 22°)/4/2] or, with subsequent normaliza~
tion, to [(2* + ¥* + )/ V/3, (&* + y* — 22°)/V/6].

The generalization of this is to use

X=[1 F}
~F' 1

where F! is the Hermitian conjugate of F, for post
multiplication.
The post-multiplied H is

HY - [Hu — H,F' oJ.
Hy, — H,,F' 0
Since Hy, + H\F = 0, and Hy, + H,F = 0,
HY - E,la + FFY 0}
w1+ F'F) 0

15 See Ref. 4, p. 3, line 33, et seq.; or Ref. 14, p. 9, line 27,
et seq.; also Ref. 14, 2nd ed., p. 295, Theorem 10.4A.
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FF' is square, nonnegative-definite,® and therefore
(1 4 FF') is square, nonsingular, positive-definite,
Similarly, (1 + F'F) is square nongingular, positive-
definite. v

Therefore (1 4+ FFH)} and (1 + F'F)}, and their
reciprocals exist and are real if F is real.

Defining Y by
-
Y=X[(1+FF) 0 J
0 1+ F'F)?
partitioned matrix multiplication shows that Y'Y =
1, i.e., that Y is unitary.

Since this result is to be used for numerical
computation, the algorithm for calculating Y from
F which is read from the original H should be
outlined. The only difficulty is in the calculation
of (1 + FFHY It is not necessary to reduce FF' to
classical canonical form to do this, since all the
post multiplication of X to give Y does is to perform
a Schmidt'® orthogonalization on the m columns
of X without mixing the first » with the last m — r.
The matrix ¥ is the X' of statement 4 of this
lemma. Exactly similar arguments lead to the
matrix U and a transformed H consisting of a
nonsingular 7 X r matrix H{; in the leading position
and zeros elsewhere,

The matrix H{, must be nonsingular because U
and X are nonsingular and so the rank of UHX™*
is r (by the Binet-Cauchy theorem).’” Thus

UHX-‘=[H" 0]-
0 o

UAU™ and B, = XBX™

Bm]
B:»

Partitioning A, =
conformably to this,

Au — [All A12i| Bz — I:ill
21 A22 21

AH = HB requires

A11H1'1 = H{1311,
A21H;l =0,
0= H{1B127

and, since Hj, is nonsingular, 4,, = 0, B,;, = 0,
a:nd Bu = H—I} Au Hu.

Lemma 4

If @ is the commutator algebra of a matrix P
which operates in a space S, and ® is the commutator

18 B, Bodewig, Matriz Calculus (North-Holland Publish-
ing Company, Amsterdam, 1956), pp. 22-26. See also Ref. §,
Chap. VII, Sec. 10, p. 95; and Ref. 14, 2nd ed.. p. 295, Theo-
rem 10.4A.

17 See Ref. 7, Chap. V. Secs. 39-41.
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algebra of @ which also operates in S, then the
representation of €, the commutator algebra of P
and @, can be reduced if a matrix H, which maps
the irreducible subspaces S, of S wrt @& onto the
irredueible subspaces Sg of S wrt @, is known.

Proof: Suppose that ¢ commutes with P and @;
then it also commutes with every matrix X of the
pencil z = (P + zQ)/(1 + z). Lemma 2 shows
that degenerate eigenvectors of X which do not
depend on x must span invariant subspaces wrt C.

The space S can be divided into subspaces S,
each of which is spanned by simultaneous eigen-
vectors of X belonging to the eigenvalues A of P
and u of @, and a remainder S(z) which is spanned
by eigenvectors of P or eigenvectors of @, but every
eigenvector of X in S(z) depends on z.

No two eigenvectors of X in S(zx) belong to the
same eigenvalue of X for all x, for if so they span
an invariant subspace of S(z) in which X is rep-
resented by a multiple of the unit matrix for all z
and the special values z = 0 and ¢ = « show
that they are simultaneous eigenvectors of P and @.

Because of this C(z), the representative of C in
S(z) is a diagonal matrix.

The only other question is: Is C'(z) an arbitrary
diagonal matrix, or do P and @ force degeneracies?

The special case where @ is a diagonal matrix D,
and P = HD,H ' where D, is another diagonal
matrix, may be used to discuss this. The space
> s S, is an invariant space wrt H and H™!
because it is a simultaneous eigenspace, and, because
both H and H™* leave ) ,, S, invariant, H leaves
S(z) invariant. Since S(z) is invariant wrt H,
there is a submatrix H(z) representing H in S(z).
Because H(z) only mixes base vectors of S(x) with
other base vectors of S(zx), C'(x) = H 'C(x)H is
also diagonal for the same reasons as C(zx) is. Since
C’(z) and C(z) are equivalent, they have the same
eigenvalues, i.e., the diagonal elements of C’(z) are
a rearrangement of those of C(z).

This means that the rows and columns of H(x),
and the base vectors of S(z) and H(z)S(z) can be
rearranged so that C(z) and C’(x) appear with
multiples of the unit submatrix down their diag-
onals, and if H is conformably partitioned, there
is just one nonzero submatrix in each row of sub-
matrices, which is also nonsingular, and similarly
for the columns.

Lemma §

Given two algebras and a space which affords
representations of both of them:
If a matrix is known which transforms a basis

JOHN GABRIEL

that displays one algebra in terms of its irreducible
representations into an analogous basis for the
other, then an explicit algorithm exists for reduction
of the subalgebra of elements common to both
algebras.

Proof: @ and ® are two algebras having a common
subalgebra € containing all the elements common
to @ and ® When it is necessary to distinguish
between @ regarded as a subalgebra of @, and € as
a subalgebra of ®, the names €, and €5 will be used.

@ and ® are represented in a veector space S by
sets of matrices A and B. S can be reduced into
irreducible subspaces S, of dimension #n, spanned
by base vectors z,; wrt G. Analogous definitions
of subspaces S dimensions ng and base vectors
Zg; are made wrt ® When it is necessary to distin-
guish between 8 reduced wrt @ according to 8 =
>« S, and the analogous reduction wrt ®, the
names S, and Sz will be used.

Let Sz be mapped on S, by a nonsingular matrix
H, ie., the z,; and the z4; are connected by

nA
Tos = ; 2} H ;. 5i%s;.
i<

The submatrix H,; 451 =1 - ng,j=1++:my
is called H s The reciprocal matrix of H maps Sp
onto S,. The appropriate submatrices are called
Hj.. These should not be confused with the recip-
rocals of the H .5, when these are square and non-
singular which are called (H ,;)~". Call the matrices
of @ which belong to €, A¢. Define B, analogously.
Then B, = H'A.H. The spaces S, are invariant
but not necessarily irreducible wrt @. Call the part
of A¢ in 8, A¢,. Define By analogously. Then

ACaHa,B = HaﬂBCﬁ'

Either H,p is square and nonsingular, zero, or
Lemma 3 applies, and both S, and Ss are reductble.
In many cases it is known that reducibility implies
complete reducibility. When this is true, the process
of Lemma 3 reduces S, into two invariant sub-
spaces according to S, = S, + 8., and S;
similarly according to S; = Sz + S;--.

In the not fully reducible case the invariance
of 8, and Sy must be tested by examining Hj,.
If S, is found to be reducible but not completely
reducible, all of the argument following this point
can be repeated except that H and H™' must be
considered together, and reducible but not fully
reducible spaces marked especially. This will not be
done here sinee it will cause unnecessary confusion,
and the reader who needs this case (usually in



REDUCTION OF GROUP REPRESENTATIONS

connection with the Lorentz group) should be able
to construct the necessary argument himself.

To recapitulate, pivotal condensation of the sub-
matriz H s in the fully reducible case leads to the
construction of two matrices U, and X;, according
to Lemma 3. The reduction of S, by U, into
Sa' + S,,”, and Sﬂ by Xﬁ into Sp/ + S,;:/-S,,:
and S, afford equivalent representations of € in
S, and S;.

If all the submatrices in the a block of rows
of H are premultiplied by U., and the 8 columns
are similarly post-multiplied by X', the reduction
of S, and S; is included in the new H matrix.
The other nonzero submatrices in the new a rows
and 8 columns can then be divided further to show
the eoupling of S.. and 8,.. to other spaces in
Sz, and Sg. and S;.. to other spaces in S,. If any
of the corresponding submatrices are nonzero and
not square and nonsingular, the subspaces can be
reduced further until all the submatrices in the old
a block of rows and 8 block of columns are either
zero or nonsingular, and the subspaces descended
from S, in S, and S; in Sy cannot be further
reduced by condensation of the a rows or 8 columns
of H. Subspaces of S, and S; coupled by nonsingular
submatrices afford equivalent representations of €
in S, and S;.

When this has been done, the subspaces S, of
S, and S; of Sg can be relabeled by their parent « or
8 and another name corresponding to the ’, ”/, ete.

The transformed matrix H which takes account
of the above reduction has nonsingular or zero
submatrices in the block of rows whose parent is
S., and similarly for S, Consider the rows of the
new H which belong to a single subspace whose
parent is S,, and call it S.,.

Using the notation of Lemma 4, there is no
guarantee that the basis vectors have been arranged
to put the matrices C(z) and C'(z) in the same form,
or that the S,, have been separated at this stage;
there may be more than one nonzero, nonsingular
matrix in the ¢ block of rows; one of them may
occur at the intersection with a column 7 whose
parent is not Sz and which may therefore contain
a nonzero singular or rectangular submatrix H,..
S, which belongs to S,, and S, which belongs to Sg
may both be reduced by condensation of H,,. The
nonsingular, square submatrix H,. forces a cor-
responding reduction of S, in S, since S, in S,
and 8, in Sy afford equivalent representations of €.
Moreover the space Sy, which is coupled to S, by
the nonzero submatrix H,.,. of the condensed H,.,
is equivalent to the S, whose separation from
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S,.. is forced by the nonsingular submatrix H,.
once S, and S, are reduced.

This procedure can be continued until S, and
Sz have been reduced into invariant subspaces
wrt €, and the corresponding submatrices of H
are all either zero or square and nonsingular.

Lemma 4 shows that where more than one non-
zero submatrix is found in a set of rows, the sub-
spaces S; can be rearranged so as to put all these
together, and a similar rearrangement of the Sa&'s
can be done, so that the submatrices are assembled
into one larger submatrix, and that when this has
been done as far as possible each larger submatrix
is square, nonsingular, and defines an invariant
subspace wrt €. This procedure is applied to the
first two generators P, and P, and leads to the
reduction of the space wrt the commutator algebra
of the pencil P, + xP,. When this has been done
the eigenvectors of P; must be found, and also the
new matrix H relating the commutator algebra of an
arbitrary member of the pencil (which is analogous
to P in Lemma 4) to the commutator algebra
of P; which is analogous to Q. The process of Lemma
4 is repeated to give the reduction of the commutator
algebra of P,, P, and P;.

This can be repeated and will always derive the
commutator algebra of the pencil Xz = D %, z.P,
from the eigenvectors of Px and the commutator
algebra of X_,.

This proves the theorem.

Example for Lemmas 4 and 5

At this stage an example will explain the process
of Lemma’s 4 and 5 better than many words. The
symmetrized Kronecker square of the cubic group
in 3-space will be reduced. The base vectors for
the reducible representation are z°, ¥°, 2%, zy, yz, 2.
The two fourfold rotations one about 0Z, and the
other about 0Y, are generators for the cubic group
and the classification according to eigenvalues of
C,, is displayed above the upper matrix in Table I,
while the eigenvalues and eigenvectors of C,, are
shown along the left-hand edge. The matrix is H,
and is partitioned into the 2 X 2 matrices H, .,
H,_, H_ ., and H__; the 2 X 1 matrices H, _,,
H_ . ,H. _;;thel X 2matrices H,;, ., H,:oi, H_: .
and H_; ...

The only submatrices which are not already
condensed as far as possible, are H,_ and H_,
which are both of rank one. According to Lemma 3,

v L lﬁ \ﬂ
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TaBLE 1. Reduction of the symmetrized Kronecker square of the cubic group.

A. —+1 +1 -1 -1 +1 —1
P @A/ n @-anva O EE
+1 22 0 1/4/2 0 -1//2 0 0
+1 (22 + 2)/V3 1/4/2 1/2 0 1/2 0 0
—1ay 0 0 ) 0 1//2 1/v2
-1 (22 — y2)/v2 —1//3 1/2 0 1/2 0 0
+i z(z + ty)/V2 0 0 1/4/3 0 1/2 —1/2
-1 2z — w)/V2 0 0 V321/ 0 -1/2 1/2
B. +1 +1/ -1 -1 +7 —1
22 + gyt + 22 z? — 2yi + 2 2 (2% — 2%) yzx + 12) ylxz — €2)
V3 vE V2 V2 V2
z? -} y? + 22
+1 _———\/ﬁ 1 0 0 0 0 0
, 2t oyt — 22 i
+1 —_—\/6 0 -1/2 0 V3/2 0 0
-1 zy 0 0 0 0 1/v2 1/4v32
=1 (z* — y*)/+/2 0 V32 0 1/2 0 0
+i 2z + iy)/V2 0 ] 1//2 0 1/2 -1/2
—1 2z — 1y)/V2 0 0 1/4/2 0 —1/2 1/2
C. +1 +1/ -1 -1 +1 —1
24yt 22— 242t g2 22 - Yz +1i2)  ylx —dz)
V3 Vo V2 V3 V32
x! _|._ y2 + z2
i 1 0 0 0 0 0
2 + 2 2 2 _
x———\% . 0 —1/2 v2/2 0 0 0
xﬁ — z2
V2 0 V3/2 1/2 0 0 0
zy 0 0 0 0 1/+/2 1/v/2
(z + @)
e 0 0 0 1//3 1/2 —1/2
&= W) 0 0 0 1//3 —1/2 1/2
V2
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will do what is necessary in S(z+), the eigenvector
space of C,, belonging to +1. However it is con-
venient to normalize the rows and columns to unity
to give

Vi
An analogous transformation of S(y, +) performed
simultaneously sets up the eigenvectors shown in
the first H partitioning (see proof of Lemma 3),
lower matrix, and the corresponding transformations
of H give the matrix illustrated.

The condensation subdivides S(z+) into two
subspaces, S(z—) is already divided before the
calculation started. The vectors of S(z4) are
numbered 1 to 6; 1 is not coupled to any other
vector. Two and four are coupled by nonsingular
submatrices in column 2 or column 4, ie., they
afford two equivalent representations of € or span
an irreducible representation of the cubic group.
Spaces 2, 5, and 6 span another irreducible rep-
resentation. The final rearrangement B is shown
in Table I, Part C.

One more lemma remains to be proved. It is
concerned with the relation between generators in
the same class.

If the generators P and @ are in the same class,
then a group element B can be chosen such that
Q = R'PR; then obviously P and R or Q and
R are at least as good a pair of generators as P
and @, and may be better because £ may generate
group elements which P or @ do not.

Lemma 6

If P, @, and R are as described above, and P and
@Q commute, then R does not further reduce any
simultaneous eigenspaces of P and @, but it does
couple each simultaneous eigenspace of P and Q
belonging to the pair of eigenvalues (A, u) to a
corresponding eigenspace belonging to (u, A) by a
square, nonsingular submatrix. All other submatrices
of R in the same block of rows or columns are zero.

Proof: If A commutes with P and R, then
ART'PR = R7'PRA, and A commutes with Q also.

Q = AT'QA = AT'RT'PRA
= AT'R7'A AT'PRA AT'RA
= (AT'RA)'P(AT'RA).

This does not imply A"'RA = R, as is shown by
Turnbull and Aitken'® where the solution of @ =

12 See Ref. 8, Chap. X, problems I, 11, and III.
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X7'PX is discussed. However, R maps eigenvectors
of P onto eigenvectors of @ belonging to the same
eigenvalue, for: let z, be an eigenvector of P belong-
ing to the eigenvalue A. Then QRz\ = EPzx, = ARz,

It follows that if the S, are eigenspaces of P,
and the S; are eigenspaces of @, the submatrices
H,; are submatrices of R, and they are either zero
or nonsingular according as A, # N\g or A\, = Ap

Because P and @ commute as well as being non-
singular, an argument similar to that of Lemma 4
shows that a value of z can be found which makes the
eigenvalues A\ +uz)/(1+2) of X = (P4+2Q)/(14+x)
distinct for all distinet pairs (A, x). This separates
the S,, as far as possible, and all that B does is to
force equivalent representations of @ in 8,, and S,,.

In this case, P and @ do not generate all the group
elements which would be generated by P and R,
but they are sufficient to reduce the commutator
algebra of P, @, and R.

III. APPLICATIONS

So far it has been shown how to reduce a group
representation if the group generators are known.
The practical application of the method thus depends
on knowledge of the group generators, and a wise
choice from the several alternative sets, each of
which generates a given group, can make great
simplifications in the caleulations.

In the case of infinite groups such as GL(n),
Su(n), O(n), and O 4 (n), it is sufficient to reduce
the smallest subgroup whose linear closure spans
the group algebra, e.g., in the case of O 4 (3), the
cubic group generated by C,.(z) and C.(y) is as
equate, and for O + (n), the generalization of this
to the group generated by the n — 1 fourfold plane
rotations C,(7) 7 = 1,2, --- n — 1 defined by: C4(s)
18 £; = %441, Zisy — —2; all other z; — z;.

Alternatively, the Lie generators may be used.
Some of these may be redundant by Lemma 6,
since I.J, — I.,I, is the infinitesimal analog of
P'P,P,.

With this much preamble some examples can be
outlined.

The Permutation or Symmetric Group

A set of generators are the disjoint interchanges
(12), (23), (34), --- (n — 1, n), (n, 1).° These
form two sets, each set commuting among them-
selves: o, containing (12), (34), etc. and o, (23),
(45), etc. Since the eigenvalues of an interchange
are ==1, the elements of the algebra,



502

Sy = (12) + 2(34) + 4(56) + ---,
S, = (23) + 2(45) + 4(67) + -+,

have eigenvectors which are simultaneous eigen-
vectors of o, and o,, respectively. They correspond
to the P and Q of Lemma 6. The cyclic permutation
(1, 2, 3 --- n) corresponds to the matrix H of
Lemma’s 3, 4, and 5, and so S, need not be used
explicitly.

The Proper Orthogonal Group

It is easily verified that if C,(¢) is defined as in
the start of this section; then

X = i1 + C.6)°] + 1 — C.(6)*] cos
+ [C.5) — {1 + C.(1)*}]sina

is a plane rotation'® by « in the plane defined by z;
and z,., and leaves all other coordinates unchanged.

It is also well known that an arbitrary n X n
orthogonal matrix ean be factored into a product of
plane rotations'® (generalization of Euler angles), and
it follows at once that the n matrices C,(7) generate
a finite group (the generalized Cubic Group) whose
linear closure in a field is the algebra of O + (n) in
that field. In the case of O 4+ (n), we are usually
concerned with real matrices, the field is the field
of real numbers, and the enveloping algebra is the
real linear closure of the group, i.e., the set of all
linear combinations with real coefficients.

Since C,(z) is of order 4, its possible eigenvalues
are 41 and =j, and the imaginary ones seem
incompatible with the requirement of real co-
efficients.

This difficulty may be avoided as follows: the
imaginary eigenvectors are «; + jz;., and z; — jz;.,.
If only real transformations to diagonal form are
permitted, these eigenvectors are a conjugate com-
plex pair which span a two-dimensional space
belonging to the eigenvalue —1, of {C.(¢)}®. The
argument used on the symmetric group may now
be repeated using the n matrices {C,(¢)}®. In this
case all the n matrices commute and only one linear
combination,

S = C.(1)° 4+ 20,2 + --- 2°7'Ci(m)’,

is needed. The reduction of O, is illustrated in
Table II.

The Improper Orthogonal Group
The single improper element o defined by 2, —» — x4,

13 F, D. Murnaghan, The Unitary and Rotation Groups
(Spartan Books, Washington, D. C., 1962) Chap. 2.
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all other z, unchanged, must be added to the general-
ized cubic group discussed above.

Su(n) and GL(n)

These two groups have the same enveloping
algebra, which is the linear closure of the generalized
cubic group defined for O + (3) over the complex
field. Here complex eigenvectors are permitted and
the proper generators are the matrices C,(z). These
may be divided into two commuting sets, o, con-
taining C,(1), C4(3), ete., and o, containing C,(2),
C.(4), ete. The calculation is the same as for the
symmetric group and the transformation correspond-
ingto(1,2,3 --- n)is

i Tt =1---mn—1, Ty — T1.

Generators for Groups in General

The methods given so far are adequate for
theoretical physics because the generators are known
for all the groups which are of interest. However,
it is interesting to speculate on applications to pure
mathematics and the study of group structure.
Ideally one would like to find a nonredundant set
of generators for an arbitrary group, using the
minimum of knowledge of its structure. The author
has not been completely successful in doing this,
but the following method certainly uses very little
explicit knowledge of the group, although the
generators obtained are redundant. However they
are not more in number than the elements in the
smallest class for simple groups and probably even
less redundant for more complicated groups.

Simple Groups

These are groups having no invariant subgroup
other than themselves and the unit element.”
Therefore a complete set of conjugate elements,
(i.e., a class) are a set of generators, since a class
generates an invariant subgroup. Lemma 6 shows
that, unless all the members of the class commute
(which is a trivial case since then they can all be
simultaneously transformed to diagonal form), then
some members of the class are redundant; for if P
and Q are in the class, so is B = P7'QP, and is
redundant.

Suppose that C is a class of a simple group G,
and that in C there is a set 6, of elements which
commute with each other, but do not all commute
with any other element of C.

20 R. D. Carmichael, Groups of Finite Order (Dover Publi-
cations, Inc., New York, 1956), Chap. II, Sec. IV, p. 48. See
also, W. Burnside, Groups of Finite Order, 2nd ed. (Cambridge
University Press, Cambridge, England, 1911; Dover Publi-
cations, Inc., New York, 1955), Chaps. IV and V.
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TasLe II. Reduction of symmetrized Kronecker square of Os.

A, +1 +1 -1 -1 @@, —1) @5, —)
y? (z2 + 20)/v2 (2 — 2)/V2 zy zy v
41 2 0 1/v/3 0 ~1/4/3 0 0
+1 (22 + y*)/v2 1/4/2 3 0 3 0 0
-1 @ -/vE | -lv2 3 b 0 0 0
-1 zy ¢ 0 0 0 1 0
G, —) gz 0 0 0 0 0 !
G, —3) 2z 0 0 0 1 0 0
B. +1 +1/ -1 -1 @, —1) (i, —1)
2 2 2 Y S 2 2
x+j§+z z f/zé-!-y (2t — 2)/+/3 - 2y vz
2 2 2
41 i%f 1 0 0 0 0 0
2 2 2
b Bl 0 -1 +v3/2 0 0 0
2
-1 = ﬂ”’ 0 V3/2 —~1/2 0 0 0
-1y 0 0 0 0 1 0
(z, —2) yz 0 0 0 0 0 1
(5, —4) 2z 0 0 0 1 0 0

Let yo be the group generated by do. The group
vo is not invariant wrt conjugation with every
element of C, for if it were, then y, would be an
invariant Abelian subgroup of the group generated
by C, i.e., of G, and since G is simple, this cannot
oceur except trivially.

Therefore, there exists some element of R, of C
for which Ri'voR, = v1 # 7o, i.e., there exists
v1, & subgroup conjugate to yo, generated by ¢, =
R7'6R,. If 6, and ¢, do not exhaust C, then there
exists B, in C such that either

Rz_l‘foRz =2 F Y1 Or ¥,
R;I'Yle =+v2 F Y1 O 7o,

or conjugation by element of C maps v, and v,
onto themselves, or each other.

This process may be continued until C has been
exhausted, or a set of conjugate subgroups have
been obtained which are mapped onto each other
or themselves by elements of €. Lemma 6 shows
that the commuting sets &, ¢;, 6 - ete. are
sufficient to reduce any representation.

Extension to General Groups

Suppose now that G is not simple, but has a
maximal invariant subgroup F,?! their orders being
g and f, respectively, and assume that the representa-

# See Ref. 20, Carmichael, Chap. III; Burnside, Chap. V.
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tion of F has already been reduced. The expansion
of G in cosets™ wrt F is

@G=F+ S,F+ S,F+ --- 8F.
Let C be a class of F. Consider the linear combination

H= ZaCZCP;

where the a’s are numbers. This is a linear combina-
tion of class sums with arbitrary coefficients «ac,
and commutes with every element of F. Partition
H and each of the S; into submatrices conformably
to the reduction of F. Using the notation of Lemma 2
H(p, r; ¢, 8) = 8.0..(fac/xc)l where x¢ is the
character of the class C in the rth irreducible
representation.

Because F is an invariant subgroup of G, S:(p, r;
g, 9H(g, s; ¢, w) = H(p, r; v, w)S:(v, w; {, u) which
implies S:(p, r; ¢, ) = 0 unless r = s, ie., the
S; only eouple multiple ocecurrences of the same
irreducible representation of F. Assemble all the
Si(p, r; q, r) into one square submatrix, and call
it S;(r). Then the way the S;(r) have been con-
structed makes them faithfully represent the quotient
group G/F. Since F is maximal, G/F is simple,
and the method given for simple groups applies to
the reduction of the S..

Any finite group has a composition series of

22 See Ref. 5, Chap. II, Sec. 12, Theorem 3; also Ref. 20,

Carmichael, Chap. II, Sec. 10, p. 44; and Burnside, Chap.
111, Sec. 22, p. 26.
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quotient groups which are simple and so the method
applies to all finite groups. For matrix representa-
tions of infinite groups, the finite subgroup which
spans the group algebra must be used.

The results of Sec. IV can be extended to give
a more detailed discussion of group structure by
considering the analysis of the structure of simple
groups more carefully in the ways suggested by the
Refs. 1 and 2. This is the finite-group analog of the
Cartan theory of continuous groups.
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Derivation of the representations for the nonrelativistic Coulomb Green’s function is discussed.
It is shown that the recently published representations, both in integral and closed forms, can be
obtained from an expression for the difference of the diverging and converging wave solutions of
the Green’s function which is given in terms of the wavefunctions summed by Gordon.

INTRODUCTION

EPRESENTATIONS for the nonrelativistic

Coulomb Green’s function have recently been
obtained both in integral' and closed forms.? In
the present note we wish to derive these expressions
from a slightly different viewpoint, having the
expression®

G(I‘, r,; k) = G(+)(r: l"; k) - G(—)(l', I"; k)
= —mib [ dog e, POE, R ()

as the starting point. In Eq. (1), G'*’ represent
the diverging and converging wave solutions of the
Green’s function and ¢‘® stands for either y'*’ or

¢ with
v, k) = @) % "0 £ n)
X F(=n, 1; i(kr = k-1)), 2)

where F denotes the confluent hypergeometric func-
tion ¥, and n is written for ¢/ka.

It is seen therefore that G’ or G is charac-
terized as the diverging or converging wave part
of the last expression of Eq. (1) when the sub-
stitution from Eq. (2) is made into it.

L

In this section we show the derivation of a
representation which is the contour integral version
of that obtained in Ref. 1.

Before going any further we mention that the
procedure in Ref. 1 consists of first constructing in
the usual manner the partial-wave Green’s function

* Work performed under contract with the Air Force
Cambridge Research Laboratories.

1E. H. Wichmann and C. H. Woo, J. Math. Phys. 2,
178 (1961). This paper is referred to as WW hereafter.

(19’ 3?) Hostler and R. H. Pratt, Phys. Rev. Letters, 10, 469

63 ).

3 K. Mano, J. Math. Phys. 4, 522 (1963), Eqgs. (39) and
(43+). The notations used here are the same as those in
this paper except for the trivial change that the general form
of the Coulomb field is considered here with a = #2/uZZ’e?
for arbitrary Z and Z’.

from the solutions of the radial equation, and then
summing it over all the angular momentum states
to arrive at the final result. Clearly, the present
work proceeds essentially in the reversed order, as
can be seen from the fact that the expression for
the ¥’s given by Eq. (2) represent the wavefunctions
already summed over all states.

Out of several alternatives for the integral on
the right-hand side of Eq. (1), we consider

[ ans e, w9, wy, ®

where r, and r. have the usual meaning.

In order to rewrite Eq. (3) we first give contour
integral representations for the function F(a, ¢; z)
when ¢ is a positive integer:

Ca, c; P.)
Bla,c — a)

(0+,1+)
X due™u* (1 — w7 (4)
Pt
In Eq. (4), B stands for the Beta function and P.
(or P_) represents the starting point of the integra~
tion taken on the upper (or lower) portion of the
path which encloses 0 and 1. The values of the (’s,
Cla, ¢c; P,) = —Cc — a,¢c; P.) = (87 — 1)7,
are fixed by deforming the path in the usual way
in which we assumed that arg v = arg (1 — u) —» 0
at the starting point when it approaches the real
axis. We may add that, although one form of Eq. (4)
can be obtained from the other, it turns out in some
connections to be helpful to have both forms
available.
Next, we note the following representation for
the decomposition of an F function with ¢ equal
to an integer,*

F(a,c;z) =

4 This can be obtained from the decomposition formula
for the F function. See, for example, Bateman Manuscript
Project, Higher Transcendental Functions, edited by A. Erdélyi
(McGraw-Hill Book Company, Inc., New York, 1953), Vol. 1,
p. 259, Eq. (7).
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1
Fla,¢;2) = gs—a

e-—ri(c—a-—l) (1+)
- —a—1
X | f due™u~ o — 1)
—— e @

+ri(a—1)

(0+)
+ e [ e -ua —u)“"“] , 6)

where arg u = arg (4 — 1) = 0 and arg (—u) =
arg (1 — u) = 0 for the first and second integral, re-
spectively. It is to be remembered that the former has
to do with the diverging wave part and the latter with
the converging one when x = +i(kr, — k-r.).

Use of the Kummer transformation and the sub-
stitution of Eqgs. (4) and (5) into F of the first and
second ¢ functions, respectively, of Eq. (8) give
rise to an expression for G in which an integral

QE fdwkeik'(r<u'—r>u) (6)

is included. This integral can be evaluated as

sink jrow’ — roul
k|t — rul

Q= 4r
_ @) A
= =0 Gyr ', ru; k) )]
by the use of the Gegenbauer’s formulas.’ In Eq. (7),
raw’ — rul = () + (o) — 20 @),

and G, = G{" — G, with G{*’ standing for the
Green’s function for the free particle.

In this way we arrive at the contour integral
representation for G’ given by

TG, k) =

—n? [ 1
uw(l +n)[2 AT 1

{0+ ,1+) .
X { du/eskr<(1—u )um(l _ u,)-n—l
Py

1 (i+) .
X l: prn 1 f due-kr;.(u—l)u—n(u — l)n—l]
€ _— ©

X Gé”(rgu’, r>u; k)) (8)

where the [{"'" form is employed for the F
function in the first ¢ of Eq. (3). The corresponding
expression for G*7’ is self-explanatory. It is the
contour integral representation mentioned earlier.
In the limit n — 0 we see that the residue calculation
of the right-hand side of Eq. (8) produces G{"
correctly.

5 G. N. Watson, Theory of Bessel Functions (Cambridge

University Press, London, England, 1944), 2nd ed., p. 368,
Eq. (1); p. 363, Eq. (3).
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That Eq. (8) for G**’ is equivalent to Eq. (31)
of WW can be seen by observing the following.
If we assume that Re n > 0, ie., that k possesses
an infinitesimal positive imaginary part, we may
replace the contour integral in the second set of
brackets of Eq. (8) by an ordinary integral. If we
further suppose that the similar argument applies
also to the integral in the first set of brackets,
then we have for Eq. (8)

G(+) = nz
4r [T(1 + n)?

1 @

X f du’ f duw(l —w)" wu — 1)
o 1

X Jraw’ — roul™ exp tk[r.(1 — w')

+ rw — 1) + [ru’ — rul]. )

We notice that this is identical with the expression
one would obtain from Eq. (31) of WW by perform-
ing integrations by parts on s and t as our n cor-
responds to —7e there. As is evident, however, the
condition 1 > Re (—n) > 0 required for the re-
writing of the first integral in Eq. (8) is incompatible
with the similar condition for the second one. This
is the very reason why it is necessary to introduce
the partial derivative with respect to ¢ in the
integrand of WW Eq. (31), in order to modify
the condition to Re (1 — n) > 0 which can then
be made compatible with Re n > 0. Incidentally,
it should be noted that the partial derivative with
respect to s in WW Eq. (31) is not required except
for reasons of symmetry.

We might add that the following representation
for an F function with ¢ equal to an integer:

C(a, 3¢; P.)
B(a, 3¢ — a)
(G+,1+4)

X duuw'A — w T F(de, ¢ zw),
Pt

F(a: 2 T) =

which may be given in terms of the Bessel function,
leads to the expression

L;(r, k) — _I‘(121;t:' n) e—\"a(l.k)e-r/zka*r/ka

{0+,1+)

X . du un(l — u)—n—leikr(l—s)jl(km)’

which corresponds to Eq. (2) of WW.
The decomposition of the F function in *
Li(r, k) = N.(r, )F(1 4+ 1 — n, 21 + 2; 42ikr)

gives rise to the expression for H{"’, the diverging
wave part of L,
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HY (k) = _P(lz; n) RGNz

(1+)
X f d'u u—n(u _ 1)»-1eikr(u~l)h§l)(km).

©

This equation corresponds to Eq. (5) of WW.
II.

To obtain the closed form given in Ref. 2, we
may take

fdwk¢(+’(r>,k)¢(”(r<,k)*
for the integral in Eq. (1). With the use of the
identity
F(ay c; x) = e:/zx_icMic—a.}(c—l)(x)i

where M, .(z) is the Whittaker function, and the
expression for the product of two Whittaker func-
tions of different arguments,® we obtain

G = —;—1,; e " K, (r5, 1) (10)
with
K,,(l'>,l'<) — ei);(r>—r<) fdwk
© /2
X [ o [ deleos o) ein )7
0 0
X Jo(2p[+1kr.(1 — cos 8.)]* cos ¢)
X Jo2p[—ikr(1 — cos 6.)]* sin ¢), 11)

where 6. denotes the angle between k and r. and
similarly for 6.. If both of the J’s in Eq. (11) are
represented by a Neumann series’

4" 0.00) = 7 T s

X Filw+ 1, =Ly + 1§p2)(# + 2DJ,12:(2),

with g = 1, » = 0, and p° = 3(1 — cos §), the
integration over the angles of the k space can be
performed immediately when the .F; function in
Eq. (12) is recognized as the Legendre polynomial.
We may then proceed to carry out the integration
over p by the help of the Weber’s second exponential
integral.® The result is given by

(12)

¢ H., Buchholz, Die Konfluente Hypergeometrische Funk-
tion, Part II of Ergebnisse der Angewandten Mathematik
(Bpringer-Verlag, Berlin, 1953), p. 83, Eq. (2), with care for
an obvious misprint in the power of p.

7 See Ref. 5, p. 140 (Sec. 5.21), Eq. (3).

% See Ref. 5, p. 395.
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/2

K =2r f ) “”(sin o 1=2n,=ik{r>+r<) cos 29
c=2r [ dofoos o *ein )

1
(it T+

X Py(cos ®)Izl+1(2k[7'>r<]} sin 2(”)} ’ (13)

where O is the angle between r, and r.. Rewriting
I,;., in terms of J141 by

J21+1(7:Z) — Izl+l(z)ec'1r}(21+l)

and using Eq. (12) once again with up = 1, » = 0, and
p* = (1 + cos ©), we see that the bracketed expres-
sion in Eq. (13) is equal to Jo(+ k[e* — p°]! sin 2¢),
where ¢ = r, + r. and p = [r, — r|. With a
trivial change of the variable, Eq. (11) becomes’

(—r < argz < 3m),

K =1 fo dp 6" * Jo(—ik[o® — p")} sin o)

(14)

in which use is made of the relation Jo(—2z) = Jo(2).
From the identity

2Jo(2) = 2Ji(2) + Ji(2) = (d/d2)[zJ.(2)],
we find
+ikp sin pJo(—1k[o® — %]} sin o)
= (0/3p){[o* — "I (—ikle® — p]*sin @)},
so that Eq. (14) can be written

_I.i.i 2 __ 2*‘[' +1iko cos ¢
K”_Zikpap{[a ] . dee

X (cot 30)™™ sin o,

X J,(—ik[o* — p") sin ¢)(cot %sv)'z"}- (15)
It is immediately seen that the bracketed expression
in Eq. (15) is essentially equal to the product of
two Whittaker functions of arguments —tkz and
—iky if wewrite z = ¢ + pand y = ¢ — p."°
Therefore, G now reads

G, r'; k) = X4 + )] -esne

47 Jr — I

X (565 B 5%)““—».*(—ik@fm-n,s(—iky), (16)

where
M, (@) = M, (x)/T(1 + 2p).

® This can also be obtained from Ref. 3, Eq. (5b) by a
procedure analogous to that given above.
10 See Ref. 6, p. 85, Eq. (3a).
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The decomposition of M_, ;(—7kz) into two W
functions leads to the forms of G**’ and G~ which
are equivalent to those in Ref. 2 since our —n
corresponds to their v,

Finally, we may remark that the expression for
G given by Eq. (16), or that given by the combina-

KOICHI MANO

tion of Egs. (10) and (14), reduce to G, in the limit
n — 0. To see this we only need to notice the
relation 9 4, (—1kz) o (rz)*J}“(k%z) « gin kiz
for Eq. (16), or apply the second finite Sonine
integral*! to Eq. (14).

11 See Ref. 5, p. 376.
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The results of a previous paper describing vibrational structure in the spectra of singlet-to-singlet
optical transitions of impurities in solids are extended to a general class of multiplet-to-multiplet
transitions. The transitions considered are those between degenerate or nondegenerate multiplets
which are not interconnected by the interaction coupling the impurities to the lattice phonons.
The phonon field couples impurity states within each multiplet but does not couple states in different
multiplets. The results apply to systems which display strong Jahn-Teller distortions as well as to
those which do not. As a specific application of our results we consider the singlet-to-doublet transi-
tions of simple three-level systems having C; and C;, symmetry.

1. INTRODUCTION

N a previous paper' we derived expressions

relevant to vibrational structure in the spectra
of singlet-to-singlet optical transitions of impurities
in solids. The vibrational structure we considered
arose from phonon—impurity interactions which
shifted the impurity energy levels but which did not
mix the different impurity states. In the present
paper we extend our previous results to transitions
between degenerate or nondegenerate multiplets.
We restrict ourselves to phonon—impurity inter-
actions which couple the impurity states within
each multiplet but which do not couple states from
different multiplets. In the special case for which
the multiplets are singlets, our present results reduce
to those of L.

Briefly, the vibrational structure we discuss
arises whenever the characteristics of the lattice
in the neighborhood of the impurity are different
for the ground-state and excited-state impurity

1D. E. McCumber, J. Math. Phys. 5, 221 (1964). In
what follows we refer to this paper as I. We indicate particu-
lar equations in the paper by the prefix I; for example, we
indicate Eq. (1.9b) of I by (I1.9b). In our usage the terms
singlet and multiplet do not refer exclusively to spin multi-
plicity, but indicate the total number of relevant initial or
final electronic states.

multiplets.””® For singlet impurity states only those
properties of the lattice which have the full point—
group symmetry of the impurity site can be sensitive
to the state occupation; however, for degenerate
impurity multiplets, lattice properties with more
complicated symmetries (such as those responsible
for Jahn-Teller effects) can be sensitive to the
impurity state. In spite of this rather important
difference between the singlet and multiplet states
of an impurity in a lattice, their optical spectra
are qualitatively very similar. For each set of
degenerate states forming a basis for an irreducible
representation of the impurity-site symmetry group,
the spectrum will display a single sharp no-phonon
line accompanied by adjacent vibrational structure.

2 M. Lax, J. Chem. Phys, 20, 1752 (1952).

3 8. I. Pekar, Uspekhi Fiz. Nauk SSSR 50, 197 (1953).

¢ M. Lax and E. Burstein, Phys. Rev. 100, 592 (1955).

§ H, Gummel and M, Lax, Ann. Phys. 2, 28 (1957).

¢ D. L. Dexter, in Solid State Physics, edited by F. Seitz
and D. Turnbull (Academic Press, Inc., New York, 1958),
Vol. 6, p. 353.

7 J. J. Markham, Rev. Mod. Phys. 31, 956 (1959).

8 B, 8. Gourary and A. A. Maradudin, J. Phys. Chem.
Solids 13, 88 (1960).

9 E. 0. Kane, Phys. Rev, 119, 40 (1960); W. E. Lamb, Jr,,
Phys. Rev. 55, 190 (1939); E. D. Trifonov, Dokl. Akad.
Nauk (USSR) 147, 826 (1962) [English transl.: Soviet
Phys.—Doklady 7, 1105 (1963)].
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Phys. Rev. 55, 190 (1939); E. D. Trifonov, Dokl. Akad.
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[Additional vibrational structure deriving from the
same no-phonon line can lie near distant no-phonon
lines when we are concerned with nondegenerate
multiples. (An example is briefly discussed in Sec.
8.)] The extent of the vibrational structure adjacent
to the no-phonon line depends upon the strength
of the phonon-impurity interaction—more pre-
cisely, upon the difference of the ground-state and
excited-state interactions—but, for moderate inter-
actions, typically extends to several times the
restrahlen frequencies.

Our basic results have the form of Baker-
Hausdorff,’® generalized cumulant (or semi-in-
variant),'! or “linked-cluster”’** expansions formally
very similar to the singlet-to-singlet expansion of
Eq. (I1.9b)." The essential difference between the
present expansions and those in I stems from the
fact that the general phonon interaction operator
A(t) in the expansions of I has here been replaced
by a phonon operator matrizx A(t) whose matrix
components couple the different states of the
impurity multiplets.

In T we remarked that the linked-cluster expansion
(11.9b) terminates after two terms when the phonon
Hamiltonian is harmonic and the phonon coupling
operator A(t) is linear in the phonon annihilation—
creation operators {a,, a.}.'"® This particular result
does not apply to the more general expansions of
this paper. The matrix character of the coupling
A(?) generally precludes the cancellations necessary
for the expansions to terminate. In spite of this
fact we believe that the Baker—-Hausdorff or gen-
eralized cumulant expansions developed here provide
useful representations of the optical spectra of
impurities in solids.

As we noted in Sec. 3 of I, simple expansions of
spectral correlation functions, in powers of the
phonon—impurity coupling, relate to moment an-
alyses of the spectra. [Kubo calls time-dependent
expansions of the type (I1.9a) generalized moment
expansions.''] Where spectral details are important,
moment methods are generally unsuitable. One
approach, which avoids the most serious pitfalls
of the simple perturbative expansion but which is
different from the cumulant-expansion method we
use below, is based upon an analysis of the fre-

10 G. H. Weiss and A. A. Maradudin, J. Math. Phys. 3,
'(7’17916%962); R. Englman and P. Levi, J. Math. Phys. 4, 105

11 R. Kubo, J. Phys. Soc. Japan 17, 110 (1962).

13D, J. Thouless, The Quantum Mechanics of Many-Body
Systems (Academic Press Inc., New York, 1961), pg. 35-44.

1B R. C. O’'Rourke, Phys. Rev. 91, 265 (1953); 8. Kiode,
Z. Naturforsch. 15a, 123 (1960).
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quency-plane singularites of the Laplace or Fourier
transforms of the spectral correlation functions.'*''®
This approach is quite useful for determining the
widths and positions of the no-phonon lines,'® but
it does not conveniently indicate the strengths of
those lines nor the characteristics of the vibrational
structure, especially when the phonon—impurity
interaction is strong. Moreover, it inevitably in-
volves a power-series expansion (of a characteristic-
frequency function'’) which is intrinsically no better
than the Baker-Hausdorff expansion.'® Since the
Baker-Hausdorff expansions we have developed
display the spectral properties in a convenient form
even when the phonon-impurity interactions are
strong, those expansions should prove useful for
the analysis of many real physical systems. As is
the case for all expansion methods, however, the
utility of the Baker-Hausdorff or cumulant expan-
sion method can only be verified by a comparison
of its predictions with experimental results.

In Sec. 2 we introduce detailed notation. We also
discuss the fundamental reciprocity between emission
and absorption spectra for systems whose multiplet
populations are initially in thermal equilibrium.
In Sec. 3 we briefly discuss the role played in our
formalism by the subgroup of lattice symmetry
operations which leave the impurity site invariant.
In the following Sec. 4 we derive expressions deserib-
ing the absorption spectrum appropriate to the
excitation of a degenerate multiplet from a singlet.
These singlet-to-multiplet results are generalized in
the next section where we consider transitions
between degenerate multiplets and discuss the role
played by Jahn-Teller effects. In Sec. 6, expressions
of greater generality are derived which describe
transitions between arbitrary multiplets. As a
simple application of our results, we consider in
See. 7 the singlet-to-doublet transitions of simple
three-level impurity systems having C; and Cs,
impurity-site symmetry. In the final section we
summarize our results and mention some areas
which require further study.

4D, E. McCumber, Bull. Am. Phys. Soc. 8, 256 (1963).

5 1), E. McCumber, Phys. Rev. 130, 2271 (1963).

18 D. E. McCumber and M. D. Sturge, J. Appl. Phys. 34,
1682 (1963).

17 This expansion is analogous to the mass-operator ex-~
pansions of elementary-particle field theories. Compare also,
Ref. 12, pp. 65-69.

18 For the special harmonic-Hamiltonian linear-coupling
case for which the expansion (I1.9b) terminates, the fre-
quency-function expansion is rather unsatisfactory. Con-
siderable care is required to avoid a spurious width for the
no-phonon line. This fact provided much of the motivation
for our utilizing the cumulant or Baker—-Hausdorff techniques
reported here and in I.
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2. EMISSION AND ABSORPTION SPECTRA

In this paper we restrict ourselves to a single
localized impurity system imbedded in an insulating
crystal. The lattice vibrations of the crystal con-
stitute the only mechanism by which significant
amounts of energy are transported to and from
the impurity site. We consider an impurity system
which in the absence of phonon—impurity interac-
tions has two sets of energy eigenstates, each set
forming what we call a “multiplet” (Fig. 1). We
characterize the states of each multiplet by the
multiplet index M = 0 or 1 and by auxiliary indices
p or » necessary if the M-multiplet dimension I, > 1.
For definiteness we refer tothe M = 0Qand M =1
multiplets as the ground-state and excited-state
multiplets, respectively.

In a rigid (static) lattice we characterize the
ground-state levels by their energies &, u» = 1
to £, and in a second-quantized notation by the
annihilation-creation operators {¥o,, ¥e,.}. The cor-
responding quantities for the excited-state levels
are the energies &,,, » = 1 to £;, and the operators
{¢1,, ¥1,}. The annihilation-creation operators
satisfy the familiar Fermi-Dirac anticommutation
relations

[‘l’mw ¢m’a']+ = [¢;n ‘p;’a’]+ = 0;
[Ymer Yaerale = 8(M, M)8(a, o).

It follows from these expressions that the operator
YiWu. With eigenvalues 0 and 1 measures the
occupation of the sublevel ¢ of the multiplet M =0, 1.

The Hamiltonians we consider in this paper have
the general structure

H = Z 80u¢gu¢0u + E 81!¢:1¢1v + HD

@.1)

+ 2 YodownVor + 2 Whdiom¥n,  (2.2)

where H, describes the lattice vibrations (phonons)
of the host lattice, and where the last two terms
describe the phonon-impurity interactions. In those
last terms, Ao, and A,(,,., are phonon operators
which commute with the impurity operators
{Wuey Yo} at equal times. By assumption, the

Fiq. 1. Simple impurity
system with two optically
separated multiplets. The
ground-state and excited-
state multiplets are re-
spectively characterized
by the eigenvalues M = 0
and 1. Individual states
within the multiplets are
further identified by sec-
ondary indices g and ».

::_‘:'::_:—_} Epaveiot,

e e et e e } GO“,M=1,...1°

D. E. McCUMBER

phonon interactions do not couple the M = 0
and M = 1 multiplets. It follows that the total
occupation

M =3 ¢t 2.3)
of the excited-state multiplet is a constant of the
motion.'’

Let Oy and O,, be any two operators which
connect the M eigenvectors of the phonon—impurity
system as indicated by the following matrix elements:

<M, ...|O01 IM’ )
= (M, |0y |M, --+) =0,
(1’ "'|001 IO, )
=0, -+ 0wl ) =0,
©, -] 0 lL, ---) %0
and (1, ---| 0y [0, ---) = 0.

We introduce normalized thermal expectation values
(MB| --+ |MB) such that, if O is an arbitrary
operator,

(MB| O |MB) = tru [0 exp (—BH/B))/trx
X [exp (—BH/R)],  (2.5)

where tr, designates the trace over all states of
the Hamiltonian (2.2) for which M has its specified
eigenvalue. Here 8 is determined by the temperature
T = hL/kB which characterizes the lattice excitation
and the ocupation of the impurity states within
any multiplet M.

If the phonon-impurity system is initially de-
scribed by a temperature T = h/kB and the multiplet
occupation parameter M, then the absorption and
emission spectra appropriate to the operators
{01, 010} are, respectively,

fm(t —t) = (Oﬂl 001(t)010(t') |Oﬂ)

(2.4)

= f_wg—:e'“’(""’gm(w), (2.72)
flo(t - t’) = <113| Olo(t,)om(t) IOB)
= f_w g—;’e"‘”(""’glo(w). 2.7)

Here, and throughout this paper, Heisenberg time
dependence is understood: O(t) = exp (Hi/E)O
exp (—tHi/R). It is an immediate consequence of

19 Our dual use of the symbol M is deliberate. If the ground-
state multiplet (M = 0) is occupied, then M = 0 in (2.3);
if t%lze g;:cited-sta.te multiplet (M = 1)is occupied, then M =1
in (2.3).
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the cyclic property of the trace in the expectation
values (2.5) that**

Sm(w) = Sw(‘*’) exp [Blw — w)], (2.8)

where

exp (Bu)
= tr, [exp (—BH/W))/tr: [exp (—BH/R)).  (2.9)

The parameter u is a type of “chemical potential.”
Equation (2.8) is in essence a detailed-balance
relation. A special case of this important result
connecting thermal-equilibrium absorption and
emission spectra was previously indicated in Sec. 2
of 1.

Note that Eq. (2.8) refers to absorption and
emission spectra at the same frequency w and that
it makes no reference whatsoever to the fact that
the absorption and emission spectra are sometimes
nearly mirror images about a no-phonon line. The
result (2.8) is considerably more general than the
mirror-image property which depends upon rather
specialized circumstances.

Equation (2.8) predicts that for broadband
spectra the dominant components in emission lie
at lower frequencies (Stokes’ shift) than the dom-
inant components in absorption, but it gives no
quantitative information about their relative
strengths. Fowler and Dexter® discuss reasons
why the important components of the emission
and absorption spectra may differ in shape and
strength as well as in location.

In this paper we shall be concerned with the
following special absorption and emission spectra
appropriate to systems initially at a temperature
T = h/kB:

forlt = ) eu e

= (08 (Youd1 ) (D(Wir-our)(t') 10B);
Fiolt — ) riwren

= (18] (¥1» Yo )()Wau¥1,)(®) [16).  (2.10b)

We shall indicate in detail in a later paper the
specific connection between these functions (or their
Fourier transforms) and experimentally observed
spectra. Briefly, the observed spectra will be de-
scribed by the functions (2.10) suitably weighted
by matrix-element coeflicients which reflect the
structure in terms of the impurity operators

(2.10a)

20 P, C. Martin and J. Schwinger, Phys. Rev. 115, 1342
1959).
( 21 ], Landau, Zh. Eksperim. i Teor. Fiz. 34, 262 (1958)
[English transl.: Soviet Phys.—JETP 7, 182 (1959)].

2 W, B. Fowler and D. L. Dexter, Phys. Rev. 128, 2154
(1962).
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{¥ae, Yoo} Of the moment operators which govern
the coupling of laboratory fields to the phonon—
impurity system™

Since the functions (2.10) are special cases of
the functions (2.7), their Fourier transforms are
connected by the relation (2.8). With no loss of
generality we may therefore confine our discussion
to the absorption functions (2.10a). The properties
of the emission functions (2.10b) may be easily
inferred from Eq. (2.8).

In the following sections we distinguish several
general cases. We first consider in Sec. 4 the case
for which the (M = 0) ground state is a singlet
and the (M = 1) excited state is a degenerate
multiplet. In Sec. 5 we consider the more complicated
case in which both states are degenerate multiplets.
In Sec. 6 we discuss the extension of our results
to nondegenerate multiplets. Section 3 is devoted to
some group-theroetical preliminaries.

3. IMPURITY-SITE SYMMETRY
Let Gy be the group (of order g, > 1) of crystal

symmetry operations which leave the impurity site
b invariant. This group is a point group and a
subgroup of the full erystal symmetry group. Its
operations leave the impurity, the lattice-phonon,
and the interaction parts of the Hamiltonian (2.2)
separately invariant.

Let Gy be the group (of order §, > gs) of opera-
tions which leave the tmpurity part (but not nec-
essarily the lattice-phonon or the interaction parts)
of the Hamiltonian invariant. This point group is
not necessarily a subgroup of the full crystal
symmetry group, but it does contain Gy as a sub-
group. We assume that the two sets of operators
{¥u.} and {¢),} appropriate to the multiplet M
are separately basis functions for (reducible) com-
plex-conjugate unitary representations of @,.
Ruling out ‘“accidental” degeneracies, we call the
multiplet M degenerate if {Yu,} and {%L,} are
basis functions for complex-conjugate £,~dimen-
sional_irreducible unitary representations (reps) of
both Gy and Gy.** The multiplet is nondegenerate
if the G, reps are reducible.

% The functions we compute are very closely related to
the normalized spectral functions Sn:®*(E) in Eqgs. (2.1) and
(2.2) of Dexter, Ref. 6. As in those equations, the coefficients
relating the impurity-lattice spectral functions to observed
electromagnetic fluorescence, stimulated-emission, and ab-
sorption spectra will be frequency dependent. Because of
this frequency dependence the observed spectra will be
slightly different from those we compute; these differences
will be more significant as the relative width of the spectral
region 1ncreases.

# Following M. A. Melvin [Rev. Mod. Phys. 28, 18

(1956}, we shall for brevity speak of a unitary irreducible
representation as a rep.
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Consider first the case in which the multiplet
M is degenerate and the operators {¥ur.}, {¥i.)
are respectively basis functions for the reps T'y, T'%
of G,. The interaction term of (2.2) appropriate
to the multiplet M has the form

HIM = Z w;lvAM(vv’)‘pMa" (3'1)

The Ay .y are operator functions of the phonon
or lattice coordinates. We write

AM(cv’) = Z ZP(M, 0'0"; L)\)AL)‘,
L AEL

where the numerical coefficients p(M, oo’; L)) are
matrix elements and where the new phonon operators
A™ transform with respect to operations of the
group G, as the basis functions A of the rep T;.
The invariance of the interaction (3.1) with respect
to the operations of G ensures that for all g in Gy,

Hue = 20 20 3 oM, o0’ IN[TH(@)vi]

ao’

3.2

X [ALXPL(g)ix][l//Ma'I‘M(g)a'a']: 3.3)

or, if the rep T'; does not appear in the direct
product T'# (X} T'sr more than once,

p(MI 0’0”; L>‘) = Z _Z r?l(g)EvI‘L(g))\)-\PM(g)a'?’
TT
X p(M, ¢o’; LX)

_ V[M* M L

P(M ||Li| M), (3.4)

¥ ¢ A

The double-barred matrix elements P(M ||L|| M)
are independent of the indices (s, ¢/, A) and the
V coefficients are universal functions. The V co-
efficients have been tabulated for important point
groups with real reps by Griffith.>* An important
special case of (3.4) obtains when I'; is the identity
representation of Gy. For that case,

p(M, 00’5 1) = 8o, )APM ||L]| M).  (3.5)

If the multiplet M is nondegenerate, we may
gelect sets of linear combinations of the {Y,}
which are basis functions for one or more reps T,,
of G,. Taking these new operators and their
Hermitian adjoints as the ¥’s and ¢!’s of our theory
we rewrite (3.1) somewhat more explicitly:

HIM = Z Z Z I//ma'li(mv.m‘a’)Kbm’v'-

m,m'EM ocEm ¢’'Em’

(3.6)

Using the same arguments as before, we conclude
that

Aimemray = 25 25 pulma, m's’; LNA®,
L XeL

where, if the rep I'y appears in the direct product

3.7
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I'* @ T, no more than once,
pu(me, m'e’; LX)
* ’
_ V{m m’ L

¥ o A

]mm I m).  @.8)

For the special case in which I'; is the identity
representation,

Pu(me, m's’; LX)
= §(m, m")8(s, e)2'Pu(m ||L|| m").  (3.9)

Here the function 8(m, m’) only ensures that the
m and m’ reps be identical. It does not preclude
coupling between two different sets of multiplet-M
states which might transform according to the
same rep T, of Gy. To distinguish the various
possibilities in the latter case, we would introduce
supplemental state indices which would appear in
the double-barred matrix elements but not in the
¥ coeflicients.

In the following sections we shall be concerned
with expectation values of the type defined in
Eq. (2.5). Since the Hamiltonian (2.2) is invariant
with respect to the operations in G, the expectation
values (MB| --- |MB) are likewise invariant. This
implies that, if as in Eq. (3.2) we separate any
operator O into components O** which transform as
basis functions A of the rep T'z, then (MB|0O™|MB8)=0
if Ty is not the identity rep of G,. As a special
case, it follows that for a degenerate multiplet M

(MB| ¥aeot)¥ieo (V') | MB)
= 80, 'XMB| Yaor (D¥ieer (') |MB),  (3.10)

independent of ¢”. For nondegenerate multiplets
the correlation functions (3.10) could contain non-
diagonal elements only for indices belonging to
complex-conjugate basis functions of complex-con-
jugate reps of Gb, a result analogous to that in
Eq. (3.9). As a second special case it follows from
the (7, invariance of the expectation value (2.5)
and from the orthonormality of the V coefficients®
that, if the ground- and excited-state multiplets
are each degenerate, then

(MB| (Woutn) W1, Yo )t) |MB) = 8(u, 1) (3, ¥')
X (MB| (Yowr 1 YOWor b )(E) |MB),  (3.11a)

(MB] (¥1, You )Y Woubs,) () |MB) = 8(u, 1) 8(v, )
X (MB| (F1v Wour ) Wou¥rs) [MB),  (3.11b)

independent of " and »".

% J 8. Griffith, The Irreducible Tensor Method for Molecu-
lar Symmetry Groups (Prentice-Hall, Inc., Englewood Cliffs,
New Jersey, 1962). Cf. especially Chap. 2 and Appendix A.
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Briefly, the expressions (3.10) are independent
of ¢’ and the expressions (3.11) independent of
#’ and v’ because in the expectation value (2.5)
we average over all initial states and in (3.10) and
(8.11) we sum over all final states. This implies
that in funections of the type considered in Eq.
(3.11) we may require that the operator products
;l/;,,(t)t//o,,(t') and Y., (0¥, (') separately transform
as basis functions for the identity representation
of Gy. If either multiplet is nondegenerate, non-
diagonal elements are admitted only for indices
belonging to the complex-conjugate basis functions
of complex-conjugate reps of Gy.

The preceding results are not invalidated by
Jahn-Teller distortions.”* ** Such distortions do not
lift the degeneracy of Gy,-degenerate multiplets,
The reason for this fact, which might appear at
first glance to be in contradiction to familiar prop-
erties of Jahn-Teller distortions, is that for each
static Jahn—Teller distortion there are other equi-
valent static Jahn-Teller distortions connected by
operations of G5.” In the absence of symmetry-
destroying external fields, all of these distorted
configurations are equally likely and contribute
symmetrically to initial-state averages and final-
state sums. This is no longer true with symmetry-
destroying external fields, but for such cases one
should replace the zero-field symmetry group Gy by
the new real-field symmetry group for which our
general remarks still obtain.

4. SINGLET-TO-MULTIPLET TRANSITIONS

In this section we develop expressions deseribing
the excitation of a degenerate multiplet from a
singlet. By using Eq. (2.8), one can easily apply
these results to the reciprocal process for which
the initial state is the degenerate multiplet and the
final state the singlet.

When the M = 0 state is a singlet, the (u, ')
indices in the Hamiltonian (2.2) and in the correla-
tion functions (2.10) are superfluous and may be
omitted. Noting further that the degenerate excited-
state multiplet energies &, are independent of »,
we rewrite our basic Hamiltonian (2.2} in the form

H = 8ot + & 2 Y1t + Hy + vodoto

+ Z; ¢IvAl(vv')¢lv’- (4:.1)

28 H, A. Jahn and E. Teller, Proc. Roy. Soc. (London)
A161, 220 (1937).

27 H. A. Jahn, Proc. Roy. Soc. (London) 1644, 117 (1938).

28 U, Opik and M. H. L. Pryce, Proc. Roy. Soc. (London)
A238, 425 (1957).

22 A, Abragam and M. H. L. Pryce, Proc. Phys. Soc.
(London) A63, 409 (1950).
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Here &,, &, are the noninteracting impurity electronie
energies, H, is the lattice-phonon Hamiltonian, and
Ao, Ay, are phonon operators for the phonon—
impurity interactions. The reality of H requires
that Ay = Agand A},,,, = A1un.

With the indices (u, u') suppressed, the cor-
relation function (2.10a) describing the singlet-to-
multiplet transitions is

fOI(t - t,)(n’)
= (08 (Yo¥r ) DWr, Po)() |08).  (4.2)

The only states of the phonon—impurity system
which enter this function are those for which the
total electronic occupation

Yovo + Z ¥i¥, = L. 4.3)

If we solve Eq. (4.3) for gle,xl/o, we can replace (4.1)
by the effective Hamiltonian

Heff = h(’-’lo Z \PI,'PU + Hpo

+ Z: ‘PIrAlo(rv’)wlv’; (4'4)
where hw,o = §, — &, Hy = H, + A,, and
AlO(vv’) = Al(vv’) - Aoa(”; V’)- (45)

For this new Hamiltonian the two-state correlation
function (4.2) is equal to the simpler one-state
function

forlt — )iy = (08 ¥1,(D¥r, () [08).  (4.6)

As in Eq. (2.5), the expectation value in (4.6)
involves the trace over all states for which the
excited-state occupation (2.3) is M = 0. Equations
(4.4) and (4.6) are, respectively, very similar to
Eqgs. (I1.6) and (I1.7) basic to the analysis in I.

An important feature of the singlet-to-single and
singlet-to-multiplet cases is the fact that we can
reduce the two-state speetral functions (2.10) or
(4.2) to the more tractable one-state functions (4.6).
In the multiplet-to-multiplet case to be treated
below, no such simplification is possible.

One feature of the effective Hamiltonian (4.4)
is particularly noteworthy. This is the fact that in
the phonon-impurity interaction the separate
coupling operators A, and A4,.,., of (4.1) have
been replaced by the single difference operator
(4.5). Physically this is not unexpected because the
transition spectrum reflects the relative energies of
the phonon-impurity system in the two impurity
configurations, not their absolute energies. Absolute
energies are normally reflected in one-state functions
of the type (4.6). The two-state functions (4.2),
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which reflect the relative energies of the impurity
configurations, contain important correlations which
are absent in products of one-state functions
(4.6)."*'*® For the Hamiltonain (4.1) the one-state
functions would of course involve the separate
operators 4, and A,,,.,. The functions (4.6) have
relevance in the present situation only because
the effective Hamiltonian (4.4) replaces the Hamil-
tonian (4.1).

It is notationally convenient to represent the
set of (£,)° operators (4.5) as a £,-dimensional square
matrix A, with (') components Ao,y and to
interpret the absorption correlation functions (4.6) as
the (v»") components of & matrix function Fo,(t — ).
If matrix algebra [in the (') indices] is understood,
we may then easily establish by procedures entirely
analogous to those used in Sec. 5 of I that

Fou(t) = F(&)°Go(0), @.7)
where
F(t)o —_ le—s‘unt’

and for M =0Qorl

4.8)

Gu() =1~ %j: dt, (M/3| Ao(ty) |Mﬁ)

+ (%)2 [ Cd, [ " it
X AMB| Ao(t)A(t) | MBY — « -+ .

= exp {_% [ "ty (18] At 1M8) + (%)

(4.9a)

X [ f 't f " dty (M) Awo(t)Ase(t) |MB)
—~3 f "t dty (MB) Aw(t) [MB)

X (Mﬁl Ao(t) IMI3>] - } (4.9b)
As we have already noted in Sec. 2, the time depend-
ence of the operators in (4.9) and in the equations
which follow is that appropriate to the Heisenberg
picture: A,o() = exp (CH . et/R)A o exp (—iH o1 it/h).

The preceding expressions are formally identical
to the singlet expressions (I1.7) through (I1.9),
except that various components are now matrices
with respect to the impurity states whereas pre-
viously they were scalars.

The physical interpretation of our present results
parallels that in I. The parallel is particularly close
for degenerate multiplets since, as we have noted

3 R, Brout, Phys. Rev. 107, 664 (1957).
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in Eq. (3.10), the matrix functions in Eq. (4.7)
are multiples of the unit matrix. In fact, because
the expectation value (2.5) is invariant with respect
to the operations of the site symmetry group G,
each expectation value in the expansions (4.9) is
separately a multiple of the unit matrix.*® The
absorption spectrum predicted from the cumulant
expansion (4.9b) displays a single sharp no-phonon
line acecompanied by vibrational structure. These
features, which have been discussed in detail for
the singlet system in Sec. 2 of I, are mentioned
briefly in the singlet-to-multiplet example treated
below in Seec. 7.

As we have discussed in Sec. 3 of I, the purely
perturbative expansion (4.9a) is useful for the
computation of spectral moments. Such moments
are useful when the no-phonon line is weak and
the vibrational structure has a broad smooth
envelope.”'*'®

A notable difference between the results of this
section and those for the singlet system of I is
related to the matrix character of the present
coupling operators A;,(t). When the phonon Hamil-
tonian H, in (4.4) is harmonic—that is, bilinear
in the phonon annihilation-creation operators
{a,, a;}—and the coupling operators A,g,,., are
linear in the {a,, ai}, the Baker-Hausdorff or
generalized cumulant expansion (X1.9b) for the
singlet system rigorously terminates after its second
term, whereas the corresponding multiplet expansion
(4.9b) does not generally terminate. Factorizations
of the type used in Sec. 4 of I still apply to the
phonon parts of the A;(¢) operators; however, those
factorizations will not “disentangle’’ the higher-order
terms of the expansions (4.9) unless the matriz parts
of the A,o(f) commute. A typical “tangled” com-
ponent which appears in the factored fourth-order
terms of Egs. (4.9) is

(Alo(n’)(t)Alo(!”v’")(t”))

X Adioerr s @) Aroir (@), (4.10a)

A cancellation of the type discussed in See. 4 of I
could be arranged if we could replace this component
by

, Z:“' <A10(n")(t)Am(,,,_,)(t”»
X (Asocrrrr iy (t) Aroiprerarny (7).

3 This does not imply that off-diagonal components of
the operator matrices Ay(f) do not contribute. Rather, it is
the statement that whatever off-diagonal elements do con-
tribute in a particular expectation value must be accom-
panied by “compensating” elements in the same expectation
value. This feature is apparent in the example of Sec. 7.

(4.10b)
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This is generally possible only if the matrix A,,(f)
is 'diagonal.

5. MULTIPLET-TO-MULTIPLET TRANSITIONS

In this section we develop expressions describing
the absorption spectrum appropriate to transitions
from one degenerate multiplet to another. For this
case the Hamiltonian (2.2) takes the form

H = 80 Z ‘l’;u'/’ou + 81 Z lp:vtplv + HD
+ Z] ‘p;uAO(uu')¢0u’ + Z ‘vaAl(vv’)¢1v’)

where A;(nu’) = Aouw and AI("') = Aitn. The
correlation functions appropriate to the absorption
spectrum are those in Eq. (2.10a). They involve
states of the phonon—impurity system for which the
total electronic occupation

> Yeubow + 2 Vit = 1.

6.1)

(5.2

This equation, which is the analog of the very
useful Eq. (4.3), cannot be used to significantly
simplify the Hamiltonian (5.1) when both ground
and excited states are degenerate multiplets. We
cannot here replace the two-state excitation fune-
tions (2.10a) by simpler one-state functions of the
type (4.6). Multiplet-to-multiplet transitions are
inherently more difficult to treat than are transitions
involving singlets.

In order to treat the multiplet-to-multiplet case,
a compact notation is essential. Paralleling the
treatment of Sec. 4 we use (£yf,)-dimensional square
matrices. The new phonon-impurity operator coupl-

ing matrix A,, for this case has the (ur; u'v’)
components
[Alo](uv:u’r') = 6(”) I")Al(n') - 6(”) V,)(Ag)(uu’)

= 5(/"': “,)Al(n’) - 6(”7 V’)AO(F'M)' (53)

It reduces to the expected form (4.5) when the
M = 0 level is a singlet. We also define matrix
functions Fo, (¢ — ') and Fo(t — &) whose (uv; u'v")
components are the functions (2.10a) and (2.10b),
respectively. Proceeding as before, we may easily
establish that for this case the analog of Eq. (4.7) is

Fo,(f) = I'F()°Go(t). (5.4)
Here
F(@)° = 167°°*", w0 = (& — &)/h. (5.5
and

Gu(t) = (Mﬂl Wy IMB>

i
—_ ﬁj; dt, (MB' A o(8) s |Mﬂ>
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+ (—,f)’ fo d, fo " dt(MB| Aw(ty)
X Ap(t) W [MB) — -+~

= €xp {_%f di, <M5| A(t)T a |MB)
0

(5.6a)

+ (][ ae [ au 05) Aeomoterws o
-3 " dt, dt, (MB| Ault) W M)

X (Mﬂl Axo(tz)\FM lMﬂ)] -’ } (5.6b)

The integer £, is the degeneracy of the multiplet M.
In (5.6) W, is the operator matrix whose (uv; u'»’)
components are

[‘PO](ur:u'v') = B(V) V')lo'//;u%u'y

[\pl](w:n’r’) = 5(/" u’)lﬂﬁ:,lﬁl,’.

In going from (5.6a) to (5.6b), we used the fact
implied by Eq. (3.10) that (M8] ¥y |MB) = 1.
If the state M is a singlet, we everywhere set W'y = 1
in Eqgs. (5.6) and obtain the results of Seec. 4.

Equations (5.4)—(5.6) have a formal structure
very similar to that in Egs. (4.10). However, the
expressions of the present section are significantly
more difficult to evaluate than are those previously
derived. The expectation values in Eqgs. (5.6) contain
a W', weighting not previously present. It is not
generally sufficient to use the approximation

(MB[ Aw(tl) e AIO(tn)‘FM |M/3>
R (MB| Avo(ty) - - - Avolts) IMBXMB| Wy [MB). (5.8)

Briefly, and somewhat too simply, the factorization
(5.8) is inadaquate because it precludes from the
initial-state configuration all static distortions of the
impurity lattice environment which do not have
the full G, symmetry. While symmetric distortions
are indeed the only admissible distortions if the
initial state is a singlet, symmetry-destroying Jahn—
Teller distortions can and often do oceur when the
initial impurity state belongs to a degenerate
multiplet in the absence of phonon—impurity inter-
actions.”® ** Somewhat more generally, even if static
Jahn-Teller distortions do not occur, the left-hand
side of Eq. (5.8) will contain correlations between
the dynamic lattice configuration and the electron
motion not present in the factored right-hand
side,**%*

= H. C. Longuet-Higgins, U. Opik, M. H. L. Pryce, and
R. A. Sack, Proc. Roy. Soc. (London) A244, 1 (1958).
(1985361)& D. Liehr and W. Moffitt, J. Chem. Phys. 25, 1074

% W. Moffitt and A. D. Liehr, Phys. Rev. 106, 1195 (1957).

% W. Moffitt and W. Thorson, Phys. Rev. 108, 1251 (1957).

(5.7
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A related complication present in the calculation
of the elements of Eqs. (5.6) obtains because the
time dependence of the operator matrices A;o(t) is
determined by the fully coupled Hamiltonian (2.2),
not by the noninteracting phonon Hamiltonian.
Since the phonon interactions mix the different
electronic components of the initial multiplet, the
time dependence of A,,(¢) will indirectly involve
the dynamies of the phonon-coupled initial electronic
states. Actually, this complication is not entirely
new to Eqs. (5.6); it is also present in Sec. 4 in a
slightly simpler form. In going from the Hamiltonian
(4.1) to the effective Hamiltonian (4.4), we were
required to replace the phonon Hamiltonian H, by
H, = H, + A4, The operator A, embodies the
modifications induced in the phonon spectrum as a
consequence of the impurity being present in its
ground state (M = 0). These modifications might
include, for example, the generation of local phonon
modes.*®"* The system in the present section is
slightly more complicated than that of Sec. 4
because the impurity system has more ground-state
degrees of freedom.

Although the results of this section are mathe-
matically more complicated than those presented
in Sec. 4, or in I, their physical interpretation
parallels that of the cases discussed previously.
Again, group theory ensures through Eqgs. (3.11)
that the matrix functions in Eqgs. (5.4)-(5.6) are
multiples of the unit matrix. As in Eq. (4.9), each
expectation value in the expansion (5.6) is separately
a multiple of the unit matrix. Like the singlet-to-
singlet spectra of I and the singlet-to-multiplet
spectra of Sec. 4, the multiplet-to-multiplet spectra
display single sharp no-phonon lines accompanied
by vibrational structure. In this sense all these
spectra are qualitatively alike. An experimental
consequence is that the presence or absence of a
static or dynamic Jahn—Teller effect will not be
reflected in a splitting of the no-phonon line.*’**
Jahn-Teller effects will be apparent in the no-phonon
line only if the full G, site symmetry is destroyed
by static electric or magnetic fields or by selective
electromagnetic pumping (which destroys the
initial-state thermal distribution).**'** In some cases

“5})3. W. Montroll and R. B. Potts, Phys. Rev. 100, 525
1955).

( 37 P, Mazur, E. W. Montroll, and R. B. Potts, J. Wash-
ington Acad. Sci. 46, 1 (1956).

38 The lines observed in magnetic-resonance specfra are
analogous to the no-phonon lines of optical spectra. Cf. D. E.
McCumber, Phys. Rev. 133, A163 (1964).

% B. Bleaney, K. D. Bowers, and R. S. Trenam, Proc.
Roy. Soc. (London) A228, 157 (1955).

403 Geschwind and J. P. Remeika, J. Appl. Phys. 33, 370
(1962).
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Jahn-Teller effects will also manifest themselves in
qualitative differences between the vibrational
structure in emission and that in absorption.*

6. NONDEGENERATE MULTIPLETS

In the preceding two sections we considered
transitions involving degenerate multiplets. It is not
difficult to extend our formal results to the case
of nondegenerate multiplets. We here treat the
general case in which both the initial and final
states are such multiplets. Just as the results of
Sec. 5 reduce in a straightforward manner to those
of Sec. 4 when one of the multiplets is a singlet,
both of these examples follow as special cases of
the system considered below.

As before, our basic Hamiltonian is of the type
(2.2) in which the phonons do not couple the
ground-state (M = 0) and the excited-state (M = 1)
multiplets. We introduce the operator matrix A,,(z)
by the definition (5.3) of the preceding section.
Likewise we introduce the matrix functions Fo,(t—1t)
and F;o(t — ¢') whose (uv; u'v') components are the
functions (2.10). We define the (uv; u'»’) components
of the diagonal matrix function F(¢)° to be

[F(t)o](uv:u'v’) = 6(": l‘,)a(vi ”’)
X exp [—1i(8,, — 8)t/A].
This definition is equivalent to (5.6) when the
multiplets are de_generate. We next introduce a new
operator matrix A,,(¢) by the matrix equation
Alo(t) = F('—' t)oAlo(t)F(t)o.

For degenerate multiplets, A,,(f) = A,o(2).

If the integer £, is the number of states in the
multiplet M and if the matrix operator W' is
defined as in Egs. (5.7), we define a new matrix
operator ¥, such that

Wy = Wau(MB| W |MB)™". (6.3)

This clearly has the property that (M 8] &, |[MB)=1.
We next define as the analog of the function G (¢)
of Eqgs. (5.6) the matrix funetion

6.1)

6.2)

Gu(t) = {1 - %j: dt, (Mﬁl Alo(tl)‘—FM |M5>
+ (?t) [ a, i " at, (M8] Kt
X Ao (t) T Mgy + -- }(Mﬁl W, |[MB)  (6.4a)

= (exp {—%L dat, (Mﬂl Alo(tl)‘if&l IMB>
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+ (g)[ [ a, [ " dty (8] Kot hoolt) ¥ M)
— 4 [t dt, (18] Aot B 1)

X (MB| Aot ¥ s lMﬁ)] - })

X (MB| Wi |MB). (6.4b)

For degenerate multiplets, ¥,y = W', and G (¢) =
G (2).

Using these definitions, we may easily establish
by the techniques used previously that

Fo.(t) = I3'F(1)°Gy(2). (6.5)

This equation is the required generalization of
Eq. (5.4).

Using the arguments of Sec. 3, we may verify
that, if the operators {yu,} of the multiplet M
can be grouped into d, linearly independent sets
of degenerate basis functions determining reps of
G4, then each of the functions (6.5) will typically
display d = dod, = 1 distinet spectra. Each spectrum
will have one sharp no-phonon line plus its associated
vibrational structure. If for each multiplet the Gy
reps are all distinct, the functions (6.5) and each
expectation value in Egs. (6.4) will be diagonal
with d = d.d, distinet diagonal elements. If a
particular G rep is repeated within a given multiplet,
the functions (6.5) may contain off-diagonal elements
connecting the corresponding basis funections in the
repeated rep. These off-diagonal elements describe
a phonon-induced mixing of the corresponding basis
states. If in this case the functions are diagonalized
by an appropriate unitary transformation, the same
transformation will generally not simultaneously
diagonalize the separate expectation values in the
expansions (6.4).

7. A SINGLE-TO-DOUBLET EXAMPLE

As a simple application of the preceding resuits
we consider the singlet-to-doublet transitions of a
simple three-level impurity system. We consider
two cases, that in which the site symmetry group
Gy is C; (reps A and C,.) and that in which the
symmetry group is C,, (reps 4,, 4., and E). Many
of our results can immediately be extended to
systems of higher symmetry, when the actual
symmetry group contains C; or C;, as a subgroup.
The cubic case G, = 0, is a notable example.

The energy-level diagram of the impurity is
indicated for the C; and C;, cases in Fig. 2. For
C,, symmetry the excited state is a degenerate
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Fig. 2. Enpergy-level dia-
grams of a simple impurity
system imbedded in crystals
with site symmetries C; and
3v.

A A, A

doublet whose characteristic operators {y¥.} and
{¢4] are bases for the two-dimensional rep E of
Cs,. In a site of C; symmetry the doublet is split
into two states whose operators are, respectively,
bases for the one-dimensional reps C. of C;. We
assume that the singlet ground state belongs to
either the A, or A, reps of C,;, and to the identity
rep A of C,.

Since we are concerned with singlet-to-doublet
transitions, we can simplify our mathematical ex-
pressions by using an effective Hamiltonian similar
to (4.4) and one-state spectral functions similar
to (4.6). For the C, system we use the effective
Hamiltonian

Hy = hwoo ¥, + ho ¢ 9. + Hy

[ e
¥-1 Ly-

where A is the 2 X 2 phonon-operator matrix

A= [ 4, iA_]_
—iA, A4,
The phonon operators 4, = A; and 4, = ff; are
invariant with respect to the operations of Cj;
the operators A, are related by Hermitian conjuga-
tion (A, = A_) and respectively transform like
basis functions of the reps C. of C;. For the C,,
system w, = w_;the operators 4, = A, are invariant
with respect to the operations of C;,; and the op-
erators A, form a basis for the rep E of C,,.
The one-state correlation functions relevant to
the absorption spectrum are contained in the 2 X 2
matrix function

(7.2)

Fm(t - t’)

- [(0/31 Y91 [08) (0] ¥ (¥ (¥) loa>j], @.3)
(08| v, (VL) 108) (O8] ¥-¥L(¢") 06

Simplifying the expressions of Sec. 6 to singlet-to-
multiplet systems, we find that with the Hamiltonian
7.1)

Fo(f) = F(t)oc'o(t); (7.4)
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where here
F)° = {e"P (—iw.t) 0 } (7.5)
0 exp (—tw_t)
and

Go(t) = exp {—% _/: dt, (08| A(t) |08)
n (%)[ [ "t [ " dt, (08] AA(w) 108)

—% fo ‘ dt, dt, (08] A(t,) |08)08| A(t,) |0,3)] - },
(7.6)

with (A = 0, —w_)

A() = F(~1)°A()F()°

=[ Ao(t) iA_(t)e"“} amn
—id. (e A

For C,, symmetry these expressions correctly reduce
to expressions of the type previously derived in
Sec. 4.

Since the two excited states of the impurity
system belong to different reps of C,, it follows
from the symmetry arguments outlined in Secs. 3
and 6 that with C; symmetry the matrix function
F,. (t) is diagonal and has the two independent
nonzero components

falt — ¢) = (08| v.()¥L(t) |08).
From Egs. (7.4)-(7.7) we find that

(7.8)

ﬁ;l(t) =e ' €xXp {_%t (OBI 4, IOB)

+ (Ft)z f,,‘ dt, fo "t (081 [Ao(t) Ao(ts)
+ A_(t)e" T A(8)] |08)

— [(08] 4, [08))°) — } (7.92)

and

o) = e it exp {—%t <0/3| A‘Io |0ﬂ>

+ (i) f a4 f dty (08| [Ao(tr) Ao(ts)
+ A(t)e T A(8)] |08)

— [0l 4, |08)]") — -- } (7.9b)
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For (5, symmetry F,,(t) is a multiple of the unit
matrix and fo () = f5:(0).

To facilitate the physical interpretation of these
results, it is convenient to consider a specific phonon
system. We choose a simple harmonic Hamiltonian

Hyo = Y hogaga, + 3). (7.10)

Here {a,, a} are phonon annihilation—creation op-
erators having the familiar commutation relations

[0, Go] = [ag, ag] =0, [aq, ag’] = 8(g, *). (7.11)

The q summation in (7.10) extends over a complete
set of normal lattice modes. We next assume that
the phonon-impurity coupling operators have simple
linear forms:

Ao = X [daq + (D*ad, (7.128)
A-o = ; [éga: + (c-b*ad) (7-12b)
A, = X [chaq + (D*al.  (7.120)

For all values of the numerical coupling coefficients

{c3, ¢, ci} these operators satisfy the required
Q. q

relations A, = Ao, Ay = Ao, and A] = A_.

Using properties of the Hamiltonian (7.10),*" we
find that only even-order terms of the expansion
(7.9) are different from zero. Typically,

f;l(t = e"im-‘ exp {(‘7177:)2 f’ dtl f“ dtz
+ A_(t)e 4 T AL (8] |08) + } (7.13a)

= 6 exp {f L) + nl — )

X osls = 6 — 1~ i/ + -
(7.13b)

Paralleling the treatment of Sec. 2 in I, we have
introduced in the last equation the spectral functions

polw) = ﬁ: dte™**[Aq(1), Ao

= 9 Z leal® [8( — we) — 8(w + wy)],
q (7.14)

pu@) = [ d1e* 14,09, 4]
= 21 qZ [leal® 8w — wo) — [el? 8w + wg)].

4 Cf. Eq. (14.3).
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These functions reflect the density of phonon states
weighted by the phonon-impurity coupling co-
efficients. They have the properties
Po(w) = _PO(_“’) = Po(w)*: (7.15)
pe(w) = —pa(—w) = pulw)*.
In Eq. (7.13) we have also used the thermal weighting
function
n{w) = [exp (Bw) — 1]7*. (7.16)
For C,, symmetry p.(w) = p_(w), and if Fo(w)
is the A, spectral function analogous to po(w),
Po(w) = po(w).

If we approximate f,;;({) by the components
explicitly indicated in Eq. (7.18b), it is useful
and instructive to rewrite those components in
the form

) @ d(l) eiwl
+ Yt — Bt ~4 Tt} —_—————
Jor(8) = €77 e exp { o 21 B0 + tel)’

X [n(w)polw) + nlw — A)pilw — A)]} ,  (7.17a)
where for ¢ = 0

v = [ {[1 + 2n(a)]po(e)

2 (he)®
1( nwe.(w) [1 4 n(w)]p-(w) }
+ B ([w + A+ ’iet]z + (w —A-— 1€t]2) 3 (717b)
v e % :g;“:{ﬁ‘l‘%’l_;_ p-(w)w i)A

1) po) 72— 20 ;—fz]} (7.170)

and

T, = (/W1 + n(a)lp-(8).  (7.17d)

The corresponding expressions for f,;(f) follow by
replacing po(w) by Bo(w), p:(w) by pz(w), and A
by (—A). In these equations we have assumed
that, as is usually the case in three-dimensional
systems, the linear-coupling spectral functions (7.14)
vanish at least as fast as «’ as w — 0, so that
plw)n(w)/w® is regular at @ = 0. Temperature
(T = h/kB) enters Egs. (7.17) only through the
function n(w).

The results (7.17) are very similar to those
obtained in Sec. 2 of I. By expanding the last
exponential in (7.17a), one obtains from the first
term in the expansion a representation of the no-
phonon line while the other terms describe the
vibrational structure. When p.(w) = p_(w0) and
A = w, — w_ = 0, the difference between these
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results and those in I rests in the replacement of
the effective density po(w) of totally symmetric
phonons by the sum. [po(w) + p.(w)] of totally
symmetric and C. (or E) phonon densities. For
this case the energy shifts . — w, are temperature
independent and the no-phonon lines have zero
width (I'y = 0). When p.(w) # po_(w) or A # 0,
the results (7.17) differ somewhat from the results
of I. For example, if p,(w) = p_(w) but A #= 0,
Eqgs. (7.17) reflect a direct phonon coupling between
the excited states.*” This direct coupling produces
a well-known temperature dependence in the position
of the no-phonon lines; it also gives those lines a
finite width.'®** A sensitive measure of the direct
phonon coupling is the temperature dependence of
the no-phonon-line frequency difference

w+—w_=A—%j; (zl—:[l+2n(w)}

x [ o) 725 = o) 2 |

Another important characteristic of the direct
phonon coupling is the line-width ratio

I./T- = [1 4+ n(4)]/n(4) = exp (B4).  (7.19)

Its behavior reflects the low-temperature (8 — «)
limits T, — p=(|A)/R°, T: — 0, respectively
appropriate to A 2 0.

In C; symmetry, where p,(w) may be different
from p_{w), the frequency difference (7.18) is not
necessarily zero when A = 0 nor are the expressions
(7.17¢) and (7.18) temperature independent. These
features reflect the fact that the phonons responsible
for exciting the state (4) from the state (—) are
generally different from those exciting (—) from
(+). In C;, symmetry p.(w) = p_(w) and these
distinctions no longer exist.

While it is true that, if allowance is made for
the frequency difference A and for the difference
between the spectral functions p.(w) and p_(w),
the multiplet spectral functions are very similar to
the singlet functions computed in I, there are
fundamental differences which are not apparent in
Egs. (7.17). These differences only appear in terms
of higher order than those indicated in Eqs. (7.13)
and (7.17). They derive from the fact noted in
earlier sections that the phonon—-impurity coupling
is governed in the multiplet case by nondiagonal
mairices A(f). Because these matrices do not com-
mute for different time arguments—compare Eqgs.
(4.10)—the expansion (7.6) does not terminate after

(7.18)

2 J H. Van Vleck, Phys. Rev. 57, 426 (1940).
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two terms even with the harmonic Hamiltonian
(7.10) and the linear coupling (7.12), whereas the
corresponding singlet-to-singlet expansion would
terminate for this special situation.

Let us investigate the lowest-order correction
terms to (7.17) for the mathematically simpler case
of C;, symmetry for which f,,(t) = f1(), A = 0,
polw) = po(w), and p,(w) = p_(w). Proceeding as
in our derivation of Eqs. (7.13) and (7.17), we find
after considerable manipulation that to terms of
fourth order in the phonon-impurity interactions
(e =107)

fon(®) = &0 "

© d_{u_n(w)ei”'
X e"p{ o 2r ()

FRT1} fw't
we — We
x| +

’
w —w

[oo(@) + p:(w)]

ww'

(@ 4 o + 1et)’

ei(u+w')l]} ,

(7.20a)
where

y = fo "fzi_:ﬂ_?;hj)#("’ﬂ [po@) + pulw)]

[ dode! nlen)  ps@)pae)
e 27)° (Po o) (@ + o + det)®
X e + (@ + '),
“dew 1

(7.20b)

=0~ [ 210w + 0w
® do do’ p.(w)p.(0')
T2) @y he
X (1 + 2n)] Ew—)f}w— . (7.200)
and

r=2 fo i % <—p—;l§%)>2n(w)[l faW].  (7.20d)

The two higher-order terms of (7.20a) not present
in Eqgs. (7.17) affect the observed spectrum rather
differently. The last term [involving (w + )]
contributes a ‘‘two-phonon” component to the
vibrational structure of (7.20a), while the other
term [involving the (w — ') denominator] modifies
the ‘‘one-phonon” vibrational structure. Although
both of these terms are reflected in the no-phonon
strength parameter +v,, only the “two-phonon”
component is reflected in the no-phonon frequency
@ and the line-width T. Note in particular that
even with p,(w) = p_(w) and A = 0 the two-phonon
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corrections generate a finite width I. Equation
(7.20d) for that width has a structure we have
elsewhere associated with Raman scattering by the
impurity.'®

It is not difficult to understand the physical
reason why, even for the simple Hamiltonian (7.10)
and the linear coupling (7.12), the spectral functions
for multiplet transitions require higher-order cor-
rections of the type appearing in Eqgs. (7.20). Such
corrections are not required only if operators of the
type (7.12) couple to electronic operators which are
constants of the motion. The totally symmetric
phonons do not contribute corrections in Eqgs. (7.20)
because they couple to the constant of the motion
M= Wy, + xl/_fn[/_); a similar statement applies
to the singlet transitions discussed in I. If phonons
couple to operators which are not constants of the
motion—the C.(C;) and the E(C,,) phonons of
this section are examples—then the phonon-
impurity coupling depends upon the instantaneous
state of the impurity as well as upon the state of
the lattice. Since the present state of the impurity
clearly depends upon the past phonon interactions,
the phonon-impurity interaction involves correla-
tions between several different phonons. These
correlations are not relevant when the coupling
proceeds through an electronic operator which is
a constant of the motion. Briefly, the “two-phonon”
corrections in Eqgs. (7.20) reflect the simplest phonon
correlations transmitted by the impurity dynamics.
The higher-order ‘‘one-phonon” components in Egs.
(7.20) are corrections to the original one-phonon
term induced by the two-phonon correlations*®

8. DISCUSSION

In the preceding sections we have derived Baker—
Hausdorff'® or generalized cumulant'’ expansions
describing the spectra of a rather general class of
optical transitions of an impurity imbedded in a
crystal lattice and in interaction with the phonons
of that lattice. The results derived in I and in
Secs. 4 and 5 of this paper are all special cases
of the general multiplet-to-multiplet expansions dis-
cussed in See. 6. Those expressions relate to transi-
tions between arbitrary impurity multiplets not
connected by the phonon-impurity interaction.

4 V. Ambegaokar, J. M. Conway, and G. Baym (to be
published) consider related phenomena for the scattering of
neutrons by crystals. In their case lattice anharmonicities
responsible for phonon lifetimes correlate one-phonon and
two-phonon processes. As a consequence the neutron scatter-
ing cross sections contain small correlation corrections which
must be taken into account if the experimental data are to
be accurately interpreted in terms of phonon spectra. Cf.
also B. V. Thompson, Phys. Rev. 131, 1420 (1963).
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In addition to phonon—impurity systems with
Hamiltonians of the form (2.2) our results apply
to systems whose optical properties are accurately
described by an effective Hamiltonian of that type.
Briefly, this extended class of systems includes all
those systems for which the multiplet~connecting
phonon interactions involve states whose energy
separations are large relative to phonon energies.
They are necessarily systems for which the non-
radiative transition probability between multiplets
is small and the phonon relaxation time short
relative to the spontaneous-emission radiative
transition probability, since it is only for such
systems that one can meaningfully introduce quasi-
stationary initial ensembles of the type (2.5) which
have definite total multiplet populations and a
fixed lattice temperature. We shall discuss these
points in detail in a later paper.

Also to be discussed later is the detailed relation
of the basic spectral correlation functions (2.10) to
experimentally observable spectra. This connection
involves specific assumptions about the coupling
of the phonon-impurity system to laboratory fields
and reflects the appropriate coupling matrix elements
and selection rules. Connections to the electro-
magnetic field, for example, would involve the
matrix-element coeflicients with which one would
construct the various multipole operators from the
impurity fields {¥u., ¥i.] and from the phonon
fields {a,, ai}. We can anticipate from the electro-
magnetic example that the external coupling to the
phonon~impurity system will generally proceed
through the impurity fields and through the phonon
fields. Both couplings eventually lead to expressions
involving correlation functions of the type (2.10);
however, phonon assistance is reflected in the spectra
in different ways. For example, phonon-assisted
transitions—these are transitions whose total in-
tegrated intensity in the spectral region of interest
increases with the strength of the phonon—impurity
coupling—can exhibit a no-phonon line if the
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external coupling proceeds through the phonon field
but cannot exhibit such a line if the external coupling
proceeds through the impurity fields.

The simple system of Sec. 7 illustrates this last
point. We assume that the frequency separation
A = w, — w_ in the system of Sec. 7 is large and
that the spectral region under investigation is the
neighborhood of w = w_. We also assume that the
laboratory field couples only to the impurity excited
state (4) and that matrix elements coupling that
field to the state (—) vanish. The observed spectrum
will be proportional to the Fourier transform of the
correlation function f,;(f) defined in Eq. (7.8). As
is clear from Egs. (7.9), (7.13), and (7.17), this
function displays a sharp no-phonon line near w = w,
but not near v = w_, the region of experimental
interest. If we expand the last exponential in Eq.
(7.172), we find that

j0+1(t) = e—7:+e—-‘5+te—}r+ltl {1 + j:_ d_‘-_‘_’

® 2
e "“A”m(w)),n }

(G + e + o 6
The second term involves single-phonon frequencies
added to or subtracted from (@, — A) & w_. The
spectrum described by f;; (t) will involve components
near w_ as well as near w, ; however, the no-phonon
line will lie exclusively at w = &, & w,. Vibrational
structure in the phonon neighborhood of w= (&, —nA)
for integral n > 2 is precluded from the higher-order
terms of the expansion (8.1) by correction terms to
Eqgs. (7.17) of the type considered for C;, symmetry
at the end of Sec. 7. This is not surprising, because
such frequencies do not appear in any term of the
perturbative expansion derived from Eq. (6.4a).

Po ()
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Necessary and sufficient conditions have been determined for the exact preservation of a canonical
distribution characterized by a time-dependent temperature (canonical invariance) in Markovian
relaxation processes governed by a master equation. These conditions, while physically realizable,
are quite restrictive so that canonical invariance is the exception rather than the rule. For processes
with a continuous energy variable, canonical invariance requires that the integral master equation
is exactly equivalent to a Fokker-Planck equation with linear transition moments of a special form.
For processes with a discrete energy variable, canonical invariance requires, in addition to a special
form of the level degeneracy, equal spacing of the energy levels and transitions between nearest-
neighbor levels only. Physically, these conditions imply that canonical invariance is maintained
only for weak interactions of a special type between the relaxing subsystem and the reservoir. It is
also shown that canonical invariance is a sufficient condition for the exponential relaxation of the
mean energy. A number of systems (hard-sphere Rayleigh gas, Brownian motion, harmonic oscilla-
tors, nuclear spins) are discussed in the framework of the above theory. Conditions for approzimate
canonical invariance valid up to a certain order in the energy are also developed and then applied to
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nuclear spins in a magnetic field.

I. INTRODUCTION

HERE exists a wide class of nonequilibrium

systems whose relaxation can be described, at
least to a very good approximation, by a master
equation characteristic of a Markovian stochastic
process. One class of such systems, with which this
paper is concerned, is that of a dilute subsystem
(with number density n,) dispersed in a heat bath
(with number density n,) with n, < n,. It is then
assumed that the subsystem, which has been
prepared in an initial nonequilibrium distribution,
relaxes to the (time-invariant) equilibrium distribu-
tion characteristic of the heat bath solely through
interactions with the heat bath, the inequality
n, < n, being taken sufficiently strong that inter-
actions between the subsystem particles can be
neglected compared to the subsystem-heat-bath
interactions.

In previous studies on the relaxation of such
subsystem-heat-bath ensembles, it has been shown,
exactly and analytically, that for some such en-
sembles an initial canonical distribution of the
subsystem (i.e, a Maxwell-Boltzmann distribution
in energy or velocity) will relax to the final equili-
brium canonical distribution corresponding to that

* Summer Student, National Bureau of Standards.

1 Consultant, National Bureau of Standards.

1 Consultant, National Bureau of Standards. Present
Address: Rockefeller Institute, New York, N. Y,

of the heat bath via a continuous (in time) sequence
of canonical distributions with a time-dependent
“temperature’”’. We shall refer to this property as
canonical invariance. Examples of such exact
canonical invariance are: the vibrational relaxation
of a set of harmonic oscillators subject to Landau-
Teller transition probabilities in contact with a
heat bath,''* the (translational) relaxation of a
hard-sphere Rayleigh gas,’> and the (translational)
relaxation of a Lorentz gas with a Maxwellian (r™°)
force law.* For many other systems, however, it
has been shown that an initial canonical distribu-
tion is not preserved during the relaxation process.®
Some examples of these are: the relaxation of a
subsystem of harmonic oscillators with exponentially
varying transition probabilities,® the relaxation of
a subsystem of anharmonic oscillators,” the relaxa-

(19‘5(151). J. Rubin and K. E. Shuler, J. Chem. Phys. 25, 59
*E, W. Montroll and K. E. Shuler, J. Chem. Phys. 26,
454 (1957).
(19-’:3 i{) Andersen and K. E. Shuler, J. Chem. Phys. 40, 633
+0. I. Osipov, Bull. Moscow Univ. Ser. III 1, 13 (1961)
and Ref. 3.
® We are discussing here exact analytical results and are
not concerned, at this time, with approximate theoretical
greftments or with the approximate fitting of experimental
ata.
(19.‘5?). J. Rubin and K. E. Shuler, J. Chem. Phys. 25, 68
"N. W. Bazley, E. W. Montroll, R. J. Rubin, and K. E.
Shuler, J. Chem. Phys. 28, 700 (1958).
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tion of a subsystem of rigid rotators,’ the relaxation
of a hard-sphere Lorentz gas,’ and the relaxation
of a subsystem of spins in contact with a lattice.”

The only variables entering into the relaxation
equation (the master equation) which can effect
the preservation or nonpreservation of the initial
distribution during relaxation are the transition
probabilities per unit time between the quantum
states (or the energy states), the degeneracies of
the energy states, and, in discrete quantum systems,
the spacing of the energy levels and their total
number, ie., finite or infinite. It is of interest to
determine the necessary and sufficient conditions
on these variables for canonical invariance for
Markovian relaxation processes. This program is
carried through in the subsequent sections of this
paper.

Sections II and III are devoted primarily to the
formal mathematical development. We begin our
treatment in Sec. IT by deriving, from the master
equation in energy space, the necessary and sufficient
conditions for canonical invariance for systems with
continuous energy-level spectra. We then apply
these results to three specific examples: Brownian
Motion (Ornstein—Uhlenbeck processes), the Ray-
leigh gas, and classical harmonic oscillators. In
Sec. III we establish the connection between the
quantum-state master equation and the master
equation in energy space, and then derive the
necessary and sufficient conditions for systems with
discrete energy levels, i.e., quantum systems, for
both finite- and infinite-level systems. The quantal
results are then applied to the specific examples
of the relaxation of (Landau-Teller) harmonic
oscillators and to spin-lattice relaxation systems.
In Sec. IV we derive the conditions for the approz-
tmate preservation of a canonical distribution for
a finite discrete energy-level system with a level
spacing small compared to kT This case is of interest
in connection with certain spin-relaxation problems.
In Sec. V we then consider the physical implications
of our analysis, and the relation of our results to
some previous work on relaxation processes.

Our findings may be summarized broadly as
follows. The conditions for exact canonical in-
variance, while physically realizable, are quite
restrictive. Canonical invariance in a relaxation
process is thus the “exception” rather than the
rule. Whenever canonical invariance obtains, the

9‘ R. Herman and K. E. Shuler, J. Chem. Phys. 29, 366
@ ’5 SEI);:cept for the trivial case of spin 4, which involves only

two energy levels. The relaxation of spin systems will be
discussed in more detail in the body of the paper.
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mean energy of the subsystem undergoes a simple
exponential relaxation of the type discussed pre-
viously by Shuler, Weiss, and Andersen.'® Canonical
invariance is, however, only a sufficient and not a
necessary condition for such an exponential relaxa-
tion of the mean energy. The analysis presented
here permits the ready determination of canonical
invariance from the form of the relevant parameters
(transition-probability kernel, degeneracy, level
spacing, etc.), and obviates the need for an explicit
solution of the relaxation equation. Left open in
the present study is the important question as to
approximate canonical invariance, i.e., the extent
of the deviation from canonical invariance, under
a weakening of the conditions for exact invariance.
We plan to consider this problem in a subsequent

paper.

II. SYSTEMS WITH A CONTINUOUS ENERGY
SPECTRUM

Necessary and Sufficient Conditions

We first consider subsystems, such as a classical
gas, in which the individual particles can have any
energy greater than zero. Let us define P(e, f)de
as the probability that a subsystem particle has
an energy between e and ¢ 4 de at time . We assume
that P(e, t) satisfies the master equation

952%’1’ - f,,m [B(e | )P, 1)

— B(¢ | eP(e, 1)] de'. 2.1)

The transition probabilities per unit time, for
transitions from state ¢ to ¢, B(e | ¢), are taken
to be independent of time, i.e., we consider a sta-
tionary process. We also use detailed balancing,

B(e | €)P(¢', @) = B(¢' | ©Ple, »). 2.2

As t — o, the function P(e, ) will approach the
Maxwell-Boltzmann distribution

Ple, @) = glee™™*/QIB(=)], @3

where () = [kT(x)]™" with T(~) being the
heat-bath temperature, the partition funection
QIBl = [% gle)e™® de, and g(e) is the degeneracy,
i.e., the density of states with energy e.

We wish to investigate the conditions under
which a canonical distribution is preserved during
the relaxation process, ie., the conditions under
which Eq. (2.1) has a solution of the form

10 K. E. Shuler, G. H. Weiss, and K. Andersen, J. Math.
Phys. 3, 550 (1962).
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P, 1) = glee™""*/QIBH)]. 24)

Such a solution would enable us to define a time-
dependent temperature T(¢f) = 1/kB(t) for all times
0 <t £ o for the relaxation process. To find
the necessary conditions we assume that a solution
of the form (2.4) exists. Then

Pt - fie+ Ly, @

where the dot denotes differentiation with respect
to t. Since

-0 f ) eg(ee ™ de
f‘” g(e)e"”“" de

where &(t) is the average energy of the particles
at time ¢, Eq. (2.5) reduces to
aP(e, t)/ot = BN[E(t) — €|P(e, £). (2.7

The detailed balance condition (2.2) can be used
to rewrite Eq. (2.1) as

QB _ _

QBM] —B(W®), (2.6)

oP (e’ D _ ple, o f B | 9
X [exp {—[8() — B(«)](¢ — g} — 1]de’. (2.8)
With the definition
a(t) = B(t) — (=), 2.9)

the master equation (2.1) can finally be written as

a0~ d = [ B9

X {exp [—a(®)( — ¢] — 1} d¢/, (2.10)

where we have made use of Egs. (2.7) and (2.8)
above. Equation (2.10) will serve as our starting
point for the determination of the conditions for
canonical invariance.

We assume that the right side of Eq. (2.10) can
be expressed as

[ B 1 9tew [—atht — 91— 1 ae
-] _1 m
_ z_;( L

bn(e)a™, 2.11)

where

ba(e) = f B | (¢ — ¢™ de'. 2.12)
0

We now determine the coefficients b,(¢) by deriving

an equation for ¢ as a funection of time and then

relating &(¢) to a(t) for a particular class of degen-
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eracies g(e). This will yield an explicit expression
in terms of «(f) for the left-hand side (lhs) of Eq.
(2.10). The use of a Taylor expansion of the lhs
of Eq. (2.10) in powers of o will then permit us
to determine the b,,(e).

Combining (2.10) and (2.11) we obtain

SO — o = mz: (:n——l——,)m bala™.

We first note that, for Eq. (2.13) to hold for all ¢,
the b,,(¢) must be of the form

ba(e) = by + ebn; m=12,-:--,

where b2 and b are constants independent of e
This follows from the fact that the Ihs of Eq. (2.13)
is linear in e. We can now find the equation satisfied
by &(). From Eq. (2.12) it follows that, for m = 1,

j;w Bl | O — & de =

It has been shown in Ref. (10) that a transition
moment b,(¢) of the form displayed in Eq. (2.15)
leads directly to the relation

de(t)/dt = by + bie(?) (2.16)

for the exponential relaxation of the mean energy.

To find the relationship between «(f) and &(f)
we must introduce an ansatz about the density
of states g(¢). We shall use the form'

(2.13)

(2.14)

b + ebs. (2.15)

gl = e, 2.17)

where n > —1 (but not necessarily integer) to
ensure the normalizability of the canoniecal distribu-
tion. The density of states of a classical free particle
is of this form with p = O and n = —4%, 0, or 3,
depending upon whether the motion takes place in
one, two, or three dimensions.

For the density of states given by (2.17), the
mean energy &(f) is

&t) = j: eglee™ de/‘/;m g(e P de

n+41
= . 2.18
O+ b= —p 1B
An expression for «t) can be obtained by dif-
ferentiating (2.18) and using Eq. (2.16),

&) = —lal) + B(=) — ]
2l b}}-

{b°[a<t) + (=) —
n+1
U The form of g(e) in Eq. (2.17) can be shown to be the
continuum analog of the discrete degemeracy g. whose
necessary and sufficient form for canonical invariance can
be determined unequivocally (see Sec. III and Appendix III).

(2.19)
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When o = 0, 8(f) = 8(=) and the ensemble will be
in its equilibrium distribution with &(f) = () = 0.
From this it follows that

b = —biB(=) — pl/(n + 1), (2.20)
and

a(t) = [—bia()/(n + D)) + B(«) — pl. (2.21)
Combining these results with Eq. (2.18), we finally
obtain

a(de(t) = —blalt) (2.22)

as the desired relation between & and & We can
now use Egs. (2.20)-(2.22) to reexpress the lhs
of Eq. (2.10) and equate it to the expansion (2.11).
This yields

e - e

= i K—Tl')r ba(e)a™.

m=1

(2.23)

Comparing coeflicients of o we then find

bi(e) = bi{1 — €[B(=) — pl/(n + 1)} = bi(1 — 49,
b.(e) = 2bje/(n + 1) = b3(A’¢), (2.24)
bn(e) = 0; m > 3.

Clearly these relations could not be realized if
B(¢ | ¢ were a function in the ordinary sense,
since B(¢' | ¢ > 0and (¢ — ¢™ > 0 for ¢ # ¢
for even m. Hence B(¢’ | ¢) must be expressed in
terms of distributions, i.e.,

B(e' | &) = bo(e)d(¢ — ¢) — by(8V (¢ — &
+ 3b,(8” (¢ — o),

where 8™ (e) is the mth derivative of the Dirac
delta function. When the above expression is sub-
stituted into the master equation (2.1) and the
resulting equation integrated by parts, one obtains

Ple, ) 8
St =~ [h@PG, 0]

(2.25)

+ 1L mePe 0, @26)

with b,(e) and by(e) given by Eq. (2.24). We have
thus obtained the interesting result that the transi-
tion probability B(¢' | ¢) which gives rise to canonical
invariance is of the form which leads to the exact
equivalence between the integral master equation
(2.1) and the Fokker-Planck equation (2.26). Put
in other words, it is only for relaxation processes
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described by the Fokker-Planck equation (2.26)
with the b.(¢) given by (2.24) that canonical in-
variance obtains for the distribution function. It
can readily be verified by direct substitution that
the canonical distribution (2.4) is a solution of the
relaxation equation (2.26).

To summarize then, we have shown here that the
necessary and sufficient conditions for canonical
tnvariance for a Markovian relaxation process with
a continuous energy variable are:

(a) The transition probability B(¢' | €) is a sum

of Dirac delta functions and their derivatives
as shown tn Eq. (2.25).

(b) The moments b,.(e) are given by Eq. (2.24).
Condition (a) implies that the master equation is
exactly equivalent to the Fokker-Planck equation
(2.26). The above results pertain to degeneracies
g(e) as given by Eq. (2.17).

Relaxation of the Temperature and Mean Energy

An explicit expression for the relaxation of the
temperature T'(t) = 1/kB(t) can readily be obtained
from Eqs. (2.20) and (2.21). The integration of
(2.21) leads to

R relam=g]- o om

with T, = 1/kp. When p = 0, so that g(¢) = ¢,
one obtains the simple exponential temperature
relaxation

[T(®) — T(=))/[TO) — T(x)] =€".  (2.28)

It can readily be verified from Eq. (2.28) that b} < 0.

The differential equation for the relaxation of
the mean energy has already been given [Eq. (2.16)].
Its solution is

(&) — &(=)]/[&0) — &(w)] = ™.

This result is independent of the value of p in
Eq. (2.17) for the density of states. Since ¢ is
proportional to kT for g(e) = ¢ with a canonical
P(e, t), the exponential temperature relaxation in
(2.28) is equivalent to the exponential energy
relaxation of Eq. (2.29).

(2.29)

We have thus demonstrated that canonical invariance
8 a sufficient condition for the exponential relazation
of the mean energy.'*

¢ Canonical invariance is, however, not a necessary con-
dition. This can readily be seen from the fact that it is neces-
sary to specify both bi(e) and bs(¢) for canonical invariance
[Eq. (2.24)], whereas only b:( ¢) needs to be specified explicitl
{({6 )?he exponential relaxation of the mean energy [see Ref.
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The Conditional Probability

The Fokker-Planck equation (2.26) can be used
to obtain the conditional probability Wi(e, ¢; ¢, 0)
which corresponds to the transition probabilities
B(€¢ | €) given in Eq. (2.25). The conditional proba-
bility W (e, t; €, 0), which is defined so that W (e, ¢;
¢, 0)de is the probability that a molecule has
energy between ¢ and ¢ 4 de at time ¢ given that
it has energy ¢ at time { = 0, is the solution of
Eq. (2.26) for the initial condition

P(e, 0) = 8(¢" — ¢). (2.30)

To simplify the following expressions, we transform
to dimensionless units of energy z and time 7, by
letting

z=¢B(x) —p], 7=-bt (231)
Equation (2.26) then becomes
oP(z, 1) _
aT - P(I, T)
oP(z, 1) 9Pz, 'r).
+@E—n4+1 . +z 92 2.32)

Before evaluating Wi(e, ¢; ¢, 0) we shall first
develop the general solution of (2.32). With the
transformation

P(z, ) = z"¢ "Y(z, 1), (2.33)
Eq. (2.32) becomes
a(z, ) N, T
=
& g3y

ox
The rhs of Eq. (2.34) defines the linear operator
D=(n+1-— )8/dx) + z(3°/9z),
so that (2.34) can be written compactly as
Yz, /ot = DY(z, 7). (2.35)

The eigenfunctions of the operator D are the gen-

et

e T R
2[rzo(1 — 7]}

where the conditional probability can be seen to
be the difference between two Gaussian terms. It
is of course well known that Gaussian conditional
probabilities (in velocity space) lead exactly to
Fokker-Planck equations. The development pre-
sented here shows that while a Gaussian conditional

W(:c, T, Lo, O) =

— (xoe'f’)ﬂj o [
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eralized Laguerre polynomials L., i.e.,
DL (z) = —mL,(z). (2.36)

Since the L) form a complete set of functions,
we can write

Yz, 1) = z_%cm (@) Q7). 2.37)
It can easily be shown that
Qa(r) = €™ (2.38)

The general eigenfunction solution of (2.32) is thus

P, 7) = z""" i Caln(z)e™™ .

meQ

(2.39)

The Laguerre polynomials have the orthogonality
relation

'[) e LD LN) dr = 6'"”’";:," 1) (9.40)
so that

Cnm L (x)P(z, 0) dx. (2.41)

m! ®
_I‘(n+m+1)fo

For the initial condition P(z, 0) = &z — =x,),
we obtain

¢n = m! L5 (z,)/Tn + m + 1), (2.42)
which yields’
) oo v m!
Wz, ; 25, 0) = z"e ,..z:'o T + m ¥ D)
in
X Lo(zo)Lo(x)e™™ = <§—) (1 — &)t
- —~1\}
X exp [(x +—x:(i r ):I I”l:21(xf)ee_2 :I ’ 2.43)

where I, is the nth-order modified Bessel function
of the first kind.” This is the unique form of the
conditional probability which preserves the canonical
distribution. For n = 1, Eq. (2.43) becomes®

_LH—W_}} @.44)

1—¢ 1 —e"

probability is sufficient for the equivalence of the
master equation and the Fokker-Planck equation,
it is by no means a necessary form of W (z, r; x,, 0).

2 Bateman Manuscript Project, Higher Transcendental
Functions, edited by A. Erdély1 (McGraw-Hill Book Com-
pany, Inc.,, New York, 1953), Vol. 2, p. 189.
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Examples

We shall now apply the above results to some
specific examples.

A. Harmonic Oscillator

Rubin and Shuler' have derived a partial dif-
ferential equation to describe the collisional relaxa-
tion of an ensemble of harmonic oscillators in a
heat bath for the case that hv/kT(e) < 1. (The
frequency of the oscillator is » and % is Planck’s
constant.) Physically, this corresponds to replacing
the discrete quantum oscillator by a quasiclassical
one whose transitions are still governed by the
quantal transition probabilities. Their Fokker—
Planck equation is
1 duly, t) _

Ju
PRrY —0u+(0y+1);,§+y

g;—‘j . (2.45)
where u(y, t) is defined so that for integral y it is
equal to the probability that an oscillator is in
the yth quantum state at time ¢, 6 is hv/kT (=),
and the unit of energy is chosen such that v = 1,
We can compare their result with the Fokker—
Planck equation (2.26) derived here. When the
indicated differentiation is performed, Eq. (2.26)
becomes

3P, ) B {
a a4l

20 4 [d8(=) 7]

+1—n] % + [B() — p]P}' (2.46)

With n = 0, p = 0 for the harmonic oscillator
[g(e) = 1], it can readily be seen that Egs. (2.45)
and (2.46) are identical except for notation. The
canonical invariance and exponential relaxation of
the mean energy found by Rubin and Shuler for
their quasiclassical oscillators is thus seen to be
consistent with the general formulation developed
here.

B. Rayleigh Gas

Andersen and Shuler® derived the following
Fokker—Planck equation for the relaxation of a
hard-sphere Rayleigh gas:

Pen) -y, 2o — pPe, )

Here z is the reduced dimensionless energy,
z = ¢/kT,, where T, is the temperature of the
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heat bath and e is the kinetic energy of the sub-
system particles. We can transform our Eq. (2.26)
to one analogous to (2.47) by transforming to the
reduced energy variable z = ¢[8(«) — p]. Equation
(2.26) then becomes

0P, 1) _ MIB(=) —p] &
or n+1 or

X {(x —n— DP(z, r) + % [zP(z, 'r)]}- (2.48)

For the three-dimensional Rayleigh gas, n = } and
p = 0, and (2.48) is thus identical with (2.47) with
2by/3kT, = kg The translation relaxation of a
hard-sphere Rayleigh gas in energy space is thus
shown to be, as already demonstrated explicitly
in Ref. 3, another specific example of canonical
invariance.

C. Ornstein—Uhlenbeck Process

Bowen and Meijer'* have shown that for a

one-dimensional Ornstein—Uhlenbeck relaxation pro-
cess (i.e., Brownian motion in the absence of external
forces), a velocity distribution which is initially
Gaussian will remain Gaussian in form. This is
true for two and three dimensions as well. The
Fokker—Planck equation for the velocity probability
density function for three-dimensional Brownian
motion is'®

W (u, §)/3t = yV.(Wu) + [v/B(=)m]V.W, (2.49)
where u is the velocity of the particle, m is its mass,
and v is the friction coefficient (Chandrasekhar’s 3).
When this equation is converted to an equation
for the energy probability density function, the
result is of the form of Eq. (2.26) with

bi(e) = [3v/B()][1 — 3eB(e)],
ba(e) = [3v/B(=)](59).

This is in agreement with Eqs. (2.24), since p = 0
and n = { for three-dimensional Brownian motion.
The “Gaussian invariance” of the Ornstein—
Uhlenbeck process is thus shown to be another
specific example of canonical invariance.

(2.50)

III. SYSTEMS WITH A DISCRETE ENERGY
SPECTRUM

Transition from the Quantum State to the Energy-
Level Master Equation
We now consider systems which have a discrete
energy spectrum such that

4 J, J. Bowen and P. H. E. Meijer, Physica 26, 485 (1960).
1 8. Chandrasekhar, Rev. Mod. Phys. 15, 1 (1943).
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D=¢<eg<eg< -,

where every energy-level ¢; can be reached from
every level ¢ in a finite number of steps, ie., the
energy-level system is irreducible in the sense of
Markov chains. Each level has a degeneracy, g¢;,
and there may be a finite or infinite number of
levels. In the finite case let there be N + 1 levels,
so that the highest energy is ey.

We use two quantum numbers, 7 and o;, to
designate a2 quantum state. The first denotes the
energy level and the second denotes the quantum
state within that level. The value of o, is an integer
between 1 and g;. We define Pi*(f) to be the proba-
bility that a system is in state ¢, o; at time ¢, and
assume that it satisfies a master equation:

L0 _ 5 3 myepy -

i=0 ogj=1

1=0,1,

B;::U.‘P:i] ,

- N; 3.1)

The transition probabilities Bi'{’, which denote
the probability per unit time for a transition from
state j, o; to state ¢, o;, are again taken to be in-
dependent of time. We define B'* = 0, for ¢ =
0,1, --- Nyand ¢; = 1, 2, -+ g,. The equilibrium

distribution is given by
Pi(e) = ¢ 7 /Q[B(=)],

where QI8 = 277, Dii., e = N, gie
We require that the degeneracies g; be such that

g-'.=]_ 2 ...g',‘

(3 2)

Q[B] remains finite for the case N = . Detailed
balancing holds in the form
Bii""P} (o) = Bil"P{ (). (3.3)

We now wish to examine the conditions under
which the quantum-state master equation preserves
the form of the canonical ensemble, i.e., the condi-
tions under which Eq. (3.1) has a solution of the form

Pt = ¢ /QIB1)]. (3.4)

In Appendix I it is shown that this is possible if
and only if:
(a) the corresponding energy-level master equation

L0 - ZmP

has a canonically invariant solution of the form

Pyt) = g ""/QIB()], 3.6)

— B;P;] 3.5)

and (b)

E B’ isindependent of o;.

oi=1

3.7
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In Eq. (38.5), the quantity P,(f) is defined as the
probability that a system is in the energy level e,
at time ¢, and B;; is the transition probability
per unit time for a transition from energy level ¢;
to €. These “energy level” variables are related
to the corresponding “quantum state” variables by

Rw=§mw, (3.9)
a=L 3 S, (3.9)

g: ci=1 oj=1

with B;; = 0. As is shown in Appendix I, the B,;
satisfy detailed balancing with
BPi(w) = B;;Pi(). (3.10)
The condition (3.7) on the quantum-state transi-
tion probabilities B{i’! has the following physical
interpretation. If the population of a state is
dependent only upon its energy (as is the case in a
Boltzmann distribution) then the rate at which
transitions are made from level j to the states in
level 7 must be the same for all states in level 1.
This condition ensures that, if at one time P?* is
independent of o, then this independence holds
for all subsequent times.

Necessary and Sufficient Conditions

We now wish to find the necessary and sufficient
conditions for Eq. (3.5) to have a solution of the
form of (3.6). That is, we wish to determine the
conditions imposed, if any, on the degeneracies g,,
the transition probabilities per unit time B;;, and
the level spacing ¢; — ¢; for P;(t) to be canonically
invariant. As in the previous section [see Eq. (2.10)]
we find that the existence of such a solution, together
with the detailed balance eondition, implies that

N
a)[e®) — e] = 2 Bule a0 — 1], (3.11)
i=0
where a(f) = 8(t) — B(=). We define the function
B(e; 1) of the continuous variable ¢ and the discrete
variable ¢ by
B(e; 7) =

.zN: B,';&(E _ G,'). (3.12)

The Laplace transform ®(a; %) of this function is
®(a; 1) = L£{B(e; 1)}
© N
= f *Ble;i) de = 3 Bpe*t.  (3.13)
0 im0
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Equation (3.11) can now be written as

afe — €] = e"'®(a; 1) — ®(0; 7). (3.14)
From this we find
®la; 1) = ¢ ““[®(0; 1) + & — €] (3.15)
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and
Ble; 1) = £ e *[®(0; 1) + &8 — ed]}
= ®(0;7)8( — &) + £ {e"*“[aE — ]}, (3.16)

where £ denotes the inverse Laplace-transform
operator. By successively setting 7 = 0 and 7 = 1
we can rewrite the last term of (3.16) to obtain
(see Appendix IT)

B(e; 1) = [(B(O 1) — —-(B(O 1)+ (— — I)CB(O; 0)]6(e — &)

NOSOE:

i=0

Z Baoa(e -

A comparison of Eq. (3.17) with Eq. (3.12) then yields

B.. Z B Ale; + ¢

€1 §=0

where A(a, b) is the Kronecker delta
Aa, b) =1,
=0,

a=b,
a # b,

We shall now show that, if the system has more
than two energy levels, Eq. (3.18) implies that
& = tg for¢t = 0, 1, 2 . For let us consider
the expression for Bi; for ¢ > 2 and ¢ > k, where
B, is to be greater than zero. Then the second
summation can never contribute since ¢; + ¢; > &
for all j. The first sum contributes a term only for
values of j such that

& — &+ ¢ = &. 3.19)

This can only occur (for ¢ > 2) for j = 0. For
j = 1, By, = O since By, = 0; for j > 2, Eq. (3.19)

cannot hold with ¢ > k. Hence, Eq. (3.19) reduces to
(3.20)

The argument for ¢ < k& > 2 follows from detailed
balance. Since we are concerned here only with
sets of levels which are irreducible (in the sense
of Markov chains), it follows that

€ T € = €.

(3.21)

as asserted. The energy levels are thus uniformly
spaced.

Next we will show that only a small number
of the B;, and Bj, can differ from zero, and that
they can be expressed in terms of B,,. Consider
first the expression for B,; for ¢ > 2. According to
Egs. (3.18) and (3.21) and the argument of the
last paragraph we must have

€ = 16,

«— &)+ 23,15(6 —&—¢+tea) (317)
€ =0
€ ul

e = (5 1) T s + o, 0, @19

Blz = 2Bou
B, =0, P> 9. (3.22)

_ From detailed balance we conclude that

B, =0, 1> 2, (3.23)

B, = (292/91)Boxe—ﬂ(m)u-

Furthermore, it is easily verified that B,, = 0
for 7 > 2 since

Bo.’ = 'L. ZB,IA('I: - ]. + j, 0)

— (@ —1) 2 BiuAG+3,0), (3.24)
and both Kronecker deltas are equal to zero when
t > 1. The transition probability B,, can be written
in terms of By, as

10 = (g:/90)Boie™? . (3.25)

Collecting now the results of Egs. (3.18), (3.21),
(3.23), and (3.25), we can finally write the general
expression

By = Bm{z—: AG — 1, k) 4 ¢ 7=

&9 (& _ ()9 |ags
X |:2 €& <€1 1) go]A(z + 1, k)} ’ (3.26)

which is valid both for ¢ > k and 7 < k. It is imme-
diately evident that B,.; is nonzero only when
k = 7 & 1. We have thus obtained the interesting
result that, for canonical invariance, transitions can
oceur only between nearest-neighbor levels.

The above results are in accord with the results
in Seec. II for continuous energy-level systems where
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we have shown that canonical invariance obtains
only when the kinetic equation is a Fokker-Planck
equation as displayed in (2.26). The kinetic equation
for discrete energy-level systems with equally spaced
levels and with transitions only between adjacent
levels is equivalent, in the limit of vanishing level
spacing, to a Fokker—Planck equation.

We shall now derive the necessary and sufficient
conditions on the degeneracy g, for canonical
invariance. We rewrite Eq. (3.26) as

B;..' = BOI['I'A(’L - 17 k)
+ e @i + DAG + 1, K], (3.27)

where we have used the result ¢; = ¢, of Eq. (3.21)
and where we have set

a= 20 _ 0 and b = 2. (3.28)
01 Jo do
From detailed balancing we find
Ferr _ Bkn.ke—ﬂ(m)h = ak + ) (3.29
g By i1 E+1" 3:29)

where f = b/a. From Eq. (3.29) it then follows that

e (4] Y,

Equation (3.29) is the general condition on the
degeneracies for canonical invariance. It is valid
for both an infinite-level system and a finite-level
system. If the number of levels is infinite, we can
readily show that a > 1. It is easily seen with the
aid of Eq. (3.29) that a cannot be zero or neg-
ative. Also, if 0 < a < 1, then Eq. (3.29) leads to
limy o gis1/g: = @ < 1; hence from (3.30), it
follows that lim;,. g = 0, which is impossible
since all the g, are positive integers. Therefore
a 2> 1. In this case f must be positive, and Eq.
(3.30) is the general form of the degeneracy for
canonical invariance of an infinite-level system. The
requirement that Q(8) be finite when N = « implies
that

(3.30)

—elf(t)
1<ae ,

and therefore that 8(f) > 0.

A further condition applies when N, the index
of the highest energy level is finite. Since transitions
still take place only between nearest neighbors, it is
sufficient to consider an infinite set of levels and
require that there be no transitions between levels
N and N 4 1, ie,, that By,;.» = 0. According to
Eq. (3.27), this requires that aN + b = 0 or

f=—N.

(3.31)

(3.32)
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This result is also necessary. While this value of
f cannot be substituted directly into Eq. (3.30)
since we would then have gamma functions of
negative integer arguments, we can substitute it
into Eq. (3.29) and again use recurrence relations.
In this way we obtain the recurrence formula

Gear _ b(1 — k/n)
[} k+1 !

and the form of g, for finite N is then found to be

- W)
g = k Ngo Jo-

It can now readily be verified by direct substitu-
tion that the canonical distribution (3.6), with the
g, €, and B,; as given above, is a solution of the
relaxation equation (3.5), so that the above neces-
sary conditions are also sufficient.

To summarize then, we have shown that the mec-
essary and sufficient conditions for canonical in-
variance for a Markovian reloxation process with a
discrete energy variable are:

(a) The sum ., B3i* is independent of o, [Eq.
(8.7)]. This means that, if the population
of a state is dependent only on its energy
(as it is in the Boltzmann distribution),
then the rate at which transitions are made
from level j to the states in level ¢ must
be the same for all states in level 7.

(b) The energy levels are uniformly spaced with
e = 1 [Eq. (3.21)].

(¢) Transitions take place only between nearest-
netghbor levels [Eq. (3.26)].

(d) The transition probability per unit time B,
18 a sum of Kronecker deltas as shown in
Eq. (3.27).

(e) The degeneracy g, is as given in Eq. (3.30)
for N = « and in Eq. (3.34) for N finite.

- (3.33)

(3.34)

Relaxation of the Temperature and Mean Energy

We now investigate the relaxation of the mean
energy &) and the temperature T(f) = [k8()]™"
for the canonically invariant distribution funetion
P,(t) as given by Eq. (3.6). Substitution of Eq.
(8.27) into Eq. (3.11), together with the use of
the definition

E(t) — E gke,,e_p(”"'/ Z gke—ﬂ(!)u (3.35)
k k

and the relation ¢, = ke, [Eq. (3.21)] with g, as
given by Eq. (3.30), leads to the differential equation
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"'(Bm/fl)
X {[eﬂﬂ)n _ a][e‘ﬂ('”)“ — e'p(')“]} (3.36)

for the time-dependent temperature function B(t)
The solution of this equation is

Bt =

- Iu[EEEE], w
where
D = [ — ) /[a — L] (3.38)
and
bo1 = B[l — ae™#*]. (3.39)

The inequality in Eq. (3.31) assures that b, > 0.
This is also consistent with Eq. (3.37) as ¢t — .
Equation (3.37) is the desired result for the relaxa-
tion of the ‘“temperature” B(f) = [kT({)]™* for a
canonically invariant distribution funection. It will
be noted that, in the discrete energy-level system
(quantum case), the temperature does not undergo
a simple exponential relaxation.

We now wish to investigate the relaxation of the
mean energy &é(t). It ean readily be verified from
Eq. (3.27) that

E Bh’(eb -
k=0

G.') = —bone + belBoxe_ﬁ(m)“

= —bue + d, (3.40)

with d being a constant independent of ¢;. Equation
(3.40) is the discrete analogue of Eq. (2.15) with
the quantity Y. Biex — e;) being the discrete
analog of the transition moment b,(¢). As is
shown in some detail in Ref. 10, Eq. (3.40) leads
to the relaxation equation

de(f)/dt = —beé + d (3.41)
for the mean energy €(t), with the solution
[6(t) — &))/[0) — &(=)] = €. (3.42)

We have thus shown that canonical invartance implies
the exponential relaxation of the mean energy.

It should be noted that, for a finite number of
levels, nothing we have done restricts 8(t) = [kT(t)]™"
to positive values. All the above necessary and
sufficient conditions for canonical invariance and
the results obtained for the relaxation of the tem-
perature and mean energy will hold and are still
valid for subsystems with an initial canonical dis-
tribution with negative temperatures. For an
ensemble consisting of a subsystem with an initial
negative temperature 7,(0) < 0 and a heat bath
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with a positive temperature T, > 0, the temperature
relaxation of a canonically invariant subsystem
distribution would proceed from T,(0) < 0 to
T.(«) = T,viaan “infinite temperature” T,(f) = =
at some time {.

Finally we return to mention an apparent dis-
crepancy between the analyses in the continuous
and the discrete case. We have shown, in the
discrete case, that the equations themselves de-
termine the allowable form of the degeneracies
[ef. Eq. (3.29) et seq.]. On the other hand, we chose,
apparently somewhat arbitrarily, a particular form
for g(e) in the continuous case which conveniently
allowed us to evaluate several integrals. It can be
shown however (Appendix III), by starting from
the results for a discrete set of levels and passing
properly to the limit where the spacing approaches
zero, that the resulting form of the degeneracy g{e)
is the one which we used in Eq. (2.17).

Examples

There are two physically important systems which
satisfy all the conditions for the exact preservation
of the form of the canonical ensemble. The first
is a nuclear spin of 1 (or a group of identical, non-
interacting spins of %) in a magnetic field interacting
with a lattice (heat bath). This, however, is a
somewhat trivial example since a two-level system
can always be characterized by a temperature.

The other example is that of a system of harmonic
oscillators in weak interaction with a heat bath.
Montroll and Shuler® derived an equation for the
collisional relaxation of an ensemble of harmonic
oscillators of which a small fraction is excited to an
initial vibrational nonequilibrium distribution, while
a large excess of unexcited oscillators serves as a
heat bath, This equation is

dz.(t ko -
= T e
— I+ 0+ De’lan + 0 + Dz,y} (3.43)

n=01-..--,

where z,(f) is the fraction of excited oscillators in
level n at time ¢, and 6 = hv/kT (). They found
that an initial Boltzmann distribution relaxes to
the final Boltzmann distribution at the heat-bath
temperature via a continuous sequence of Boltzmann
distributions. The harmonic-oscillator energy levels
are nondegenerate, so that our Eq. (3.27) reduces to

Blu‘ = Box[iA(": - 1: k)

+e7U6E + DAG+ L, K] (349
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This is the form of the transition probability used
by Montroll and Shuler based on the Landau-Teller
prescription; its use in the master equation (3.5)
yields

dP (1)
dt

X Pi®) + (@ + 1P},

which is identical with Eq. (3.43).

It should be pointed out that spin systems in
general do not obey the conditions derived here for
canonical invariance. While the levels will be equally
spaced in a magnetic field, and while transitions
may be only between adjacent levels, the degen-
eracies are not of the required form (3.34). The
relaxation of spin systems (except for the trivial
case of spin 1) can therefore not be described by

“spin temperature” in a rigorous sense. However,
as will be discussed in the next section, there can
be under certain physical conditions an approximate
preservation of the canonical distribution which
would permit one to ascribe an approximate “spin
temperature” to the relaxation of such systems.

It should be noted that the analysis of this
section clearly shows that the relaxation of a system
of quantal rotators cannot be canonically invariant
since the energy levels are not uniformly spaced
(e; # ¢,) for such systems. This result is in agree-
ment with the calculations of Herman and Shuler®
on the relaxation of a system of rigid rotators.

= By {ie™® W P,_,(t) — [l + (G + 1]

t=0,1,---, (3.45)

IV. APPROXIMATE CANONICAL INVARIANCE

Up to this point we have only considered the
conditions under which the form of the canonical
ensemble is preserved exactly. These conditions are
very restrictive and rule out many systems of
physical interest. For example, a system of nuclear
spins with 7 = 1 in a magnetic field cannot exhibit
exact canonical invariance since the degeneracies
do not satisfy Eq. (3.34).

It may, however, be a useful procedure under
certain conditions to consider the approrimate
preservation of the canonical distribution during a
Markovian relaxation process. In this section we
shall study the special case in which there are a
finite number of energy levels with a spacing Ae
small compared with k7T, ie., Ae/kT < 1. If the
form of the canonical ensemble were preserved
exactly, then the order of magnitude of both sides
of the master equation (3.1) would be BBe, where
B is a typical value of the BJi", 8 is the larger

7 )

of B(0), and B(=), and e is approximately ey — €.

ANDERSEN, OPPENHEIM, SHULER, AND WEISS

We shall investigate the conditions under which
canonical invarianee is maintained when quantities
of the order of BS®¢* are neglected. Only an outline
of the proofs will be given since the methods are
similar to those already described in the previous
sections.

The quantal time-dependent canonical distribu-
tion function is

—B(t) es

1—ﬁ®a+0Wﬁ

fqﬂ”” — B(O8 + 0F°¢)

i=0

%[1 + ﬁ(t)()‘% ~ e.-)] + 08%,

i=0,1,---N, (4.1

where B = > Y., g; and 8 = D7, g;¢;, We now

assume that these P7* will satisfy Eq. (3.1) when

quantities of order B¢ are neglected. By the same

methods used in Appendix I for the exact invariance

it can be shown that this is the case if and only if:
(a) the equations

dP (t) Z [B.,P,

Pt =

— B.P,

1=20,1,---N

possess a solution of the form

Py = & 1+ a5 - o)|+owa,  ws
and (b)

5 {o] 5o — 2 3]

im0 g, gim1
-5 B""']} + 0BF) =0, (44

4.2

— g'[
aj=1
N 03
Z {gz(g - G,')[B,, g. ZBT;”]
i=0 Ji oi=1

- g-(g‘ - E>[ Z B""]} + O(BB€') = 0,
(4.5)

ai=1
o;=1,2,--- g,.

The B,; are defined in Eq. (3.9). As might be
expected, these necessary and sufficient conditions
are less stringent than those derived for the exact
preservation of the form of the canonical ensemble.
A simple example for which condition (b) is satisfied
is that of nondegenerate energy levels where all
the g, are unity.

As in the exact case [see Eq. (3.11)], we find
that condition (a) implies that
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§0(3 - «) = ~B0 — 8=

N
X 2 Bile — €) + 0BF'E),  (4.6)
i=0
which can be rearranged to give

R L

= BBe). (4.7
Bt — B(=) SR =<, T OB @)
Equation (4.7) can be fulfilled only if
N
E Bii(fi - €)
(i) 1-—0871?——;— is independent of
for € = S/R,

when quantities of order Be are neglected, or

(ii) iB,-;(e,- —¢) isof O(BBE)

i=0
€ = S/R.

If we now set the lhs of Eq. (4.7) equal to a constant
b (independent of ¢) we obtain

B®) — B(=))/[B0) — B(=)] = ¢ (4.8)

for the relaxation of the ‘“‘temperature” B() =
1/kT(¢t) with 1/b equal to the ‘“‘relaxation time”,

To summarize then, in order for & quantum-staie
master equation to preserve the form of the canonical
distribution to within first order in Be, it is necessary
and sufficient that

Z Bii(e; — &)

when

@) = 5
R™*
be independent of © to within quantities of order B.

4.9)

®) z";{g[B s i

f oj=1

- g.'[Bf- - i‘B?i”]} + 0(BF*¢) = 0. (4.10)

oi=1

N g3
() E {gi(g - fi)[Bii _— Z B:;”:'
im0 gi es=1

- gi(% - €4>[Bii - DZ,Bﬁ":I}
ocijml

+ O(BB) = 0. (4.11)

There are (N 4+ 1)* quantities in the B;; matrix.
All the diagonal elements, B,,, are taken to be zero,
so there can be as many as N(N + 1) nonzero B,/’s.

533

The detailed balance conditions impose N[3(N + 1)]
independent linear relationships among the B,
and the condition that b be independent of < imposes
at most N additional linear relationships. The
number of matrix elements B;; (with ¢ 5 5) minus
the number of relationships is at least N[3(N — 1)].
Therefore, it is always possible in the case con-
sidered here to construet a set of B;; (which may
or may not represent a valid description of a physical
system) which lead to canonical invariance to within
order B¢, independent of the spacing of the energy
levels (as long as Ae¢/kT <« 1) and independent
of the form of the degeneracies. This conclusion
follows directly from the conditions (4.9)-(4.11)
above for N > 2. When N = 1, there are only
two energy levels in the system and the canonical
distribution can always be preserved exactly.

Example

The ortho-hydrogen molecule in a magnetic field
forms an example of a system which exhibits the
approximate preservation of the canonical distribu-
tion of the type discussed above.'® There are three
nondegenerate nuclear states with energies 0, ¢,
and 2¢. The condition that b be independent of ¢
leads to the following two conditions:

By, + 2B20 = 2By, + By, + O(Bﬁe),

(4.12)
—Boy + By = O(BBe).
The detailed balance conditions are
Boy = Byo + O(BBe), Bos = Bso + O(BBe), (4.13)
By: = By, + O(BBe).
The solution of Eqs. (4.12) and (4.13) is
B3 = B, + O(BBe)
= Bo + 0(B8) = Bu + 0BBY, (4 10
By; = By, + O(BBe).
The relaxation time b is then given by
b = By, + 2Bj,. (4.15)

Needler and Opechowski'® found that the transition
probabilities applicable to their model satisfied these
equations.

V. DISCUSSION

The conditions for the preservation of an exact
canonical distribution in Markovian relaxation pro-
cesses are extremely severe. They involve restrictions

16 G. T. Needler and W. Opechowski, Can. J. Phys. 39,
870 (1961).
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upon the interaction of the system of interest with
the reservoir and upon the energy-level spectrum
of the system itself. In this section, we discuss
briefly the physical import of some of the imposed
conditions, the relationship of the process described
here to Brownian motion in an arbitrary field of
force, and the connection between our results and
those of previous investigators.

The forms of the transition probabilities given
by Eq. (2.25) in the continuum case and by Eq.
(3.27) in the discrete case, imply that each inter-
action between the system and the reservoir must
be weak. However, while weak interactions are a
necessary condition for canonical invariance, they
are not a sufficient condition. This is evident since
the forms of the coefficients b,(¢) and b,(e) must be
specified by Eq. (2.24) in the continuum case, and
the forms of the transition probabilities B, ;., and
B;,:.., must be specified by Eq. (3.27) in the discrete
case. The deeper physical significance, if any, of
these particular forms of b,(¢) and B;,; are not
clear to us at this time.

The forms of the b,(¢) and B;,; for canonical
invariance also yield, as is to be expected, the
correct expressions for the energy fluctuation of a
canonical distribution at the temperature 7'(f). In
the continuum case, for instance, it can readily be
shown that the mean value of the jth power of
the energy is related to the jth power of the mean
energy by

et =[G +n/nl@+ DIOF, (.1

when g(e) is given by (2.17) with p = 0. From
Eq. (5.1) one can readily obtain the following
expression for the fluctuation (mean-square devia-
tion) of the energy:

&) — EOF = o+ DEQP. (5.2

The fluctuation of the energy for a canonical
ensemble is usually written as

& — (9 = kT°C,, (5.3)

where C, is the heat capacity at constant volume.
For ét) = (n + 1)ET(t), as will be the case for
g(e) = € and with C.(t) = de(t)/dT (), Eq. (5.2)
is equivalent to (5.3). Thus, the form of the b,(e)
assures that the fluctuation of the energy at all
time ¢ are those of a canonical ensemble at the
temperature 7T(¢). An analogous result can be
obtained for the discrete energy-level spectrum.
The forms of the b’s and B’s are necessary and
sufficient for this canonical fluctuation.

We shall now investigate whether Brownian
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motion in an arbitrary field of force preserves the
canonical form of the probability density P(R, u, £).
The quantity P(R, u, ) dR du is the probability
that the Brownian particle has a postion between
R and R + dR and a velocity between u and u + du
at time ¢, The Fokker-Planck equation for Brownian
motion in a field of force F(R) can be derived from
the Langevin equation and is given by

Liwver+ I8 _gp
m

= YV.-(Pu) + ——~ VP, (5.4

mp()

where m is the mass of the Brownian particle, v is
the friction coefficient, and 8( =) = [kT(=)]™" where
T(w) is the temperature of the heat bath and the
final equilibrium temperature of the system. Sub-
stitution of the canonical form

PR,u,d = e“"””“'“’/f e PWEED R du, (5.5)
where the Hamiltonian H(R, u) is given by

HR,w) = imv’ + VR), (5.6)
and the potential V(R) is related to the force F(R) by

FR) = —V:VR), 6.7
into (5.4) yields
BIE®) — HR, )]
= vBO)mw’ — 31[B(H/B(«) — 1],  (5.8)
with a mean energy &(f) given by
& = fH(R,u)P(R,u, ) dR du. (5.9)

When H(R, u) is a function of R, Eq. (5.8) can be
satisfied only when B8(f) = 0 and B(t) = B(=).
Thus, a canonical distribution cannot be preserved
for all times ¢ for Brownian motion in a field of force.

Other investigators have studied solutions of
equations similar to Eq. (3.5) whose forms remain
invariant in time. Mathews, Shapiro, and Falkoff"’
have shown that the joint probability distribution
P(ny, <+ ny -+ ; t) which is the probability that
there are n, particles in state 1, n, particles in

state 2, - - -, at time ¢ will preserve the multinomial
form
P(nh SRR (A ;t)

= yIInd IL PO (g 10

17 P, M. Mathews, 1. I. Shapiro, and D. L. Falkoff, Phys.
Rev. 120, 1 (1960).



CANONICAL INVARIANCE IN RELAXATION PROCESSES

during a Markovian relaxation process for an initial
multinomial distribution P(n,, --- n; --- ; 0).
In Eq. (56.10), P.(!) = 7;(t)/N is the probability
that a particle is in state 4 at time tand N = 2 n,
is the total number of particles in the system.
The multinomial invariance of the joint probability
distribution P(n,, --- n;, -+ ;t) as shown in (5.10)
requires none of the restrictive assumptions which
had to be made in the body of this paper to assure
the canonical invariance of the distribution function
P.(#). This is not too surprising since the requirement
of a specific time-invariant form for the distribution
funetion P,(f) itself is much more stringent than
the more general multinomial form of the joint
probability distribution. Sher and Primakoff'® have
considered spin systems in which there are inter-
actions between the particles (or degrees of freedom)
of the subsystem as well as between the subsystem
and the reservoir. This more general question of
possible exact or approximate canonical invariance,
when there are both subsystem—subsystem inter-
actions and subsystem-reservoir interactions, is an
important extension of the present study. We plan
to investigate this problem in subsequent publica-
tions.

APPENDIX 1. CONDITIONS ON THE Bji¢

We assume that Eq. (3.1) has a solution of the
form of Eq. (3.4). If we define

Pt) = Z{P?' g.Py = g™V /QIB(D)],
1=0,1,---N, (I1)
we have from Eq. (3.1)
- ¥ 5 5 mupy - Brpn)
gi=m1 =0 gj=
N
=Z[Bo'iPi_Bic‘Ps']r i=0,1,"'N, (12)

i=0
where the B;; are defined by Eq. (3.9), ie., B;; =
1/g; Doe 2oy B, [We are at liberty to choose
B;;=0,7=0,1, --- N, since their values do not
enter into Eq. (1.2)]. We can obtain another equation
for dP,/dt from Eq. (3.1),

dP; drPy

i poiey
a TV e T ZE,[ (,,;g,B” )

-r(Lmr)] -

12 A. Sher and H. Primakoff, Phys. Rev. 119, 178 (1960);
130, 1267 (1963).

1329 e gi' (13)
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Comparing Eqgs. (I2) and (I3) and using Eq. (I1)
we find that

N g &
0= Z{gie_ﬁ”[Bii - ;‘ Z :;”:|

i=0 ioji=1
—_ gie—ﬂe-[

S

Equation (I4) must hold for all 8 between 3(0)
and B(w«). This is possible only if the coefficient

(14)

of each ¢ #*' is identically zero. This condition yields
B, — g— ZB:;" = 0. (I5)
i ogj=1

This in turn implies that the sum ».¢'_, B3 is
independent of o;.

By reversing the argument, it is possible to show
that conditions (I5) and (3.6) are sufficient, as
well as necessary, to ensure that the quantum-state
master equation preserves the canonical ensemble.

If we use Eqgs. (3.3) and (I1) we find

g5

2 ZB"'“)[g,-P;'-"’(oon

i oi=1 oi=1

= [L 8 5 pe 2 g prr ()

gi oi=1 oi=1 P;"(oo)

B,P(») = (

( 5 EB”")[ng;'-"(w)]

i oj=1 ai=1
= B;;P(x).
for the detailed balance relation for the By;.

(16)

APPENDIX II. EVALUATION OF £ i{e~*‘[ae — ea]}

We can solve for £7'{aé} by setting ¢ = 0 in
Eq. (3.16). This yields
£7aE) = B(e; 0) — ®(0; 0)8(.  (II1)

Using a familiar result from the theory of Laplace
transforms we note that
£ e *ae} = Ble — €;;0)

— ®(0;0)6(e — €.). (112)

This result can now be substituted into Eq. (3.16)
to yield

Ble; 7) = [®(0; 1) — ®(0; 0)]d(e — )
+ B(e — emeg).  (II3)

An expression for the last term in Eq. (II3) can
be obtained by setting # = 1. This leads to the
final result

€;0) — L
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Bwa=[mmo—ﬁa@n+(§—Qmmm}&—m—(g—Omrwum+23&—n+mn

= [@(o;i) - 03(0 D+ (— - 1)63(0; 0)}6& — )

- (" - 1) 23105(6 — &

APPENDIX III. PASSAGE FROM g; TO g(¢)

Let us assume that ¢ is so small that ge, < 1,
where B is the larger of $(0) and B(«). In this
case, the discrete spectrum can be approximately
represented by a continuous one. Let us define a
density of states, g(¢), which is a econtinuous function
of e In order for g(e¢) to represent the discrete
spectrum, it must be true that

glie) = g:/ex
if g, is a slowly varying function of 7. With the aid
of Eq. (3.29) we then find that

gl + De] _ ali + 1)
glie)) it+1

(I111)

(I112)

J+f§Bw«—a+ﬁ—a. (114)
or
gle + &)  ale/e, + )
@ " Jatl’ (I113)

with f=b/a [see Eq. (3.29)]. Since g{e+¢) = gle)+
&[dg(e)/de] + O(€), one can write, using (1113),

a9 _ Oﬁmm~n+w—q, (I114)
€ + €
For € >> ¢, the solution of this equation is
g(€ — eb—le[(a—l)/hls‘ (III5)

If wenowlet p = (@ — 1)/ and n = b — 1,

we obtain Eq. (2.17).
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Elastic, Electromagnetic, and Other Waves in a Random Medium*

Frank C. KaraL, Jr. aND JosEPH B. KELLER
Courant Institute of Mathemaiical Sciences, New York University, New York, N. Y.

Propagation of any type of wave in a random medium is analyzed on the assumption that the
medium differs slightly from a homogeneous medium. An equation satisfied by the average wave is
deduced which is correct through terms of order €%, where ¢ measures the deviation of the medium
from homogeneity. From this equation, the propagation constant of the medium is determined.
The general formulation applies to any type of linear differential or integral equation with random
coefficients. It is applied to time-harmonic waves satisfying the reduced wave equation, to the equa-
tions of elasticity and to Maxwell’s equations. The propagation constant for the average or coherent
wave is complex even for a nondissipative medium, because the coherent wave is continually scattered
by the inhomogeneities and converted into the incoherent wave. The propagation velocity of the
average wave is also diminished by the inhomogeneities. This propagation constant depends upon
certain trigonometric integrals of the auto- and cross-correlation functions of the coefficients in the
original equations, i.e., of the various coeflicients characterizing the medium. To illustrate the results,
media with particular random variations are considered and the propagation constants are deter-
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mined for them.

1. INTRODUCTION

E wish to examine wave propagation in a
medium which differs slightly from a homo-
geneous medium. We represent this medium by a
random medium, i.e., a family of media each member
of which differs slightly from the homogeneous
medium. By employing perturbation theory we
determine the wave in each member of the family
up to second order in ¢ where ¢ measures the
deviation of the medium from homogeneity. Then
we compute the average or mean wave up to second
order in ¢ and find an equation which it satisfies.
From this equation we determine the effective
propagation constant for the mean wave, when
it is a plane wave. This effective propagation
constant is the main goal of our analysis. It reveals
an attenuation of the wave as well as an alteration
in phase velocity. In addition we obtain some
results about the amplitude of the mean plane wave.
We first present our analysis in general terms
and then apply it to special kinds of waves. These
include scalar, elastic, and electromagnetic waves.
Where possible we compare our results with previous
ones. The general considerations have been discussed
before’ and applied to scalar waves,"” but even in

* The research reported in this paper was supported by
the American Petroleum Institute (Project 61) and the
American Chemical Society (Petroleum Research Fund
Grant in Aid 436-A).

1 J. B. Keller, “Stochastic equations and wave propaga-
tion in random media,”” in Proceedings of the 17th Symposium
on Applied Mathematics (American Mathematical Society,
New York, 1964).

2 J. B. Keller, “Wave propagation in random media,” in
Proceedings of the 13th Symposium on Applied Mathematics
(American Mathematical Society, New York, 1960).

that case we present some new results. However
our main applications are to elastic waves in a
medium in which the Lamé constants and the
density are all random and to electromagnetic waves
in media in which the dielectric constant, the
permeability, and the conductivity are all random.

Let us first point out that a random medium
is a mathematical model of a complex medium.
It consists of a family of media together with a
probability distribution over the members of the
family. The random medium represents the partic-
ular complex medium well if each member of the
family is similar to it, or if the mean of the random
medium is close to the given medium and if the
variance is small.

In order to represent wave propagation in the
given complex medium, we consider propagation in
the random medium. This means that we consider
a random wave. This is just a family of waves,
one in each medium of the family, together with
the probability of the corresponding medium. The
mean of the random wave, and its other statistics,
are assumed to provide information about the wave
in the given complex medium.

2. GENERAL CONSIDERATIONS

Let u, denote a wave in a homogeneous medium
characterized by a linear operator L. Then wu, is
a solution of the equation

Lu, = 0. 1)

Let o designate a different medium characterized
by the operator I — eL,(0) — €L.(a) + O(&).
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Here ¢ is a measure of the departure of the medium
from homogeneity while L,(a) and L.(a) are perturb-
ing operators representing the effects of inho-
mogeneity. A wave u(a) in this medium satisfies

[L — eLy(a) — €Ly(a) + O()Jula) = 0. 2)

We assume that a varies over a certain set A and
that p(a) is the corresponding probability distribu-
tion in A. Then we desighate expectation values
with respect to p(a) by angular brackets

N = [ fep de ®
A
Our objective is to find an equation for (u).
Let us rewrite (2) as the new equation
u =y + L 7Ly 4 eLou 4+ O(). €y

To see that (4) implies (2) we merely apply L to
both sides of (4). Now iteration of (4) yields the
solution u as a series in ¢, which we write as

u = 1u + L 'Ly, + &L 'LL7'L,
+ L7'Lous + O(€).  (5)
Upon taking the expectation value of (5) we obtain
@) = uo 4+ L {Ly)u,
+ ELT(LLTLY + (Lo)yue + O(€).  (6)
From (6) we find that
U = () — eL7(Ly)uo + O(F)
= W) — L7{Li)w) + O().

Substitution of (7) into (6) yields the following
equation for (u):

W) = uo + eL7Li)u) + €L [(LLTLy)
~ (L)L™XLy) + (La)w) + O). (8

Application of L to both sides of (8) yields a some-
what simpler equation for (u) which is

Liuy — LyYu) — €L, L"L,)

— (L)L) + (L)l = O(®). (@)

When (L,) = 0, which is a common case, (9)
simplifies to

(L — €(L,L7'Lyy — (L)) = O().

)

(10)

Equation (8), (9), or (10) becomes an explicit equa-~
tion for (u) when the O(é®) term is omitted. Then
any one of them becomes an equation of the type
we want.

In many applications a wave is represented by
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an n component vector function of the position
variable . Then v = wu(z) is an n component
vector and L, L,, and L, are nth-order matrices
of operators, each component of which may be a
differential operator. In such cases the operator
L™' which appears in (10) may be represented as
an integral operator, the kernel of which is the
Green’s matrix (also called the Green’s tensor or
dyadic) G(z, z’'). G is an nth-order matrix defined
by the equation

LGz, z") = I8(z — z"). (1)
Here I is the nth-order identity matrix and § is
the Dirac delta function. In terms of @, L™ becomes

L = f Gz, 7)) d’ . (12)

Then the term in (10) which involves L™ becomes

(L1L—1L1>(u>

- (1@ [ o, L@ &) 1y

The notation L,(z) indicates that L, operates on
functions of z and, if L, is not constant, is to be
evaluated at . When (13) is used in (10) and O(¢*)
is omitted, (10) becomes

Lix)u@) — e2<L1(x) [ e, #) L@ e dx’>
— EL@)u@) = 0.  (14)

This is our main equation for (u(x)) when (L,) = 0.
If (L,) #¢ 0, we have instead from (9) and (13),
up to O(é),

Lz)ua)) — oL(@))u(a)
+ & @@ [ 6, e i

— <L,(x) f Gz, o)) ul)) dx’>

+ (Lz(x)Xu(x))] = 0. (15)

3. SCALAR WAVES

We shall now apply the preceding considerations
to a scalar wave u(x) which satisfies the reduced
wave equation in g slightly nonuniform medium,

Au + k(1 + eu®)]u = 0. (16)

Here L = A+ k%, L, = —2k2u(x) and L, = —k2u*(x).
Let us assume that (u(x)) = 0 so that (14) applies.
The Green’s function of L is a scalar which we
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make unique by requiring it to satisfy the radiation

condition. Then @ is given by
Gx, x) = —e™*'" " /4r 1x — x'|. a7
Now (14) becomes
. Ezka ec‘kolx—x'l ,
(& + K@) + 2 <u(x) [ )>
X @) dx’ + €k’ @)u@) = 0.  (18)

In order to simplify (3) it is convenient to intro-
duce the correlation coefficient of the inhomogeneity
u(X), defined by

N(x, x') = (@uE))/(W®). (19)

We shall now assume that (u’(x)) is a constant
and that N is a function only of the distance [x — x/|.
Then (18) becomes

(& + k5 + k(e @)
+ ég_k%fﬁa_) f "_;_ Nr)ux +1)dr =0. (20)

Let us now seek a plane-wave solution of (20),
with amplitude A and propagation vector k, of
the form

(u(x)y = Ae'™™. (1)

We must first perform the integration in (20) over
the surface of a sphere of radius r centered at x.
To do so we make use of a mean-value theorem,
which applies to any solution ¢ of

(A + ke = 0. (22)
It is
o [extnas = m @)

Since the wave (21) satisfies (22), the theorem (23)
applies. Upon using it in (20), we obtain

(A + ki + €ko(u’) + E4ko(u’He™
X fo i '™ sin krN(r) dr)(u(x)) =0. (24

We observe that this equation is of the form (22)
with %* given by

P =84+ e’k%{yz) -+ 524703(#2)70—1
X f ™" sin krN () dr.  (25)
0

This is an equation for k. Upon solving it in powers
of ¢ we obtain
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2

g =1+ E(u?) — 2ieko(u?)
0

X f T @ — DN@ dr + 06).  (26)

It is customary to set k/k, = n*, and to call n*
the refractive index of the medium. Thus the right
side of (26) gives (n*)® for the “effective’” medium
in which (u) propagates. The imaginary part of
k is the attenuation coefficient for a wave in the
medium. From (26) it is

a=Imk = &kiu’) fo i (1 — cos 2k)N(r) dr.  (27)

We finally note that every solution of (20) satisfies
(24), and not merely plane-wave solutions. This
follows from the representation of any solution as
a superposition of plane waves.

The results (24)-(27) have been derived before' ™
in essentially the same way. In (24), k, appeared
in place of %, but by (25) this is consistent since
terms of order ¢ have been omitted from (24).
The expression (27) for « has also been derived
previously on the basis of considerations of the
energy scattered out of a beam.* That derivation
shows that « > 0, which has also been shown
directly from (27) by Meecham.? (See also Ref. 1.)

Let us now apply (26) to a medium with the
simple correlation function

N@) = e~ 28)

Here ¢ > 0 is called the ‘“correlation length”
of the random inhomogeneity. From (26) and (28)
we obtain, upon neglecting O(¢®),

K'/ky = 1+ &)1 — (2koa)’/(L — 2tkoa)].  (29)

This is an explicit expression for (k/k,)®. It becomes
infinite when k@ is infinite, which shows that then
(25) must be solved more accurately. Upon using
(28) in (25) and omitting O(¢®), (25) becomes

K = ki + €kiu®) — 2k
X [(@™ — iko — k)™ — (a™' — ko + k)] (30)

This is an equation which can be solved for k.
When ke is finite, it has the solution (29) while
when koa is sufficiently large (ko > 1/e{u®)¥) the
solution is

ko= ko(l 4+ e(u® + i/2k.a) + O().  (31)

3 W. C. Meecham, “On radiation in a randomly inhomo-
geneous medium,” Space Technology Laboratories Report,
Los Angeles California; September 1961.

¢ L. A. Chernov, Wave Propagation in a Random Medium
(MecGraw-Hill Book Company, Inc., New York, 1960).
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Thus the attenaution coefficient is proportional to
1/2¢ but independent of ¢ when the correlation
length is very long compared to the wavelength,
while Re (k — k,) is proportional to e. On the other
hand, both are proportional to ¢ when the correla-
tion length is comparable to the wavelength or
smaller. The solution of (30) for ke finite describes
the transition from one form to the other. The
result (31) for Re k applies when N{r) = 1, and
does not depend upon the special form (28) as
we see from (25) and (30). Thus the behavior of
the real part of the propagation constant described
above is typical for any correlation function.

4. ELASTIC WAVES

Let us consider the displacement vector u(x) in
a time-harmonic elastic wave motion. According
to the linear theory of elasticity, u satisfies the
equation

A+ pV(Vu) + uVu + VNV -u)
+ Ve x(V xu) + 2(Ve-Vu + o’pu = 0.  (32)

Here p is the density of the medium, A and u are
its Lamé constants, and w is the angular frequency
of the motion. We assume that p(x), A(x) and u(x)
differ slightly from the constants p,, Ae and g
S0 we Write

p(X) = po + ep(x),  AX) = N + eN(x),
px) = po + e (x).
We assume that
(p(®) = M@) = (uE) = 0. (34)

When (33) is used in (82), (32) becomes of the
form (2) with L, = 0 and L and L, given by

Lu = (A + p)V(V-u) + 5V + o’pu
Llu = ()\1 -+ Fl)V(V'u) + #1v2u + V)\I(V-u)
4+ Vi x(V xu) + 2(Ve,-Vu + o’pyu. (36)

It follows from (34) that {L,) = 0. Thus (14) applies.
To utilize it we need the Green’s tensor of L, defined
by (35). This tensor depends only uponr = x — x’
and is given by

(33)

(35)

tker

e
47

G(x,x') = +0?1; [5(r) - (1 — ko)

+ %7? a — ik — kfrz)]I
1 ikor _ - 12,2
+ . [e"" (8 — 3tk — k)

~ €73 — Bik,r — kX))it. 37
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Here f is a unit vector in the direction of r, I is
the unit dyadie, and the compressional and shear
propagation constants k, and &, are given by

ky = o\ + 2#0)/[’0]%; k, = w(l‘o/Po)’- (38)

It will prove convenient to denote the coefficients
of I and it in (37) by G,(r) and G,(r), respectively,
and to write G in the form
G(x, x') = G,(rl + Gy(r)it. (39)
We shall now assume that (u(x)) is a plane wave
given by
u(x)) = Ae'*™. (40)
To determine the propagation vector k and the
amplitude vector A we shall insert (40) into (14),
making use of (35)—(37). In doing this we are first
led to caleulate L,(x"){u(x’)), which is
L)) = [{o’pn@) — mEE
+ (V') BIA + {—ME)Ek-A)
— mE&)E&-A) + i(Vum&x) Ak
+ IV ME) &A™ (41)
In (41), V' denotes the gradient with respect to x’.
Next we calculate L,(x)G(x, x’), making use of

the form (39) for G. The result is, after some
simplification,

L(x)G(x, x) = [{)\1(11) + ul(X)}{l 3G, + légg}

r or r or

+ m®VE) + {"aﬁr + Q}

r

X (Vu(x)-8) + wzpl(X)Gl]]

109G, , 9°G,
+ |:{)\1(X) + ﬂl(x)}{_,",' g + Py
1 an 32G2 2y
- ,’f ar + n } + m@(V°G)

F 20 % 4 @

+ ["—G— + "’—Gz]w,(x)f

ar ar
96, _ 6o, o
+ [ ar r ]V}h(x)r- (42)

We now multiply (42) by (40) to form
L,(x)G(x, x')L,(x") (ux')).
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The product is a very long expression so we shall
not write it out. Then we compute the mean value of
the produect to obtain (L,(x)G(x, x')L,(x"){u(x’))).
In doing so we find that nine correlation functions
of the form (\;@)A, (X)), (A (X)u, (X)), ete., oceur.
We assume that each of these correlations depends
only upon the distance r = |x — x| between x
and x’, which means that the medium is statistically
homogeneous and isotropic (at least insofar as
second-order moments are concerned). Therefore
we may write (\,(X)\;(x")) = Ru(r), M@ m X)) =
Ry.(r), etec., which defines the correlation funetions
Ry, R,,, ete. After some rearrangement of terms
and some simplification we obtain

(Li(x)G(x, x’)Ll(x'xu(xl)»e_ik.x, = E,A 4+ E, (kA
+ Bi(k-A)t 4 B,#-A)f + B,k-A)({-k)i
+ B,{-A)E-k)iE + C,(k-Ak + C,(#-Ak. (43)

In (12) the eight quantities E;, B;, and C; are
scalars depending upon %, r, o, and the correlation
functions Ry, R,,, ete., but independent of . They
are defined by the following equations, in which
primes denote derivatives with respect to r.

2 = {8+ Glm, + &) - R, + R
2 2 2 ’ G,
+ (V Gl)[‘*’ Rup —k R;m] + { 1+ T}
X (&R}, — KRL] + @GR,y —

KR,), (44

E, = {GT + %—}[—m;u — iRL) + (V*G)[—iRL]
+ { 1+ %}[ lR"“'L] - W2G1Rpm (45)

Bl = ’I‘ [ R)‘)\ R“)‘] b z(v Gl)R“)\

- i{G{ + Cj’} _ WGR

] G{ 1’ 2, 7’ 14 l4

+ ’L{—‘,‘r‘ + Gy — GT + Gi }[“Rn = Rl

— (V?G)Ri — 122GLRY, — 1°G,R.,

— (6] + GHIRY — z{Gl - GT} 5, (46)

G G;
B, = {—Tl + G — Tz + Gél}[wz(Rxp + R,,)

- kz(RMt + Ruu)] + (szz)[szm, —
+ 2G£[w2R»,lp - kZRA,m] + szz[‘*’szp -

KR.,]
KR,
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| + GI’RY, — K'RY,]

+ {
G2 2 2
+ {G{ - 7}[w Ry — KR, (47)

G G
B, = {—7‘ +6r -4 Gg'}

X [_(RM + QR,,)\ + Rnu)] + (V2G2)['—Ru)\ - R#u]
+ 2Gi[—R}x — RL] + &’GJ[—R, — R,,]
+ {G1 + GI[—R\\ — R{,]

+{or - G-

Gi | o _

l’t>\ — R l,lll] ’ (48)

G
B4— T"l"

oy i-ins, — imy]
+ (VG —iRL] + 26i[—iRL] + oGl iR
Gl imy

oy iny, — v,

+ (VG —iRL] + 26 ~iRL] + oGl iR}

}[ —iRky],  (49)

+ {G + G} [—R{] + {G{ -

&, oG
+{—7+Gl =y

+ {61 + G} [—R{l] + {G{

¢, = {8+ Bl + 21+ R)

+ (V*G)[~Ra — Rl + {G; + GT}

X (=B = BL) + &G [—Ra — R, (60)
¢, = (&4 Bliim, - i)+ (oN-iR2

o+ Bhroimn + o] 6

To compute (L,(x) [ G(x, x)L,&@)uE)) dx’)
we multiply (43) by ¢'* ™ and integrate with respect
to x’. In evaluating the integral it is convenient
to set X’ = x — r and integrate with respect to r.
Then we set dr = dr dS, where dS denotes the area
element on a sphere of radius r centered at x and
obtain

<L1(x) f G(x, x)ux’)) dx’>

= [-{_AfElfe‘“‘" ds dr

+A f E, f @-k)e =" dS dr
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+ (k-A) fB1 ffe-“"' ds dr
+ [ B [ @-ape as ar
+ (k-A) ( B, f @Ko dS dr
+ [ B [ G-m)@wp as ar
+xe-n) [ ¢ [ asar

+k f C, f (£-A)e =7 dS dr]e”‘". (52)

The integration with respect to dS can be done
explicitly in terms of the basic integral

fe‘”‘" ds = (). (53)
Here f(r) is defined by
fir) = (4wr/k) sin kr. (54)

The integrals are evaluated in Appendix 1. The
result of integrating (52) is

<L1(x) [ 6, )L Hate) dx’>
[+AfE,fdr n zkAfE, 19f 4

+ ikl(k-A) fBl L9,

- [ 8|t A)@:& )+ ai e

197
r* ok’

a3 [uken £ (- 12)
P (- 1] s viaen f e

+ k(- A)szlaf :le

— kk(k-A) f B, dr

(55)

In (24), k denotes a unit vector in the direction of k.
Equation (24) can be rewritten simply in the form

<L1(x) [ 66, ) L)) dx’>

= [D,A + Dji(k-A)]e™ ™.
Here D, and D, are defined by the integrals

(56)
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D1=fEfdr+zkazlafd——fB,rI,g;c
....ﬂ_lﬂ)

f By 5 5% (aIf pax) 40 6D

D2=zkal fdr fBz—(%c—,—%gﬁd

k’fBa 1 kzdr

af 1_31)
”‘fB*ﬁ ok (ak" ~kok) ¥

—|—k’f01fdr+zkf0213fdr (58)

Now from (35)
L@@®) = [—00 + mk’(k-A)k
~ (uok® — w’po)Ale™ ™. (59)
Finally with the insertion of (56) and (59), (14)
becomes
[{uok® — w’po + €D:1}A + {(o + po)k’
+ é€D,}(k-Akle™™ = 0.  (60)

To analyze (60) it is convenient to denote by
A, and A, the components of A respectively parallel
and perpendicular to the propagation vector k,
to which k is parallel. Then (60) may be written
as the two equations

Ao + 2u)k" — w’po
+ &(D, + D)le*™ =0, (61)
Al[,uok2 - wzpo + éle]e‘k'x = 0. (62)

From these equations we see that there are two
cases, in which either 4, > 0 or A, # 0 while
the other is zero. When 4, # 0 we say that the
average wave is a longitudinal motion. Then from
(61) it follows that the propagation constant k is
determined by the equation

O\o + 2#0)’92 - "-’2Po + Gz(Dl + Dz) = 0. (63)

When € = 0, the solution of the equation is k& = k,.
Therefore to obtain a solution correct to order ¢
we may merely replace k& by k. in D and D, and find

K = k3 — [€/(v + 21)][Di(ke) + Daka)].  (64)

In the other case, when 4, # 0, we say that the
average motion is transverse. From (62) we see
that & then satisfies the equation

I“ok2 - w2Po + €2D1 = 0. (65)
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When ¢ =0, the solution of (65) is k= (w’po/no) =k,
The solution up to order ¢ is

K = kf - (52/ Ilo)Dn(ka)- (66)

In both cases the imaginary part of k is the attenua-
tion coefficient, which we see is of order ¢ (but see
the next section).

In concluding this seetion, we observe that (64)
and (66) are explicit expressions for &* in the longi-
tudinal and transverse cases, respectively. To
compute them the expressions for D; and D,, given
by (67) and (68), must be evaluated. These expres-
sions involve various integrals of the correlation
functions of the random inhomogeneity. In the
next section these results will be examined and
simplified in several special cases, and an example
will be given.

5. SPECIAL ELASTIC MEDIA AND AN EXAMPLE

Let us first consider the simplifications of the
above results which occur when all the correlation
functions except R, are zero. This will be the case,
for example, if p and u are constant while only \ is
variable. Then it follows from (44)-(51) that
E,=E,=B,=B,=0C, =0and

B, = —i(@’ + G)B\ — iG] + GDRY,  (67)
= (Gi/r — G + G3/r — GY)Rn
—(G1 + GHRL,  (68)
Cl = "T—l(G{ + G;)R)‘)‘. (69)
From (57) we then find D, = 0 and from (58)
14
D=k [B21%a i [, 50 a
+# [cid. a0

In the longitudinal case 4, = 0, k® still satisfies
(63) and is given approximately by (64), with
D, = 0. However, in the transverse case A, » 0,
(65) yields k = k, up to order ¢*. Thus to order ¢,
random inhomogeneities in A do not affect the mean
transverse wave but do affect the mean longitudinal
wave. This might have been expected since \ is
essentially a coefficient of compressional elasticity
and the longitudinal wave is a compressional wave
while the transverse wave is a shear wave.

Next we shall consider the case in which all
correlation funections except B,, are zero. This will
be the case, for example, if the elastic coefficients
are constant while the density p is random. It follows
from (44)-(51) that E, = o*GiR,,, B: = «»*G:R,,
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and E, = B, = =B, =C, = C, = 0. Then
from (57) and (58)
1 19
Dl = w4 f GlRppf dr bl w4 f;z' Gsz‘, k a;ﬂ d (71)
- s [1 @ﬁ_lﬂ)
D=~ [Leor (2L -1 a

The progagation constant % still satisfies (63) in
the longitudinal case and (65) in the transverse case,
and it is given to order ¢ by (64) and (66) in the
respective cases, with D, and D, given by (71)
and (72).

To obtain explicit results, let us choose for R,,
the simple correlation function

R,,(T) = (Pf)e_ e, (73)

Here (p;) is the mean square value of p, and a is
the correlation length of the inhomogeneity. We now
insert (73) into (71) and (72), together with the
expressions in (37) for G, and G, and the definition
(54) of f. Upon using the mean-value theorems
(see Appendix I) to evaluate the resulting integrals,
we obtain

D, = f G B, f dr — & f LaRr, ; gi dr, (74)
1 14
D, = —o f G’zR,,,,<akf2 — E(—%f) dr. (75)

When the integrals in (74) and (75) are evaluated
(see Appendix II) and used in (4.32), we obtain
the longitudinal case

k2 2 -1 -2 2

X cot™! (G ;c— ths) + 7 T (alc; k)
Similarly, in the transverse case, (65) yields
’E“; =1+4¢ <2”;Z

O (14 5+ ) o )

tEr (a%]ff— @y T o <Ikc_ - Z‘)] @)
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Equations (76) and (77) can now be solved for k.
When k. and k.a are finite, the solutions for the
longitudinal and transverse propagation constants
up to terms in ¢ are

=1 <Z;> [ e (o ) o (15222)
ka(l + + 1 > cot™ (l%g:’fﬁ)
+ a® + écliaz— tha) k_la- <_ - 1):‘ (78)
and
fieg [ (ot ) o (F522)
+ k,la (1 +it “’) cot™ (1 - ;:),sflksa)
+ kld® +2(I{fai ik.a)® tisa k.a (1 - g_:):l (79)

The above results are explicit expressions for (k/k,)*
and (k/k,)*. They both become infinite when k.a
and k,a become infinite, respectively, which shows
that (76) and (77) must be solved more accurately.
When k.o is sufficiently large (k.a >> po/elp))
the longitudinal propagation constant is

k= k1 + (oD 0o + 3/2k.a] + O().  (80)

Thus the longitudinal attenuation coefficient is
proportional to 1/2a but independent of ¢ when
the correlation length is very long compared to the
wavelength, while Re (¢ — k,) is proportional to e.
On the other hand, both Im (k) and Re (¢ — k.)
are proportional to ¢ when the correlation length
is comparable to the wavelength or smaller. The
solution of (76) for k.a finite deseribes the transition
from one form to the other.

When k.a is sufficiently large (k.o >> po/e(s®)}),
the transverse propagation constant is

k= kJ1 4+ 3o/ po + 3/2k,a) + O(®).  (81)

The behavior of the transverse propagation constant
is the same as that described for the longitudinal
propagation constant.

6. ELECTROMAGNETIC WAVES

Let us now apply our general theory to electro-
magnetic wave propagation in a medium in which
the dielectric constant ¢, the magnetic permeability
&, and the electrical conductivity ¢ are all random
functions of position. We shall consider time-
harmonic waves of angular frequency « and there-
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fore it is convenient to introduce the effective
dielectric constant ¢ = ¢ + tw 'e. Then it follows
from Maxwell’s equations that the electric field
vector E satisfies the equation

V xV XE — o’ueE — p 'V xV xE = 0. (82)

As usual, the corresponding equation for the mag-
netic field H is obtained from (82) by interchanging
E with H and ¢ with —pu. Therefore we needn’t
consider the equation for H since we can obtain
the results for H from those for E by making the
indicated interchanges.

We now assume that ¢, u, and o are of the form

= [l + 7¢{(x)], (83)
= woll + ()], (84)
¢ = o[l 4 no,(x)]. (85)

Then e may be written in a similar form which
defines ¢ and e,

e = [l + n6@)] = (¢ + w'a)

€o€1 + tw” 0'00'1
X |:1 T o + 7/0’_1‘70 ]

Here we have denoted the small parameter by 7
to avoid confusion with the effective dielectric
constant. The quantities €}, uo, and o, are constants.
Upon inserting (83)-(85) into (82) and setting
k2 = w’uoe, wWe obtain

V xV xE — EiE = n[ki(u, + e)E + Vu, xV xE]
+ 7’[k3peE — w1V, xV xE] + 0(773)- (87)

This equation is of the form (2) with L, L,, and
L, given by

(86)

L =V xV x—k, (88)
L, = kg(l‘l +ea) + Vi, xV x ’ (89)
Ly = kopie, — MV xVx | (90)

We shall also assume that (u,) = (¢;) = 0, which
implies that (L,) = 0. Then the mean field (E)
satisfies (14).

In (14) there occurs the Green’s tensor G(x, x’)
associated with the operator L defined by (88).
This tensor is given by

G, x') = I — K*VVe™"™/(Ix — x'|). (91)

As before I is the unit dyadic and V’ is the gradient
with respect to x". Upon carrying out the differentia-
tions in (91) we can write G in the form

G(x, x’) = G.(NI + G,(r)it. (92)
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Here @, and G, are defined by
Gi(r) = (=1 + ik + kir®)e™ " /ankey®, 93)
Q) = (3 — Zikyr — kirMe'™ " /dnkor® 94)

To determine the propagation constant k for a
plane wave in the random medium, we shall seek
a plane-wave solution of (14) of the form

(E(x)) = Ae'*™. (95)
We first compute L,(x’)(E(x’)) and obtain
L' (E®@)) = {ko[m@) + «x)]A
— Vi) KA + [V &)-Alkle™ ™. (96)

Secondly we compute L,(x)G(x, x’) using (92) for
G. After some simplification we obtain

L,(x)G(x, x')
aG1

= kg{”l(x) + fl(x)}Gll - [V (x)-£]1

+ & (V@A + K@) + «@) 6

+ Q& V() — =2 V#l(x)r

(97)

The third step is to multiply (96) by (97) to form
L,(x)G(x, x')L,(x'){E(x’)). This leads to a rather long
product which we shall not write out. The fourth
step is to take the expectation value of this product
which yields {L,(x)G(x, x')L,(x") (E(x))}. In evaluat-
ing this expectation we find that three correla-
tion functions occur. We shall assume that each
depends only upon r = |x — x| and write for them
R,(r) = m@u (@), Ru.(r) = </‘1(x)€1(xl)>; and
R..(r) = {¢(X)&(x")). Then after some simplification
we can write the result in the form

(L,(x)G(x, x)L,(x'(EX"))) = [FA + C{#-kA
— C@#-Ak + B(E-A)fle™™ . (98)

The scalars F, B, and C introduced in (98) do not
depend upon f and are defined by

F(r) = ksGy[R,. + 2R, + R..]

— k(G ~ r'G) (R, + RL),  (99)

B(r) = koGo[R,, + 2R,. + R..]
+ k(@] — r'G)([RL, + RL),  (100)
Cr) = k2GR, + R.) — i@ — r'G)RL..  (101)

In (99)-(101), primes denote differentiation with
respect to r.
Finally we integrate (98) with respect to x'.
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As before it is convenient to set X’ = x — r and to
integrate with respect to r. In doing so we write
dr = dr dS where dS denotes the area element
on a sphere of radius r centered at x. The integrations
with respeet to dS can be done in terms of the
integral (53) and expressed in terms of f(r) defined
by (54) (see Appendix I). The result may be written
as

<L1(x) [ 6k, x)L.@)EE) dx’>

= [DA + M(k-A)kle™™,  (102)

where I is a unit vector in the direction of k, while
D and M are constants defined by

D=+ f [Ff+szr"‘ Of _ pyo2OF ]dr, (103)

M= —f [zko—‘af

ES - g)}
+ Br <6k2 k o dr.
To write (14) we must still calculate L(x)(E(x))
and (L,(x))(E(x)). A straightforward calculation
yields

(104)

LEXE®) = [(k* — kDA — k(z-A)kle™™.  (105)
To compute (L,(x)) we find from (90) that
(La(x)) = kg(ﬂlﬁ) — (V) xV x. (106)

But (1, V) = ¥Vul) = 3V (i) = 1VR,.(0) = 0
and {u,¢,) = R,.(0), so

(Lo(x)) = koR,.(0). (107)

Upon assembling the results (102), (105), and
(106) we can write (14) in the form

(% — kDA — K*(k-A)k — 4°DA — *M(k-A)k
— 7’kiR,(0)Al™™™ = 0.  (108)

If we denote by A, and A, the components of A
respectively parallel and perpendicular to k or f{,
we can separate (108) into the two equations

Atk + n°[kiR,.(0) + D + M]}e™™ = 0, (109)
Ak — ko — 7°[k3R,.(0) + D]}e™™ = 0. (110)

These equations indicate that there may be solutions
in which either 4, £ 0 or A, ¢ 0 while the other
is zero. In the first case & must satisfy the equation

ks + 7'[kR,.0) + D 4+ M] = 0.  (111)
In (111) k oceurs in D and M. When o = 0, (111)
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implies that k, = 0 which means that w = 0.
Thus without random inhomogeneities, only static
plane waves can be longitudinal. When 5 = 0,
(111) may have solutions for nonzero frequencies,
as we shall see when we consider an example in the
next section.

In the second case, A, = 0, k must satisfy the
equation

k' — ks — n’[keR,.(0) + D] = 0. (112)
When n = 0 then k = k,, while when 5 is small we

can solve (112) to order »° by setting &k = %, in
D(k). Thus
K = ki + 7'[k:R,.(0) + D(ko)]. (113)
To the same order we may then write
k = ko + $7°[koR,(0) + ko' D(k,)). (114)

When ¢ = 0 then £k, is real and from (114) the
attenuation coefficient Im k is given by

Im k = (4°/2k,) Im D(k,). (115)

Equations (111), (112), and their consequences are
the main results of this section.

When ¢ # 0 the correlation functions E,, and
R,., may be written in terms of the correlation
functions involving €, o,, and u,. There are nine
such funections which we shall denote by R....,
R..,, ete. Upon using the definition of ¢ in (86)
we have

= (m®eaE’)) = m
w— [}
+ &+ tw o,

R,.

R,,  (116)

R = (6@a@) = (7o) Bun

« =1y -2 2
2w "€y w oy R
2 ({44

(&0 + 2 '00)’ (& + 1’ o0)

7. SPECIAL ELECTROMAGNETIC MEDIA AND AN
EXAMPLE

+ Re’c - (117)

The preceding results can be simplified somewhat
in various special cases. First of all let us suppose
that all correlation functions involving ¢ and o
are zero. This is the case, in particular, if only u
is random. Then R., = R,, = 0 and (99)—(101) for
F, B, and C simplify a little, while D and M are
still given by (103) and (104).

A more useful case is that in which all correlation
functions involving x and ¢ vanish. Then R, =
[et/(e, + 1w 'ay)]R, ., while all other correlation

F. C. KARAL, JR. AND J. B. XELLER

functions are zero. From (99)-(101), it follows that
C=0,F = kGR,, and B = kiG,R... Then (103)
and (104) become, when (54) is used for f(r),

D =+ B k0] @

X sin kr — Gkr (,t sin kr)] dr,  (118)
M = G [ R

(£ ) 4 )]

The propagation constant & for longitudinal waves
is determined by (111) with the above values of
D and M, while for transverse waves it is determined
by (112) in which only D oceurs.

Let us now consider the special case in which

Ra’e'(r) = <(e{)2)e—a—‘r (120)

Then upon using the results of Appendix II, we
obtain for the equation for the propagation constant
of transverse waves the result

K 7 _ ()™ ((eD)™)
ko =1ty 2 (fo + W_la'o)n

2 |, (1 4+ dka) 2(koa)?
X [{3 T ke TR T = ikoa)*}

1 1+ (koa)’} 21—k a]
" ka {1 + (ka)® cot ka =

When kqa is finite the solution of (121) up to terms
in n® is given by (112). It is

lcj = 2 (fo) «51) >
L+ 3 @t ooy

2, (14 tkea) 2(k.a)’

X [{3 T ey T har + Q- ﬂcoa)’}
1

“a§+

2 .

L]
The above result is an explicit expression for k*/k,
where k is the transverse propagation constant.
Equation (122) becomes infinite when k,a becomes
infinite, which shows that (121) must be solved
more accurately. When k.e is sufficiently large
koo > 1/9(()*], we find from (121) that the
transverse propagation constant is

k= koll 4+ 3m((D)®) + i/2koa] + O(").  (123)

Thus the transverse attenuation coefficient is
proportionate to 1/2a but independent of 5 when
the correlation length is very long compared to

(121)
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the wavelength, while Re (k — k,) is proportional f iker 5 k(k-A) 8%
t0 7. On the other hand, both Im (k) and Re (k — &) @-A)ERe™ ds = === s, (10)
are proportional to 5° when the correlation length . iker
is comparable to the wavelength or smaller. The f (£-A)ite ds
solution of (121) for k.a finite describes the transition 7t 1 0f
from one form to the other. =T [kk(k Ak - ok (6k2 % ak)
The equation for the propagation constant of
longitudinal waves is given by — 2fck(A- k)(ak]; i Z?I{ ) + I(k- A)(ak” - %.(;21)
(G R u+mw}
1 2
@y L+ el 1) s 2 (G- 1] w

{ka+ o )} cot™ & _k;koa)]' (124)

This equation does not have solutions for which 3 13
|ka| is either large or small. We have not investigated = —= [k(k A) < f2 -3 ~—f>
. . . ok k ok
it for intermediate values.

19 (5% _ lﬂ)]
APPENDIX I. MEAN-VALUE THEOREMS + al % 3% ( Wk ok (12)

The basic mean-value theorem which we shall use

f @-A)E-K)te " ds

APPENDIX II. USEFUL INTEGRAL RELATIONS

iker Arr .
f e ds = I S kr = f(r, k), L In working out the examples, the following results

. ) ) ) have been found useful:
where k is the propagation vector, r is the radius

vector, and the surface integration ds is performed f “ ¢ sin kz dr = .Ti_z ,
on g there of radius r. Let k = kk and r = r#, ° k +
where k and £ are unit propagation and radial f‘“ —az SIn kz d aa
vectors, respectively. It can be shown that o ¢ % = cob k’
k-2 ¥ —ax _ pn SiDkZ
Ve=kZ, @ [ -y
Vik =+ @ — ik 3 _ | B i1 B s ]
K k(I ) 6)] k[kcot % kcot k+ logk,
where V' denotes the gradient with respect to k = _..1 (sin kz L«
and I is the unit dyadic. By differentiating (1) fo e 5( ko 08 kx) dr =1— E cot™ %’
and using (2) and (3), the following new mean-value - 1 [sink
theorems can be established easily: f e = (Su;c T _ cos kx> dz
0 X ¥
- 'k af
ff gy = 2oL (4) k[ ( ) _1a:l
[ = =5~ \L ) et ]
e ds -
f f (e — ) 13 (SH;C ke _ cos kx) dz
__L[~<ﬂ 1ﬂ)+1gl] 6 e
7 oK* ko ko ! ___E[_i (ﬁz—az)-l-écot_xé
f(fk)—tkrds__ kaf (6 2 3]02 k k
‘ _Tak’ ) gcot“é—I—l gs t*lé
;. of EC BT3ROk
[enerra=tend, @

Joamna L et ],
- l:k(k A)<6;c” - 7{) + ]t glfc :I €)) f: e %{ kz sin kz + 3(811]16535 — cos ch)}dx

1

k
B gy = KDL Jﬂ_”[l (e)’ @ e <2)’ —xa]
f(fk)fe ds = el 9) =3 6+ % —kcot = % cot 7l
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A Theorem on the Conductivity of a Composite Medium*

JoserH B. KELLER
Courant Institute of Mathematical Sciences, New York University, New York, N. Y.

A composite medium consisting of a rectangular lattice of identical parallel cylinders of arbitrary
cross section is considered. The cylinders have conductivity ¢ and are imbedded in a medium of
conductivity o,. Simple properties of the conductivity tensor of the composite medium are deduced

from the theory of harmonic functions.

ET us consider a composite medium consisting

of a rectangular lattice of identical parallel
cylinders of any cross section, having electrical
conductivity o, imbedded in a medium of con-
ductivity o;. Let the z and y axes lie along axes
of the lattice and let 2X and 2Y be the lattice
spacings in the r and y directions. When a static
electric field of average field strength E, is ap-
plied to the medium parallel to the x axis, the
resulting current density will be a periodic func-
tion of z and y. If this current density is averaged
with respect to y, the average current density j,
must be in the z direction and must be independent
of z by conservation of charge. In terms of j, and
E. we define the effective conductivity Z.(oy, o)
in the z direction to be Z.(0y, 05) = 7./E,. The
first argument of Z, denotes the conductivity of
the medium surrounding the cylinders and the
second argument denotes that of the medium con-
stituting the cylinders. In a similar way we define
Z,. The object of this note is to prove the following
theorem:

Theorem. Let a medium contain a rectangular
lattice of identical parallel cylinders, each of which
is symmetric in the z and y axes, which are the
lattice axes. Then the effective conductivities Z,
and T, of the composite medium in the z and y
directions are related by

01/2.(01, 02) = Z,(02, 1)/ 0. L

The first argument of Z, or Z, denotes the con-
ductivity of the medium surrounding the eylinders
and the second argument that of the medium
constituting the cylinders. The theorem also applies
to thermal and other conductivities when the cor-
responding potentials are harmonic funetions.

An important corollary of this theorem follows
when the lattice is square and when each cylinder

* The research reported in this paper was sponsored by

the National Science Foundation under Grant No. NSF
G 19671.
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is symmetric in the line x = y. In this case the
z and y directions are equivalent so Z,(¢y, 0;) =
2,(oy, 02). Then we may omit the subseript and
write £ = Z, = Z,. Therefore the theorem yields
the corollary

Corollary 1. When the lattice is square and each
cylinder is symmetric in the line z = y,

01/2(0'1; 0'2) = 2(02, 01)/0'2- 2

Another corollary of the theorem results from
the faet that 2, and =, have the dimensions of
conductivity, so they are homogeneous of degree one
in ¢, and ;. Therefore Z.(oy, 05)/0y = Z.(1, 05/0,)
and 2,(cs, 01)/0; = Z,(1, 0,/0:). Now the theorem
yields the further corollary

Corollary 2.

1/2.(1, o3/01) = Z,(1, 0,/03). 3)

When the hypothesis of Corollary 1 is satisfied,
Corollary 2 yields

1/2Q, o5/0y) = Z2(, 0,/05). 4)

The special cases of (3) and (4) in which o,/ = o
and ¢,/0, = 0 were proved previously.' It is interest-
ing to note that the approximate expression for =
derived by Rayleigh® for a square lattice of circular
cylinders satisfies (4).

The results (2) and (4) also apply to the average
conductivity of a statistically homogeneous isotropic
random distribution of cylinders of one medium in
another medium. This can be proved by appro-
priately adapting the following proof.

To prove the theorem we first consider the
harmonic function ¢(z, y) which is the potential
corresponding to the applied field of average
strength unity in the z direction. By symmetry,
the lines = 0 and # = X are equipotential lines
while y = 0 and y = Y are field lines. If we let

1 J. B. Keller, J. Appl. Phys. 34, 991 (1963).
? Lord Rayleigh, Phil. Mag. Ser. 5 34, 481 (1892).
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¢(0, y) = 0 then ¢(X, y) = X while ¢,(z, 0) =
o,(z, ¥Y) = 0. On the interface S between the
two media, continuity of potential and of the normal
component of current yield

+

" =¢ on 8, ®)
0,00 /00 = 62 9¢ /On on 8. 6)

Here ¢" and ¢~ denote the values of ¢ outside S
and inside S, respectively, while d/dn denotes the
derivative along the outward normal to S and
o, is the conductivity outside S. The average
current across the line x = X is

Y
I = thfo c0.(X, ) dy

=ﬁrﬁ£%mmw=ﬁr%. @

Here ¢ is the harmonic function conjugate to ¢
which has the value zero on the field line y = 0
and the unknown value ¥, on the field line y = Y.

From (5) it follows that ¢ /dn = &y /on on 8
and from (6) that ¢,0¢"/ds = ¢,8¢"/3s on S where
3/93s denotes differentiation along S. Upon integrat-
ing the last relation and noting that ¢* = ¢~
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at y = 0, it follows that o,¢" = o¢". We also
note that ¢.(0, y) = ¢.(X, y) = 0. Therefore we
define & by the relations

¢+ = Y‘/’+/¢0; (8)

" = 0, Yy¢ /o1vbe. 9

Then & is a harmonic function satisfying the con-

ditions ®.(0, y) = &.(X, &) = 0; &(x, 0) = O,

®(z, Y)=Y, ®'=% on S,and ¢,0%" /on=0,09"/dn

on 8. Thus & is the potential corresponding to an

applied field of average strength unity in the y

direction when the conductivity outside S is o

and that inside S is ¢,. The average current in the
y direction is then

X
i, =X f 08,(, ¥) dz = 0, X" Y5
0
X
X [ 0@ )iz = XY
(1]

xf%mma=@w1 (10)

Since E, = E, = 1, it follows that =, = 4, and
Z, = j,. Then from (7) and (10) the result (1)
of the theorem follows.
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The scattering of an obliquely incident electromagnetic wave by a composite cylinder has been
obtained using fundamental electromagnetic principles. The general result has been reduced to

simpler forms for certain special cases.

1. INTRODUCTION

HE recent scientific interest in space exploration

and guided missiles has presented many new
and radically different communication and in-
strumentation problems. For example, one is in-
terested to know the scattering cross section of a
re-entry vehicle which is covered with a plasma
sheath, or the kind of dielectric coating one should
have in order that the scattering cross section may
be appreciably reduced.

The problem of scattering of electromagnetic
waves by obstacles has received the attention of
various authors.'™® Many of them, however, treated
the case of normally incident electromagnetic waves
only. A consistent approach to the problem of
scattering by cylindrical structures has been de-
scribed by Wait.'

The problem to be considered in this paper is
that of scattering of an obliquely incident plane
electromagnetic wave to a composite dielectric
cylinder. The approach is similar to that of Stratton'!
and Wait,'"® who treated the problem of a single
dielectric eylinder.

2. STATEMENT OF THE PROBLEM AND
FORMULATION

The geometry of the composite dielectric structure

* This research was supported by Air Force Ballistic Sys-
tems Division under contract AF04(694)239, and partially
by the National Aeronautics and Space Administration, under
Grant No. 355 to Northeastern University, Boston, Massa-
chusetts.
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is as shown in Fig. 1. A plane electromagnetic wave
is incident on a composite infinitely long cylinder
making an angle 6 with the axis of the cylinder.

Let E' be the incident electric field, & the unit
vector along the direction of E!, k, the propagation
vector, 6 the angle of incidence; é will be assumed
to be parallel to the plane ¢ = 0, i.e., in the z—z plane.
The time variation is assumed to be according to
the factor ¢’“’. Since the H field is assumed to be
perpendicular to the axis of c¢ylinder, the wave will
be called TM wave. When the E field is perpendicular
to the axis, the wave will be termed a TE wave.

The equation of a plane wave is

E' = ¢ "%
In circular cylindrical coordinate system,

Z =T cos ¢, y = rsin ¢, z =z

Therefore,
E' = ¢E, exp [—jkoz cos 6 + jAr cos ¢], (1)

where A\, = k, sin 6.
Using the expansion' of e

iz sinf
’

ei:ainO = i einBJ"(z), (2)

am—c
one writes

fhorcosd __ _ilor sin (3r—¢] __

Y @00, ()

n=—co

Substituting (3) in (1), one obtains

e e

B = o, ”i @ TuOF, @

-—

where F, = exp [—jkoz cos 8 — jne).
Therefore, the z component of E' will be

B'=E4=FEysin0 3 (Lo, 6

Bw—c

Since the cylinder is of infinite length, there is no

2P, M. Morse and H. Feshbach, Methods of Theoretical
Physics (McGraw-Hill Book Company, Ine.,, New York,
1953), Part 1, Chap. 5, p. 620,
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discontinuity along the 2z direction. As such, the
2z variation of all field components must be the same
as that of the incident field, i.e., according to the
factor ¢~ ™** °**, The z component of the scattered
field will then be

©

2. GH (nF..

E: = 6)
a® is a coefficient to be determined from suitable
boundary condition, and H{® (\,r) is the Hankel
function of the second kind, defined as H{® (\yr) =
Ju(het) — §N.(\or), where J,(Aqr) and N,.(Aor) are
two independent solutions of the Bessel equation.
This function is chosen to ensure proper behavior
of the wave at infinity. Henceforth, the superscript
(2) from HEY (\yr) will be omitted.

Because of the assumed polarization, the 2
component of the H' field is zero. The z component
of the scattered field, however, will not in general
be zero, except in the case of normally incident
wave or of a perfectly conducting cylinder.'® Thus,
even though, the incident wave is purely TM, the
resultant field have to be constructed as a super-
position of a set TE and TM waves.

Therefore (the summation in the sequel runs from
n=—ot + =),

H =0,
H: = 2 biH.(\)F..

It is now necessary to relate the other field compo-
nents with EX, E*, H! and H®. To do this, one starts
with Maxwell’s equations and obtains the following
relationships:

@

1 .adE, . OH,
E"—kz—az[—j; 1) + Jon ar]’

1 [ adH, . aE,]

B -2 Ir ¢ TR |

In Eqs. (8), k, u, ¢ are the properties of the medium
and 8/dz = —ja. For the present case, the z depend-
ence is as ¢ "*** °*_ Then, a = k, cos 0. It is now
easy to write the ¢ component of the incident and
the scattered field.

Thus, from (5), (6), (7), and (8),

E; - Z —OtnEo Smrg‘%])"Jn()\Or)Fn ,

®

H¢=

)

Z [— a: H,.()\OT) _I_ iw—;z—b: H,’,()or):lFm (10)

E; = rxg

13 J, R. Wait, Can. J. Phys. 33, 189 (1955).
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Fra. 1. Composite cylinder and the coordinate system.
Region I: 0 < r < a; p1, €1, 01, Bi. RegionIl:a < r < b;
Mg, €2, O3, Rz. Reglon III: b S T5 Ko, €0y Ro.

—jk3E, sin 6
Whio Ao

= [‘T;"" bH, () —

The prime sign with J, and H, indicates differentia-
tion, and, as indicated previously, the summation
runs over n from — o to «. Thus (5), (6), (7), and
(9)-(12) are the field representations in Region III.
Since the radial components are not required for
matching boundary conditions, these have not been
set up. It is now easy to set up the field components
in Regions IT and I following the same principles
and observing that in Region II both J,’s and H,’s
are permissible solutions and in Region I, only the
J.’s are permissible solutions. These are
Region I1

E:2) —
H:Z) —

Hy= 3 MD"JAr)F., (1)

ks
WhoMo

H, = a:H:(xor)]F,. (12)

2 [bud(Ar) + e H (AP)IF,,
2 [aJ. ) + e H O)F,,

13)
14

EP =Y {_%;2—: [0 w(Ner) + cHW(Ns7)]
+ ";\-—‘:3 [a.J500r) + s £(>\2T)J}F »  19)

H® = % {_—j’i [buT20ur) + cHi(Nr)]

AT

- :Tng landu(ar) + e..H..(Mr)]}F . (16)
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Region 1
E(l) —
H(l) —

Y duJ(ADF,,
Z fnJ'n(xl’r)Fﬂ’

EM =3 [_;7“;12 dud (\7) + “T‘:‘ f,.J;(m)]Fn, (19)

17)
(8)

@ _ _ Gk g
H¢ = E [ W#])\l dan()\lr)

on
- m fan()\lr)]Fn- (20)

All summations run over n from — o to «, and
the superseripts (1) and (2) indicate the regions in
which they are valid.
As indicated previously,
a =k, cos 6, Ao = ko sin 6,
Moo= (K — K2 cos® 0)F, N, = (k2 — k2 cos® O)Y,
F, = exp [—n¢ — jkoz cos 6].

@., b., ete. are suitable coefficients to be determined
from the boundary conditions. These are

alr = b
Ho+ H = B, H+H=H" )
E.+E.=E”, E,+E =E>";
atr = a
@ _ @ _ gw,
H: - Hz H] H4> H¢ 3 (22)
E:z) — E:l)’ E;Z) — E;l).

3. DETERMINATION OF THE COEFFICIENTS
Since at r = a, EY = E®, one must have
> duJu(Ma) exp [—jng — jkez cos 6]
= 20 [baJa(h0) + cuHa(M:0)]

X exp [—jnp — jkoz cos 6].

Multiplying both sides of above by e and integrat-
ing with ¢ between the limits 0 to 27, the above
reduces to

d.J.(\ma) = baJ.(ha) + e H,(A\0). 23)

In a similar manner, the boundary condition (21)
and (22) applied to the proper field expressions
yield the following:

fan(xla) = aan()\za) + G"H,,,(}\za), (24)

MOHAMMED A.

ISLAM

an jwlil

— d,J.(,a) — — f.Ji(\a
o dudu(a) — 21 Tna)

an
= a_)\;‘; [ann()‘2a) + C"H”()\za)]

+ B [0, 7i00) + aHia)],  (25)
ko N em
_wﬂlxl dan(xla) G)\f fan()‘la)
=~ Ti0n0) + e HOwa)]
Wiahg
— & e ], (n0) + e H ()],  (26)
ah; ‘
E, sin 6(5)"J.(Aob) + anH.(\oD)
= b.J.(0D) + c.H.(b),  (@27)
b:HnO‘Ob) = anJ n()‘Zb) + ean()‘Zb)’ (28)

Te [Bosin 6G)"J.(b) + azH,(ab)] — 522 b1 (D)
0

= %;L [BaTa(Msb) + c.Ha(AoD)]

— B2 [0, Ji0) + e HiuD)],  (29)
2

_'jkg I : n 7y
T (B, sin 6(5)"J 7 (NoD)

+ a D)) — 55 bH. (D)

0
o ,
= —m [bn']n()\2b) + anu(x2b)]
— S laT.0ub) + eH, b)), (30)

There are thus eight equations [(23)-(30)], and
eight unknowns (a,, b., ¢,, d., €., f., a3, and bl).

By manipulating the equations and using the
value of the Wronskian,

Jn()\ob)H;()\ob) - Hﬂ()\ob)']:l(xob) = - (2j/7r)\ob) s

the above eight equations may be reduced to the
following set:

A.b, + B.c, =
Hnbn + Gncn =

D.a, + E.e.,
A.a, + B.e,,
Lb, + M.c, = P,a, + Que.,
R.b, + S = Laa, + M,e, —

@31

T.,
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where a,, b,, c, and e, are the unknowns, and the
quantities A,, B,, ete. are defined as follows:

1
An = n()\ga)[)\l -)TZ-] ,
B, =& H,.()\za)[—z - i_] ,
2
j‘*’ﬂ'z 4 .70’”'1 ()\la)
D, = J ~(\a) + N J.(0na) (Na) J.(0a),
7“’“2 jouy Ja\a)
E, = H ()\2 ) + == N J ()\ )Hn()\zd),
— ]kl n(kla) ]kz ,
H. = wphy J (@) Ja(Aa0) + J,.()\za),
]kz J ()\10,) ]k2 ,
G o J.(\a) H,(\0) +3 H A(\a0),
an 1 (
L, = Jﬂ(xzb)[x_g _ P] , -
M, = H”(xzb)[l§ - %] ,
2
.7{"""'2 ]O)[JO H ()\Ob)
Po = =%, T + 550 T
10’”‘2 ](")I‘lo n()\ob)
Qn = H ()\2b) + o " ()\ b) ”()\2[))’
— ]ko H ()\ob) ]kz
Rn = OJI.LO)\O H ()\Ob) Jn()\zb) + n()\zb),
—_— ]kO n()\ob) 2
S" B WitoNo ,.()\ob) H"()\zb) + Hn()\zb) ,
— 2"%(])“ LEO Sm 0 .
" mwpeb Ao Ha(Aob)

The solutions for the unknowns may be now formally
written down.

0 B, —-D. —E,
bn — 0 G,. _An _Bn A—-l’
0 Mn _Pn _Qn
-T7. 8. —-L. —M,
A, 0 -—-D, —E,
C = H, 0 -4, -B. AT
Ln 0 _Pn —Qn
R, -T, -L,  —-M,
A" Bn 0 _En
a, = Hn G0 TB (g
L, M, 0 —Q,
R, S. -T. —M,
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A, B, —D, 0
e, = H,, G,. ""A,, 0 A_l’
L, M, —-P,
R, S8 —-L, T,
A, B, —D, —E,
a< (B G —4 =B
L, M, —P, —Q.
k., 8. —-L, —-M,

and | | represents the determinant. Once a,, b,, ¢,, and
e, are known, the other unknowns may easily be
found. These known coefficients may then be sub-
stituted in (5), (6), (7), and (9)-(20) to obtain the
different field components. This then is the complete
formal solution of the general problem. The result
for the case of the magnetic vector in the ¢ = 0
plane and the electric vector along the y direction
may be obtained using the analogy between the
magnetic and electric quantities, namely, by sub-
stituting in the above results H for E, —E for H,
and p and e interchanged throughout.

4. SPECIAL CASES

It is interesting to see how these complicated
results behave in certain very special cases.

Case 1

If one lets pu, = po, &2 = €, the above problem
should reduce to the problem of a single dielectric
cylinder. With the above substitution, (32) becomes

4, =2 J"(Aoa)li)\—f _ X_] ,
1
B,. = ”O\oa)[ 1 XE:I’
D" - ]wuo Jl()\o ) + ]0;\#1 j E;la; n()\oa)7
= ]w Ho .7‘*’#1 ,.()\1(1)
En - H ()\0 ) + N J ()\ ) ,.()\oa),
_ ]kz J (Xla) ]ko
F w ), J,(\a) J(Noa) + Ja(Mo),
i 4 34)
= _ka_ J(\a) ]ko , (
Gn = o J.(\a) H,(\a) + H,.()\oa),
L" =M”=Qn=sﬂ=07
P, = 2wu0/7r)\02bH"()\ob)’
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R, = —2ki/mousbH, (D),

_ 2ky(3)" Eosin 3
* = Twnehab H,(hb)

Therefore (31) reduces to

Anbn + Bncn - Dhaﬁ - Eﬂe" = 07
Hab. + G.‘ n T Anan - Bnen = 0) (35)
P, = 0, Rb, = —T,.

These may be solved in the usual way. The results
are

a, = 0,
= (j)"E, sin 6,

ko -
* — — 8 »
bi=e, = wuoEg sin 8(5)

2 {1 1\ necosé
X {? (@Tﬂ' - 5"“) [H.@)]”D} ’

fn = blH.0)/J.W)],
H,(v)

ay = ¢, = (§)"E,sin 0
¢ 1=L=0) _ 9 an(v) u_J.(w)

H.,(v) ' [H,@)]°D '

d. = [E,sin 65)"J.0) + axH@)I[1/J.)],

where

(36)

D= [H*(v) K J,'.(u)]
vH0)  u J.(w)
H) N J;(u)] _ [L _ _1]’ A
X [UH,@) WKL " Z T A" es o
N =k/E, K = w/pe,
3> = kla’} Yy = Xoﬂ-.

These results are exactly what one expected and
agree with Wait’s'® results for a single dielectric
cylinder. The corresponding results for normal
incidence may easily be obtained by letting § = 90°
in (36). The back-scattering cross section for this
infinite dielectrie cylinder may be defined as

‘E ¥ P :mni

B =g 87
where P is the total power reradiated per unit
length of an ideal omnidirectional scatterer that
maintains the same field E® at a radial distance r
for all values of ¢ as that maintained by the actual
scattering cylinder specifically in the direction

o per unit length = lim 2ar

row

MOHAMMED A.

ISLAM

toward the source {¢ = Q). Thus, for the infinite
cylinder under consideration,

lim 2xr
T
f=%r
¢=0

op per unit length =

L

> aiH, (o) exp [—jng —

o=

lEosm 8 exp [ —jkqz cos 8§ + jkorsin 6 cos¢

5 ai(-2) exp (= b + itk + om)
E, exp (k] L

where the asymptotic expression for H,(kes) has
been used. Since only the absolute value is of
interest, the above reduces to

2

ikoz cos 8]

©

2

a,

n=~—

E @"W.; ,  (38)

n=0

op per unit length = Eék
gfvg

)

Enan
ne=

.
~ Eok

where

0

& =2 for n#0
=1 for n=290,
and
W. = a./[E,(3)"].
With 8 = $r and », = g, (assumed), from (36},

- O _ 0
We = By = "H.0)

. 1
H)v) N* Jiw)
[ H.(0)] [vH,.(u) uk Jﬁ(u):'
""kv] k@) o (koa) + ko (ki) ] ,(koa)
T ks (kla)H (koa) — ko, (kla)H:(koa)

39

This result agrees with King and Wu's result
(ef. Ref. 9, p. 69).

Case 2: Highly Conducting Cylinder with a
Dielectric Coaxial Cylinder Outside

This is the most important case. Here in Region I,
one assumes o,/we; 2> 1, Therefore,

d .
8 = —u@0(a 2 + o) = ~jouon,

ki/kj o~ — jwpy o, /w’pee, — very large,

A = ki-— ki cos® 6~ kI o~ —jwms,.
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With these restrictions, (32) reduces to the following:
Ay = —(an/a)[J.(\a)/N],

B, =~ —(om/a)[H,(\0)/N3],

D, = —(opa/N)J1(\02),

Ey o —Giowa/ MO0, (*0)
H,~ — (ka/ wu M) (Ma)/ T a(Ma)],

Gy 22 — (i3 fom M) Huaa) [T H(Na)/ T (M)

L,M,P,Q.,R., S, and T, are the same as in (32).
One may substitute (40) into (31) and solve for
the unknowns. From (40) it is apparent that

G  H.(\0)

H,~ T.0na) © 4,
A,./H,‘ ~B,/H,~0,
= ~[Ja(Na)/H\(A@)]bs,
o~ —[Ji(a)/H(A0))a,.

Before solvmg for the unknowns, some comments
regarding the boundary conditions at the surface
of a perfect conductor are in order. At the surface
of a perfect conductor, the tangential components
of the electric field and the normal component of
the B field must be zero. The normal component
of D is zero inside the perfect conductor, but is not
zero, in general, just outside the conductor, because
of the presence of the surface charge density. Like-
wise, the tangential magnetic field inside a perfect
conductor is zero, but is not zero just outside it.
This discontinuity gives rise to the surface current
density. Thus, the boundary conditions required to
solve a boundary-value problem involving a perfect
conductor surface are either
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the procedure will be to start with (5)-(16) and
apply boundary conditions (21) and the condition
that at r = a,

E(2) = E;ﬂ) — 0
This will yield the following set of relationships:
E, sin 07°Jo(\od) + anH.(A\eb)
= anu(A2b) + Can(Azb),
; n()‘ob) = an n()‘2b) + en n()‘2b)7

[Eosin 67°J.(\b) + aH.(\ob)] + 22E2 """" " BH (D)

(42)

b>\2

= _9‘-”—2 (BT a(Asb) + cuH(AsD))

+ L ""“’ = lani00) + GHI0WD)],  (43)
P J4(ob) + aiHA(Ab)] — ‘,j%: biH (o)

- [BaTa(A2) + <o

= 00

Tz [0, 0ab) + e.H (b)),

ann(k2a) + C,.H”(xza) = 07

a.Ja(Ma) + eHi(Na) = 0.
Here again one has a set of six equations and six
unknowns. As pointed out earlier, solving for the
unknowns in (43) will be the same as in (31) with
(40). By either or both methods, one obtains the
following results:

1 1 {en
b"[xﬁ - x‘;] R

E,=0, E,=0 atthesurface, (a1) [iwun H!(\b) Yy — H__ W] @)
or -()\ob)
a/oreH,) = 0, 9/dr(H,) = 0 at the surface. and
One has a choice now to continue with the solution a l:l_ _ 1_] My l: ik3 v
of (31) with (40) or reformulate the problem with "L\ N1 b ~  "Lowmh
the new setup. If the formulation is correct, both PO 2m .
must yield the same result. If instead of solving (31) - —ﬁ‘)’—\— I—I%"—((;‘J% X] 2k°{26 2’10 ginb)o' 45)
with (40), one prefers to work directly with the @hoRto 11410 THoRo® Hallo
perfect conductor and the outer dielectric cylinder, From (44) and (45), one obtains

2kai"E, sin 0
2
a, = Tw#o)\oan(kob) (46)
©Hg gy % Hy(\b)
Hi(Aob) H,(Aob)

1 1 ﬂ ng
[xz xz] p ¥ T [wpoxo

H,(Aob)

X

_ K V] As
WhzA; [1 1 ]a_n

PR B
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In (44), (45), and (46) above, the functions X, ¥, W,
and V are defined as follows:

n()\ b)HnO\za) _ Jn()\za)Hn()‘zb)

MOHAMMED A.

ISLAM

JaD H,(Aa) — J.(\a)Hi(Ab)

H,(\0)
Since a, is now known from (46), b, is obtained
using (44) and (46), and hence ¢, and e, also are

V=

X = H,(\a) obtained from the last two relationships of (43).
From the second equation of (43),
Y = @mwm@—wmmum) bs = a[J.(\:D)/Ha(Nob)] + el H(Asb)/H,(Aob)].
B H.(\a) 47 a, and e, both being known, b: can be found.
) From the first equation of (43),
W = Ji0:H(ga) — ,.()\za)H’()\zb) = [1/H,(\D)][b.X — E,sin 6§"J,(\D)].
n(XZa) Thus
25k2"E, sin 6 [wp.g W @Ho H! ()\Ob) Y]
o = — E, sin 87°J,(\ob) + 7pehob [H,(\b)]* Ao H,(\D)
. H,(\b) [l__111@$37+[ BH(\D) K lq[ﬂgw, i nﬁw)yl[
>\g )\g b wiohod n()\ob) witghy X Az n()\Ob)
Thus one obtains the complete solution of the 24
problem. It is interesting to see how o behaves X | J.0ub) + wbwieH ,(Nob) )
for the case of normal incidence. For this case, mAo koH.(\b) ks ¥V
wﬂo)\oH n()\ob) W2 Ny X
a=1kycos6=0, Note:
Mo = kosin 6 = ko, 2 = AT OBDHIOGD) — TODH, O
= [ki — ki cos’ 6] = also
Al ~ V = J0DH,0n0) — J,0u)H(D)
Then T b T e — LD H(Na) — T (aa)H, (D)
JuM)Na(Asb) — Ju(MDIN.(a)
. on. Jn(xza)N"()\gb) - "(be)N”(xza)
@ = T H,(Mb) Therefore,
. _ By [
a;, = T.0nb) J.(N\b)
2j/7b[ L, MD)N.(A0) — JLMWON,(AD)] J
{koH Aob) [JaAD)N ,(M20) — J.@)N(A:0)] — koH () [Jh(ABN.(00) — J.(A0)N.(\:0)]}

k2']n(k0b) [Jn(kza)Nr,n(kzb) -

J1Esb)N o (ko0)] — Ko n(kob) [J(k20) N o(ksb) —

Ju(k:D)N ,(k,0)]

= onn{ —

Obviously, the coefficient of the back-scattering cross

section W, = a’/Eoj" = the quantity in { } above.

This result agrees with Ref. 9, p. 69, Eq. (18.3).
The solution for the problem of a single conducting

cylinder may simply be obtained by letting a = b,

Az = Ao, M2 = u, in the result for the above case.
For this case, from (47),

k2Hn(k0b) [Jn(k2a>N7,L(k2b) -

X=W=0,
Y = —[2j/mNaH](\a)], (49)
V = 2§/xhaH (N a).

Jaleob)N o(k20)] + FeoH o (keob) [T u(R20) N (b)) ~

Jn(kzb)N,.(kza)l}' 48

Then from (46) and (43),

an =6, = 0. (50)
From (45) and (49),
b, = j°E, sin 4. (51)
Therefore,
e = —[Ja(Na)/H.(Na)]TE, sin 6, (52)
= —[J.(a)/H.(\a)IT'E, sin 6 = c,. (53)
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From (43) and (50),
b: = 0. (54)

Looking back into the field components in the
various regions, it is observed that for the case
of a single conducting cylinder there is no z compo-
nent of the H field. One may thus make an important
observation that, for the case of a single conducting
cylinder, if the incident wave is TE, only TE modes
are excited. Similarly, it can be shown easily that,
for this case, if the incident wave is TM, only
TM modes are excited. However, for a dielectric

557

cylinder with obliquely incident wave, a combination
of TE and TM modes will be required to satisfy
the boundary conditions even though the incident
wave may be just TE or TM.

The results of various simplified cases may thus
be obtained from the general formulation.

The author wishes to acknowledge his indebted-
ness to Professor Sheldon S. Sandler of North-
eastern University, Boston, Massachusetts for his
encouragement and guidance, and to C. R. Mullin
of AVCO/RAD, Wilmington, Massachusetts for
various illuminating discussions on this subject.
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Various aspects of plasma theory are derived by the application of operational methods to the
equation of electron motion. Discussed herein are the complex tensor dielectric constant, the tensor
permittivity and conductivity, plasma transient behavior, and plasma oscillations.

INTRODUCTION

HE plasma model discussed in this paper is

considered to be composed of equal densities
of free electrons and heavy posttive ions distributed
uniformly throughout the volume under discussion,
and neutral particles whose population density is
very large with respect to that of the charges. The
density of particles is supposed to be large enough
to present the appearance of a macroscopically
continuous medium, electrically neutral at all
points. The collision frequencies are considered to
be independent of electron velocity."

The dispersive effects of thermal motions and
pressure gradients are neglected. These effects can
be analyzed as indicated by Chandrasekhar’ and
Jackson.?

* Present address: Lockheed Missiles and Space Company,
Sunnyvale, California.

11, P. Shkarofsky, M. P. Bachynski, and T. W. Johnston,
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2 8, Chandrasekhar, Plasma Physics (University of Chi-
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THE EQUATION OF MOTION

Consider an electron—ion pair originally at rest
at point 1 (Fig. 1). If the effect of an applied force
field is sensitive to charge, the electron—ion pair
separates. If the ion mass is much greater than the
electron mass, the electron moves to point 2 while
the ion is considered to remain approximately at
point 1. The symbol r thus represents electron
displacement.

The forces on an electron may be due to the
presence of an electric field (alternating or electro-
static), collisions with neutral particles (the average
effect of which is a frictional force), and a static
magnetic field. The electron velocities are assumed
to be much less, numerically, than the speed of
light, so that the effect of an alternating magnetic
field is negligible in comparison to that of the
associated electric field.

Newton’s law of motion becomes

mf = —eE — mit 4 €B xt, @

where m is the mass of electron, —e the charge
on electron, E the total electric field, » the collision
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cylinder with obliquely incident wave, a combination
of TE and TM modes will be required to satisfy
the boundary conditions even though the incident
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The results of various simplified cases may thus
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electron mass, the electron moves to point 2 while
the ion is considered to remain approximately at
point 1. The symbol r thus represents electron
displacement.

The forces on an electron may be due to the
presence of an electric field (alternating or electro-
static), collisions with neutral particles (the average
effect of which is a frictional force), and a static
magnetic field. The electron velocities are assumed
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associated electric field.
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where m is the mass of electron, —e the charge
on electron, E the total electric field, » the collision
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frequency, B the static magnetic field, and r the
electron displacement vector. Equation (1) is
normalized by dividing by the mass:

f — wixf + st = —E, @)
where v is the electronic charge-to-mass ratio,
w, = v |B|, angular cyclotron rate, and i is a unit
vector in direction of B. The electric field E is
made up of two parts; the electric displacement D,
and the induced volume polarization P. The relation-
ship is

D = GoE + P ’ (3)
where ¢ 13 the permittivity of free space. The

volume polarization is equal to the induced dipole
moment per unit volume; therefore

P = —Ner, 4)
where N represents the electron density. Sub-
stituting for E in Eq. (1),

t — wixt+ st + or = —ve'D, (5)
where o, = Nee;'. The quantity w, will be shown
later in this paper to be the resonant angular rate
of a collisionless plasma, in the absence of a static
magnetic field.

Either Eq. (2) or Eq. (5) may be used to analyze
steady-state behavior, i.e., if the general nature

of the electron motion is known. For the analysis
of transient behavior, Eq. (5) must be used.

TENSOR DIELECTRIC CONSTANT

It is desired to determine the dielectric tensor K
of the plasma, such that

D = eoK'E. (6)

From Egs. (3) and (4) it is seen that P, and therefore
r, must be determined. If the time-derivative op-
erator is represented by the tensor S, Eq. (2) ean
be written

[S" — w.ixS + »S]-1(S) = —vE(S), (7

as r and E are now functions of S. Combining
Eq. (7) with Egs. (3), (4), and (6) shows that*

KS) = | + wi[S* — w.ixS + »8]7, (8)

2

v Fre. 1. Displacement of
electron.

4+ An inverse T~! of a tensor T is defined by T71+T = I

SAUL SILVEN

where | is the idemtensor. If the fields are sinusoidal
(elliptically polarized), the operator S can be written
as jwl, with w representing electrical angular rate
and j = (—1)}. Equation (8) becomes

K@) = | — (@ — p)l + jooix]™.  (9)

Upon introduction of the following standard sub-
stitutions®

wp = Xo*, w, = Yo, y = Zw, 10)
Eq. (9) becomes
Kw) =1 — X[(1 — j2)I + jYix]". 48))

It is desirable to express K(w) in terms of the
eigenvectors of ji x. The relationship is found to be®

(12)

where i, and i, are unit circularly polarized vectors
rotating in the right-handed and left-handed sense,”
respectively, when viewed in a direction opposite
to i. Since i, i,, and i, form an orthogonal set, the
idemtensor can be written as

I =il 4 ii; + isi,. (13)
Upon taking the indicated inverse, Eq. (11) becomes

_ X . X . .
Kw) = |:1 — 1= ].Z]u + l:l - ITY—:—].—Z-]III‘

X ..
+ [1 Ty v = jZ:llzlz' (14)
The permittivity e and conduetivity é tensors are
given by the real and imaginary parts of K;

elw) = ¢R(K)

_ [1 ___X_}-
= € 1 + Zz 11
X1 -Y) ]
+ 50[1 a— Y)z ¥ 7 1,1,
__X1+Y ]
+ eol:l a+ Y)z Ty 1,15, (15)

(w) = wel(K)

_ XZ . b.¢/ .
= we, W 1 -|-wen (1—:7)24-7 1;1;

X7 : s
+ wfo[mrrzi]lzh-
(16)

S K. G, Budden, Radio Waves in_the Ionosphere (Cam-
bridge University Press, Cambridge, England, 1961), 1st ed.,
PP 24, 26, 27.

¢ See Appendix I.
. "Right-handed, as used here, means counterclockwise as
viewed in a direction antiparallel to the magnetic field. Left~
handed means clockwise.

jix = ilil e izig,




ANALYSIS OF UNIFORM PLASMAS

TRANSIENT BEHAVIOR

In order to analyze the motions within a plasma
in the absence of an externally applied field, Eq. (5)
must be used with D = 0. Any oscillations involve
an interchange of energy between the kinetic energy
of the electron motion and the potential energy of
the plasma configuration. The equation of motion is

a7

For a nontrivial solution to exist, the operator S
must be found so as to satisfy

f — w,ixt + of + olr = 0.

$® — w,ixS +»S + wll = 0. (18)
The solutions of Eq. (18) are given by
28 = (v £ a)(I — ii)
+ (w, £ bix 4 (—v £ ¢ii, 19)
where
aV?2 = {(® — 4o — &
+ 16" — 4 — )’ + $WT,  (20)
bV2 = {—0' — 4} ~ o)
+ [(* — 40y — w2)* + S, @21
¢ = (" — ), 22)

and the upper or lower sign on =a requires the
upper or lower sign on b, respectively.

In order to analyze motion in the time domain, it
is necessary to form the operator exp (St), defined by

exp (Sf) = 1 + X (n))'(SY)",

n=123,---. (23)

The operator indicated in Eq. (19) transforms to
the time domain by

exp () = (I — ii) exp [3(—v £ a){]
X cos [3(w, &= b)t] + (i x) exp [3(—v £ a)i]
X sin [3(w, & b)t] + (ii) exp [3(—» £ 0)1]. (24)

The first two terms on the right-hand side of Eq.
(24) show the form of the transient behavior in
planes perpendicular to the magnetic field. A study
of Egs. (20) and (21) shows that the quantities
e and b are real, with ¢ < », so that these motions
are a combination of exponentially damped elliptic
orbits. The third term on the right-hand side of Eq.
(24) shows the form of the transient behavior
parallel to the magnetic field. Equation (22) shows
that this transient behavior is either a purely
exponential decay or an exponentially damped
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oscillation, depending on whether » > 2w, or
v < 2w, It is noted that the transient behavior
parallel to the magnetic field is independent of w,.
This is due to the fact that a magnetic field has no
effect on a charge moving parallel to it.

OSCILLATIONS

It is obvious that sustained self-oscillations are
possible only if » = 0, so that none of the energy
being interchanged is absorbed by the neutral
particles during collisions. In this case, Egs. (20),
(21), and (22) become

a=0, 25)
b= (o} + 4u3)}, (26)
¢ = 2jw,. 27

Equation (24) becomes
exp (Sf) = (I — ii) cos {[(w? + 4ol)t = w,]t}

& (ix)sin {{3(w; + 4 % o]t} + (i) cos (w,d).
(28)

The upper sign indicates a right-handed circular
polarization at the higher frequency and the lower
sign indicates a left-handed circular polarization at
the lower frequency.” The third term in Eq. (28)
indicates oscillations parallel to the magnetic field
at the plasma resonant frequency.
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APPENDIX I. DETERMINATION OF THE
EIGENVECTORS OF jix

The eigenvectors A; of ji x are defined by
jixA; = kA, (29

where the k,; are scalar eigenvalues associated with
the A;. If the eigenvectors are assumed to have
the form

A, = A, +jA,, (30)
with A;, and A,; real, it is seen that
ixA, =kA,, —ixA;, = kA,. (31)
Solving Eqs. (31) leads to
1 — EDA,, = i(i-A,). (32
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The eigenvectors in the plane normal to i have
the eigenvalues k&, = +1 and &k, = —1. Equations
(31) show that A;, and A;, are equal in magnitude
and, since the fields are sinusoidal, the operator
j = (—=1? indicates that A,, leads A;, in phase
by one-fourth of a cycle. The eigenvalue k;, = +1
is thus associated with a right-handed (with respect
to i) circularly polarized eigenvector (A, = i xA,;),
and the eigenvalue k, = —1 is associated with a
left-handed circularly polarized eigenvector’ (A, =
—ixA,). An eigenvector A, linearly polarized
parallel to 7, requires that ks = 0.

If j and k are two unit vectors forming an orthog-
onal rectangular set with i, then the unit eigen-
vectors can be represented by i; and i,, where

V2i=j+k < V2i=j-jk (33
Forming the dyadic i,i, — i.i, shows that®
Li; — Li, = jkj — jk); (34)
since, in rectangular coordinates,
ix =kj — jk, (35)
it follows that
jix = ii; — ii,. (12)

APPENDIX II. DECOMPOSITION OF AN
ELLIPTICALLY POLARIZED FIELD

If Egs. (14), (15), and (16) are to be useful,

it must be shown that any elliptically polarized
field can be composed to a linear sum of the eigen-

8 In the formation of the dyadic on the left in terms of
j and k, it is important to note that the dyad j(jk) = —j(jk),
ag shown in a study of vector operations in a complex domain.

SAUL SILVEN

vectors. Any elliptically polarized field can be
represented by the expression

E(®) = E, cos wt 4+ E, sin wi, (36)

where E, and E, are constant vectors. If there is
a preferred direction in space (e.g., that of a static
magnetic field), the component of E(f) linearly
polarized in this direction is given by

E () = (ii)-E()
= i(i-E,) cos wt + i(i-E,) sin wt, 37N

where i is the unit vector in the preferred direction.
The remainder of the field is given by

Ex(f) = (I — ii)-E(), (38)

which is perpendicular to i. Ez(f) can now be
decomposed into right and left-handed circularly
polarized components.

Since both components are perpendicular to i,
the right-handed component can be expressed by’

Er(f) = F cos wt 4+ i x F sin wi, (39)
and the left-handed component by
E.(f) = G coswt — ixG sin wi. (40)

The constant vectors F and G can be determined
by setting

ER(t) + EL(t) = Es(t); (41)

and equating the coefficients of cos ot and sin wt
separately. The results are

F = %[(I - ii)'El - iXEz];
G = 3[(l — ii)-E, + i xE,).

(42)
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Expansions of Integrals of Bessel Functions of Large Order*

C. F. Curtiss
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Series expansions in powers of 1/» of integrals over z of the product of the Bessel function J ,(vz/y),
[, (v2/y)? or J,(vx/y) J,1(vz/y) with an arbitrary function of a restricted class are developed.

SYMTOTIC expressions for Bessel functions

of large order and large argument have been

considered extensively.' In the following we develop

series expansions of certain integrals involving such

Bessel functions. For this purpose let us define a
set of functions

Faw,)) = [ s oafiydz, ()

0

where J,(z) is a Bessel function. The integral may be
rewritten simply in the form of a Hankel transform,

Folo/e,v) = 2 f T et dz, (@)

included in the tabulation of Erdélyi.® From this
tabulation, it is found that (if » > — m — 1 and
m > 0)

F,(y, v) = (—l)m’/—lym+lG(M)(y5 V)’ (3)

where G (y, ») is the mth derivative with respect
to y of the function

Gy, » = [+ 107 H@ + 11 — @MY, @

The function G(y, ») may be expanded in powers
of 1/v. In a straightforward manner it is found
that for0 < y < »

_ EV! s 2 3tr~2-1)
Gly,») = ,E s!((v 11 s)?!/v" l:l + %{I

- (=D%! 3@ — s — DI y***
- Z st — )G —s— 1) — 1™

* This research was carried out at the University of Wis-
consin Theoretical Chemistry Institute in part under Grant
NsG-275-62(4180) with the National Aeronautics and Space
Administration, and in part under a grant from the National
Science Foundation. This research was also supported in part
by a grant from the University Research Committee with
fiunds supplied by the Wisconsin Alumni Research Foun-

ation.

1 A. Erdélyi, J. Math. Phys. 1, 16 (1960).

2 Tables of Integral Transforms, edited by A. Erdélyi
%Mlc(%raw-Hill Book Company, Ine., New York, 1954),

ol. 2.

8,t

x 1= -2

x<1_8_+v_?3)...<1_3_:*'_2_t;1>. )

v

Thus the function may be written in the form

Gly,v) = Z_; v G (y). ©)
In particular,

Go(y) = e-v, Gl(y) = Ov
Galy) = —3By" — y)e.
It is clear that in general, G.(y) is of the form

60 - T e, ®

8,u

@

where g,.(s) is a polynomial in s of degree 2u, and
may be written in the form

gnl8) = Eo GrnS(8 — 1) -+ s —2u+4v + 1), (9)

where the g.,, are numerical coefficients. From the
last two equations it follows that

Gy) =e* Y i g (=D (10)
. e O =
That is,
2n
Gn(y) =e"’ Z Ali?/i, (11)

f=n

where the A/, are numerical constants. In particular,
from Eqs. (7), it is seen that

(12)
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From the definition of the function F,.(y, »),
Eq. (1), and the usual Bessel differential equation,
it follows that

¥ 19 f_] 7
[6:’/2 + Y ay - y2 Fm(y; V) - y4 Fm+2(y; V). (13)

Then from the form of the function given by Eq. (3),
it is seen that
W + @™y, ») + @m + 3"V (y, v)

+ [(m + 1) =»"16™@,») =0, (14
and from the series expansion [Eq. (6)] one finds that
G0 ) — Gh) = -y (@)

— @m + ") — (m + ’'G@). (1)

In the special case of m = 0, this is a set of coupled
second-order differential equations,

G,(.?z(y) — Guia(y)
= —"G ) — 3G () — G.ly).  (16)

It follows from induction that if this equation is
satisfied, the equations for all values of m are
satisfied.

Let us define a set of numerical coefficients,
A.;, by the recursion relation

3G — DAn = 26 — DAnio1 — Ausjma

+ @ — 3dusiics — (G — D Apz e, (17)
along with the initial conditions
A =1; Ay =0, 50 a8)
Ay = 0; 4., =0, j <mn.
From these relations, it follows that
Apa = —%; Ap=1%; A;; =0, i#2,3;
45 = 0; 19
Au =% A= '—‘112’96} Ay = 'ff;
A, =0, js£4,5,6.
Further, let us define the set of functions
Guly) = Cue™ + Coe’ + €™ zf_‘, Ay, (20)

where the C,, and C,, are arbitrary coefficients.

Let us now consider the set of differential equa-
tions [Eqgs. (16)]. The functions Go(y) and G,(y)
are given by Eqgs. (7). The equation with » = 0
may be considered as a second-order differential
equation, which partially describes the function
G.(y). This function is, also, known to be of the
form described by Eq. (11). It may readily be
shown that the function G,(y) defined above is a
solution of this equation. Furthermore, since the

C. F. CURTISS

equation is a second-order differential equation,
this expression, with arbitrary values of C,, and
C.., represents the most general solution of the
equation. The only solution of Eq. (16) with n = 0,
which is consistent with Eq. (11), is obtained by
setting C,; = C,, = 0. This function is thus G.(y)
[as found earlier, Eq. (7)].

Having obtained the function G,(y), we may now
consider Eq. (16) with n = 2. In a similar manner,
it is found that the only solution of the equation
consistent with (11) is G,(y) with C,; = Cyp = 0,
and thus this function is @,(y). Continuing the
process one finds that, for even n,

Gu(y) = ¢ Zi: Ay

In a similar manner, starting with the n = 1 equation
and the known function G,(y), one finds that the
last equation is also valid for odd n. Thus the
A!, introduced by Eq. (11) are equal to the 4,
defined by Eqs. (17) and (18).

In summary one finds from Egs. (3), (6), and
(21), that the function F,(y, ») defined by Eq. (1) is

Foly,) = (—)m™" o4, ;’—y— We). @2

n,J

(21)

From elementary properties of derivatives it is
readily shown that

A" i (=D "*ml gty
o V) = L B G — R

Thus

(23)

" imvy . (_ 1ym—7 i—mi m_—y
ay,,.(ye ) = (=1)"y ay,~(ye ), (24)

and the expression for F,.(y, ») may be written
in the form
in 9

Fm(y; V) = Z (_l)iy—n_lAniy Al (yme—v).

e ayl (25)

Let f(x) be an arbitrary function of z defined on
the range 0 < z < « of a class of functions which
may be expanded in uniformly convergent series of
Laguerre functions. That is, we restrict the con-
sideration to functions f(z), which may be written
as powers series in z multiplied by exp (—z).
It follows from the last equation that the integral
of the product of such a function with J,(vz/y) may
be expanded in negative powers of v in the form

[ 1@37.62/3) s

= 2 (=D A W),
where f'” (y) is the jth derivative of f(y).

(26)



INTEGRALS OF BESSEL FUNCTIONS

A similar expansion of an integral involving the
square of the Bessel function may also be obtained.
Let us consider a transform of an arbitrary func-
tion f(z),

[ 1.6z dz. @)

A generalization of Neumann’s integral’ may be
written in the form

@Y = @/ [ s nds  (8)
or
.6a/0)F = @/m) [ @ =D W a/y) e (29)

If the last expression is used in the integral of
Eq. (27), and the order of the integrations inter-
changed, it is found that

[ 1@z az = [" HOIu@el) &2, GO)

where

HE) = @/ [ 1@ -t G

= /) f " 4z cosh z) da.

We now restrict the consideration to functions
f(z) such that the function H(z) defined above is in
the class of functions to which Eq. (26) applies.
It then follows from Eqs. (26), (27), and (30) that

[ 11627 éz

= 2 @)y A HP ). (32)

n,i

Expressions for other integrals involving products
of Bessel functions of orders which differ by an
integer may readily be obtained from the last result.
We consider in particular the case in which the
orders differ by unity. By differentiation and use
of a standard recursion relation, one finds that

Joz/PJ bz /y) = /D), ex/y)]?
— @/2)8/0x)[J,0x/y))°.  (33)
If

lim f(@)[, =/ I’ =0, 34)

3G. N. Watson, Theory of Bessel Functions (Cambridge
University Press, Cambridge, England, 1952), p. 150.
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and

lim f(z)[J, (x/ yI* =0, (35)

it follows by integration by parts that

[ @762/ sy o

=y fo " (/D)@ + @) @I, 6a/y)] ds. (36)

If the function f(z) is such that Eq. (32) is valid,
we then find that

[ 1@7.62/7 o) do

= T V@Y AP, 6]
16 = e/ [ [1/216) + @) o)
X (z* —A)7Vdr, (38)
= /) f " [z cosh 2)"*f(z cosh z)
+ )7 cosh z)] dz.  (39)

For some purposes it is interesting and convenient
to describe these integrations in terms of expansions
of the Bessel functions and of the squares and
products of the Bessel functions. Let §(x) be the
usual “delta function”, a function which is zero
everywhere except at the origin and which is normal-
ized to unity, and let §”(z) represent the jth
derivative of this function. From Eq. (26), it follows
that

Jbxfy) = 2 v Ayt 8@ — y),  (40)

in the sense that the integral on z over the interval
0 < z < o of the product of this series and any
function of the class described earlier is correct.
Let us define the function g(z) by
g(x) = x—}r x> O)
glz) =0, 2 <0.
It then follows from Eq. (32) that the square of
the Bessel function may be represented by the series

[J.0z/9))* = (2/x) ’; (=D

X Ayt 0/9y)gl® — v, (@2)

in the same sense as the previous series. In terms
of the function g(z), H,(z) defined by Eq. (39) may
be rewritten

(41)
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B@ = @/ [ @/ - )

— (2)7'(8/8x)g(z* — 27)] da

by integration by parts. Thus it is found from
Eq. (38) that

J.0z/Y)J0102/y) = 2/m) Z’ (=1/@) ™"y 4w

X (8/9y)'[(1/2)g(a® — ¥°)

(43)

— 2)7@/)g" — ). (44)
It is easily shown that
0/3y)'96" — ¢") = LBy 96 — ), @)

where ¢‘”(z) is the Ith derivative of g(z) and the
B{? are determined by the recursion relation

i = (& + DB — 2B, (46)
and the initial conditions
B =1; B9 =0, k0 or l0. (@7

Thus it is found from the last expression for the
square of the Bessel function [Eq. (42)] that

[, 6z/y)P

= @/m 3 @) Duye N6 — ), 49)
and from Eq. (44) that
J0z/Pd onbz/y) = @/x)x™ 2 @)™
X D = 20° Doy s aly* 90 @ — 9, 49)
where
Do = D, (—1)'4.,B2 .. (50)

The nonzero D,;; for n < 4 are

C. F. CURTISS

Dy = 1,

D212 = 1, D224 = "‘4, Dzao = %,

D424 = %, D436 = —l%_s, D44s = Lgi; (51)
D4.5.10 = _;1_73(1’ D4.e,12 = %-

The last expressions for the square and product
of Bessel functions may be simplified by considering
the special case in which y is unity. Thus it follows
from Eqgs. (48), (49), and (50) that*

.00 = @/r) 2 v "Cug®@ - 1),  (52)
n,l
and
J,0x)J, 1 (0x) = /7)™
X Z V_"[C,,t -— xzc,,_z,z_l]g“)(xz —_ 1), (53)
n,l
where
Cnl =27 kE Dn—l,l.k
_ o-n 1y R
= 2 ;( 1A, Bt . (54)
The nonzero C,; for n < 5 are
Cio =13,
C:u = %; Caz = “‘%; Css = %; (55)
Csz = 324-, Css = —‘%{', C54 = %Ti",
055 = —‘.IT%, Cao = ’3%-

Expressions for integrals involving products of
Bessel functions of orders which differ by an integer
greater than unity may be obtained from these
results and the usual recursion relations of the
Bessel functions.

4+ From arguments based on scattering theory, E. F.
Gurnee and J. L. Magee [J. Chem. Phys. 26, 1237 (1957)]
have previously obtained an expression differing negligibly
from the first term of this series as an approximation to the
square of the Bessel function.
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